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Notes 


The greatest possible form of ignorance is thinking that one knows what they do 
not know-—Plato. 


There is a long history of authors attempting to put some particular science 
into the format demonstrated by Euclid so long ago. These attempts are valid, 
however the ability to achieve what was wanted by the work has always been 
wanting simply because, no one first laid out Euclid's work by the clarity laid down 
by Plato in regard to the elements which has become verified by the computer 
today. Dialectic means binary information processing, form and matter, limit and 
the material difference within limits, or again, noun and verb. There are two, and 
only two parts of speech, two and only two, concepts to master; this mastery is not 
achieved by the random multiplication of words, nor of axioms, or Laws, but by 
ordered systems developed by a complete recognition of binary recursion. These 
works are of interest to the hope of their eventual achievement. And as Plato noted, 
the dialectician's job is to help people understand that often what they thought 
they knew, they do not know. The attempts of these works by their authors is, as 
Aristotle pointed out, exampled by his statement: if one cannot find anyone to argue 
with, argue with yourself, which is exactly what a writer does. A writer pursues 
dialectic, and their failures prove it just as well as success. These works allow us 
to see the evolution of the mind of man. 


Whewell often, actually it appears to be an affectation, used space for distance. 
Also, he uses S for space, which will be changed to a D for distance. Corrected. 


When assigning algebraic names to common grammar names, the sequences 
have to be identical. see p. 17 paragraph 3 original or: If the algebraic names = {s, 
v, tj then the common grammar names = (space, velocity, time}. 


destroy becomes cancels out. One could even use the at equilibrium, but not 
the word destroys. If one wants to indulge in fantasies of intelligence, one could 
even say, *a singularity." 


preponderate has be replaced with be greater because I have a hard time with 
things that not only ponderating, but pre-ponderating as it reminds me of pre- 
aproved which only means not approved. 


Common mistake: Does the definition of anything whatsoever change in any 
way other than notation, between the four members of our Grammar Matrix of 
Common Grammar, Arithmetic, Algebra and Geometry? Absolutely not. Therefore, 
is any definition correctly stated in terms of a particular member of our matrix? 
Again, absolutely not. I will not correct these mistakes. These mistakes do add, in 
Biblical Metaphor, leaven to a work which is not exactly a good practice. 


We are born, as Plato noted, with the ability to perform operations upon 
information which is independent of any particular system of grammar. One can 
call this, our genetic instinct. There are a great many works in our history which 
the author denies this in an attempt to isolate themselves as being “special.” 


He states that a vinculum is equitable to braces, however he mixes their use 
which may be a point of contention. 


Dialectical Phenomenon 


Preface to a Scholars Edition 
"Thus, an inductive inference requires an idea from within, facts from without, and 
a coincidence of the two." Mechanical Euclid by William Whewell 
The above quote is the answer to the Universal Question of Mankind. How do 
we pair the perceptible with the intelligible? Whewell could not comprehend the 
answer. Can you? This work was by an author who lived before the computer Age 
of Man. As such it stands as an example of the attempt by humanity to reason, 
that is, it is part of the pre- or proto-literate age of man. 


A mind is responsible for the management of information in order to predict 
life supporting behavior, i.e., a mind is one of the life support systems of a life form. 
By now, one should be familiar with, and realize that the computer can process all 
information using simple binary recursion, just as intimated in the Judeo- 
Christian Scripture, and exampled by Plato who called it Dialectic. 


I present, a concise outline of ourselves as a life-support system whose job is 
information processing. 


What are we? In the short of it, we are called Mind. As a mind, the whole of our 
power is reading the environment using our bodies senses. We then process that 
information in order to predict life supporting behavior which is to our advantage. 
We then write back to the body the result of our processing to formulate our 
particular behavior. Behavioral Science is then the science of predictive life 
supporting behavior. The sum of these acts is called judgment. We can be 
somewhat more detailed about our job as follows. 


We are one of the life support systems of a living organism called mind. A mind 
is an information processor. Information is actually a synonym for “thing.” Our 
other life support systems process things physically, we as a mind process virtual 
things. This is called intelligibly. A mind is then a virtual information processor. 
Our body, working with physical things even in terms of chemistry, is vulnerable. 
We do the wrong thing, eat or breathe the wrong things, we are dead. Wrong 
behavior ranges from the insignificant to the termination of life. The mind, 
however, virtualizes the environment, and thus we do our work in a completely 
safe environment, or again, as safe as we make the body. 


Our body also responds to the environment in real time. The mind, by the use 
of memory, is temporally independent. What our body acquires comes in and goes 
out continually, it is, as Plato noted, much like a very leaky pot. The mind, however, 
once having acquired a virtual thing, has it as long as memory permits, and it can 
be used recursively without ever becoming scarce. 


A mind is a clean and safe room in which we can do the job we are made to do. 
That job is predictive behavior, which is even called prophecy. The most common 
name however is knowledge, a composite word for “know” and “ledger” put into a 
metaphor of a living book. 

We read the environment with our body, process that information, and write 
the results back to our body to construct our own behavior, for the moment and 
for the future. 


Since we process things, virtually, what is the virtual construct which denotes 
a thing? 

Every thing is some relative difference constrained by limits called correlatives. 
These are our two, and only two parts of speech which Plato also called a noun 
and a verb. Every thing is composed of these two parts. We can call them the two 
parts of speech, noun and verb, relative and correlative, stop and go, off and on, 
particular and universal, and countless other name pairs. A thing is a binary 
construct. This binary allows us, just like a computer, to process all information 
using binary recursion. It also means that just like a limited mechanical computer, 
we have to master two, and only two, parts of speech. Just like the computer, one 
part of speech is a given, and the other is applied. The computer processes 
information called electricity as its given; however, a computer can be built using 
many different kinds of relative difference, from water to light. A computer then 
parses electricity in order to function. We are designed to parse everything. Anyone 
claiming the superiority of a computer is simply too stupid to know their own job. 
Geometrically, our binary can be represented as a simple line segment, a 
perceptible example of a binary which consists of the two elements of a thing which 
is commonly called points and line. 


It is very important to understand that we can neither create nor destroy the 
relative difference, a given; all we can do is parse it, or again, apply limits to it. All 
of information hinges on, the ability to assert the limits upon a relative, and to do 
this recursively. This means that information processing is independent of the 
relative difference and the exact same operations of parsing which is applied to 
produce any system of grammar is identical. Therefore, every system of grammar 
is produced by the exact same method of parsing as every other. In short, there is 
no difference, as far as being better, between Common Grammar, Arithmetic, 
Algebra and Geometry. We depend on the whole of our Grammar Matrix. We are 
designed to use this Grammar Matrix with all of its members, doing their own 
work. Worse is the inability to perform using the Matrix. 


This binary affords us exactly four different ways to effect binary recursion, 
which you cannot comprehend unless your mind is complex enough to 
comprehend metaphor. Metaphor is the ability to comprehend the same idea in the 
many examples. The simple I.Q. test is based on it. In order to become literate, one 
must be able to comprehend that the definition of a thing is the same definition for 
any and every thing. It is a simple binary. This result allows us to comprehend 
that: 


Language is Universal and Intelligible, while Grammar is Particular and 
Perceptible. 


Grammar systems themselves are again something. Their two parts are symbol 
sets which are absolute, or correlative, and the method of recursively applying 
those symbols are relative. Thus, two squared gives us our Grammar Matrix of 
Common Grammar, Arithmetic, Algebra and Geometry. Because each of these is a 
different method of effecting binary recursion, we learn to pair them in order to 
acquire all information afforded to us by any thing in order to effect our behavior. 


If one can keep these ideas in mind, one then realizes that the foundation of 
our learning is not any particular field of study, but the operation of parsing 
applied to all information. We then learn how to apply them to any and every thing 
in a consistent and provable manner. 


Our Grammar Matrix affords us the ability to study all trains of reasoning as 
binary recursion can only produce a binary result. Geometry, correctly understood, 
becomes the cornerstone of reasoning, as it can afford us an interactive pairing of 
the virtual with the perceptible that is exact and every train of reasoning is effected 
even independent of time for a geometric processor demonstrates that the output 
of processing is concurrent with the input, i.e., faster than even the claimed speed 
of light. 


As Plato insisted that for learning anything, “Let no one ignorant of Geometry 
Enter Here." 


The exciting thing about this work of Whewell is that it gives just enough 
information to make one realize, that in order to learn how to example our givens 
by which to formulate and understand information processing. The examples are 
the lever and inclined plain. With these one can learn not only how to take what 
we are born with, the ability to compare things for equality and inequality, but how 
to turn this into what is called mathematics, the methods by which we manage 
information. Thus, we are given by birth the ability to compare for equality and the 
ability to recursively achieve this. From this foundation of binary recursion, we can 
learn about its power to process all information using simple binary recursion 
produced by simple toys, prior to what is called a formal education. 


Our problem now becomes, how to use the lever and the inclined plane as toys 
by which to help children learn that our ability to judge equality and recursion, 
produces all of the so-called axioms of information processing? 


Our job, as a mind, as a life support system, is the management of dialectical 
phenomena in order to maintain and promote life over the entire biosphere. This 
job is from the moment of birth to our own death, how well we pursue it, is the 
sum of our intelligence. 


Preface to the Fourth Edition. 


"The Mechanical Euclid" is a title which perhaps requires some apology, since 
the word “Euclid” is here used to signify, not a person, but a system of elementary 
propositions, connected and demonstrated with a rigor like that of the Elements of 
Geometry. The work was undertaken from a conviction that, if it could be properly 
executed, the sciences of Mechanics and Hydrostatics might be employed, as well 
as Geometry, in that discipline of the mind which is an essential part of a sound 
education, and of which rigorous mathematical reasoning is so important and 
valuable an instrument. And since the University of Cambridge has recently 
declared itself of this opinion, by appointing the elementary portions of Mechanics 
and Hydrostatics as a necessary part of the ordinary examinations for degrees, the 
work has been carefully adapted to the scheme thus laid down by authority. 


In an elementary science thus intended to be employed as a discipline of the 
intellect, it is desirable that the matter to be studied should be reduced to certain 
and fixed Propositions, as is done in Geometry. I have therefore, in this Edition, 
adopted the list of Propositions in Mechanics and Hydrostatics, required by the 
University in the examination above mentioned; and have preserved the numbers 
of that list without change; marking the few additional Propositions which I have 
introduced with the letters of the alphabet, as is done by Simson in his Euclid. 
When the existing scheme of University Examination has been continued a few 
years longer, it may be hoped that this list of Elementary Propositions in Mechanics 
and Hydrostatics will become classical, as the Propositions of Euclid's Elements 
are: so that “the eighth Proposition of Mechanics,” or “the sixth of Hydrostatics,” 
may be expressions as familiarly understood ,as “the forty-seventh of Euclid’s First 
Book,” or “the fourth of his Second.” 


So far as I have learnt, the Examination in the Elements of Mechanics and 
Hydrostatics thus appointed by be University, has, in its operation, shown a highly 
satisfactory prospect of the beneficial effects which it is likely to produce when its 
course shall have been well determined by practice. Perhaps, I may be allowed to 
make here one or two remarks bearing upon this subject. 


One ground on which some persons may perhaps for a moment doubt the 
efficacy of this examination as an intellectual discipline, is this:—that the list 
Propositions being thus limited and known beforehand, there seems to be nothing 
to prevent the student from learning the demonstrations by rote, and delivering 
them to the examiner without understanding them. And to this I reply, that the 
same argument might be urged, with at least equal force, against the value of 
Euclid’s Geometry as a part of our examinations; and yet I believe everyone 
practically acquainted with University and College examinations and their effects, 
will agree with me that Euclid’s Geometry is the most effective and the most 
valuable portion of our mathematical education. If the examinations on Mechanics 
and Hydrostatics be assimilated as much as possible to the examinations in 
Euclid, they will have the same kind of effect, as a discipline of strict reasoning; 
and the study of these additional sciences will bring with it additional advantages, 


arising from the more extensive and varied nature of the subjects thus presented 
to the student's mind. 


In introducing these additional sciences into the study for the usual degree, 
the portion which Algebra occupied in the examinations was rather diminished 
than increased. So far as this change was requisite to facilitate the introduction of 
the new portions of the examination, it will not, I think, be deemed an evil by 
anyone who wishes the studies of the University to be so selected and arranged as 
to be an intellectual discipline. For the knowledge of Algebra which is generally 
acquired by those who study that subject merely with a view to the ordinary degree, 
must be so scanty as to be of small value for the purpose just mentioned; especially 
when we take into account the very imperfect acquaintance with Arithmetic which 
students in general, according to the present practice of many places of previous 
education, bring to the University. Even in the hands of those who are able to use 
it with facility and certainty, as a language and an instrument, the great charm of 
Algebra is that it expresses reasonings, and obtains the result of them, without the 
exercise of the reason: and when students are required to follow in a general form 
relations and combinations of numbers which they cannot deal with in particular 
cases, their apprehension of the meaning and grounds of the processes must be 
So obscure, as to prevent the mind receiving any portion of the salutary effect which 
a complete mastery of the science might produce. 


There are indeed a few simple algebraical terms and operations which occur so 
familiarly in mathematical reasonings, that the student cannot conveniently 
remain ignorant of them; and accordingly, the University has directed that the 
examination above mentioned shall include questions of this kind. These parts of 
algebra, extracted from Dr. Wood's Algebra by permission of the author, are given 
in the Introduction to the present work, along with a few other portions of Pure 
Mathematics, to which it is convenient to be able to refer in a succeeding part of 
the book. 


Some of the enunciations of theorems contained in the Schedule sanctioned by 
the University, (in consequence, I conceive, of the wish felt by the framers of the 
plan that the document should be as brief as possible,) contain Propositions each 
of which may conveniently be separated into two or more; for instance, Proposition 
8, and 16, of the Mechanics; and Proposition 1, 2, 5, 6, 10, of the Hydrostatics. 
Perhaps it might be convenient, when these Propositions are required in an 
examination, to state which Case is intended. 


In order that the present little work may serve as guide to the student in 
preparing for the examination to which I have referred, I have inserted in an 
Appendix the Grace of Feb. 22, 1837, (by which this part of the examination was 
founded,) as modified by the Grace of May 11, 1842. 

Trin. Coll. 


March 13, 1843 


Preface to the fifth edition. 


In this edition I have restored to their places the Third Book of Mechanics, which 
contain the Laws of Motion, and the Remarks on Mathematical Reasoning, and on 
the Logic of Induction; both which portions were, with a view to brevity, omitted in 
the fourth edition; but are, it appears, desired by many readers. I have also inserted 
the Questions on Mechanics and Hydrostatics proposed in the Examinations for 
the present year; and the modifications of the Regulations respecting the 
examinations which were introduced by the Grace of March 20, 1846. 


It has been noticed to me that the demonstration of Proposition 8. Book 1, may 
be somewhat simplified in this manner. 


After the words “and therefore DAq is a straight line," go on thus: 

And therefore, DA is parallel to Cp. Also since CAr is a straight line, CA is 
parallel to Dp. Hence DC is a parallelogram, and therefore CA = Dp. But since pr 
also is a parallelogram, Dp - Ar; therefore CA - Ar. 

Trin. Coll 

March 23, 1849. 
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Introduction 
Elementary Pure Mathematics. 


Algebra. 


*(1).To define and explain Algebraical Signs. 


Article 1. The method of representing the relation of abstract quantities by 
letters and characters, which are made the signs of such quantities and their 
relations, is called Algebra. 


Known or determined quantities are usually represented by the first letter of 
the alphabet a, b, c, d, etc. and unknown or undetermined quantities by the last 
Y, X, W, etc. 

The following signs are made use of to express the relations which the 
quantities bear to each other. 


2. * Plus, signifies that the quantity to which it is prefixed must be added. Thus 
a * b signifies that the quantity represented by b is to be added to the quantity 
represented by a; if a represent 5, and b, 7, then a * b represents 12. 


If no sign be placed before a quantity, the sign * is understood. Thus, a signifies 
+ a. Such quantities are called positive quantities. 


3. - Minus, signifies that the quantity to which it is prefixed must be 
subtracted. Thus a - b signifies that b must be taken from a; if abe 7, and b, 5, a 
- b expresses 7 diminished by 5, or 2. 


Quantities to which the sign - is prefixed are called negative quantities. 


4. x Multiplied by, signifies that the quantities between which it stands are to 
be multiplied together. Thus, a x b signifies that the quantity represented by a is 
to be multiplied by the quantity represented by b.* 


This sign is frequently omitted; thus, a b c signifies a x b x c, or a full point is 
used instead of it; thus 1 x 2 x 3, and 1:2:3 signify the same thing. 


5. If in multiplication the same quantity be repeated any number of times, the 
product is usually expressed by placing above the quantity the number which 
represents how often it is repeated; thusa, axa, axaxa,axaxa x a, and qal, 
G2, a’, at, have respectively the same signification. These quantities are called 
powers; thus dai, is called the first power of a; a2, the second power, or square of a; 
a’, the third power, or cube of a; at, the fourth power, or biquadrate of a. The 
succeeding powers have no names in common use except those which are 
expressed by means of number; thus, a’ is the seventh power of a, or a to the 
seventh power; and a" is a to the nt power. 


The numbers 1, 2, 3, etc. are called the indices of a; or exponents of the powers 
of a. 


* By quantities, we understand such magnitudes as can be represented by 
numbers; we may therefore without impropriety speak of the multiplication, 
division, etc. of quantities by each other. 


6. + Divided by, signifies that the former of the quantities between which it is 
placed is to be divided by the latter. Thus a + b signifies that the quantity a is to 
be divided by b. 

The division of one quantity by another is frequently represented by placing the 
dividend over the divisor with a line between them, in which case the expression 


is called a fraction. Thus, n signifies a divided by b; and a is the numerator and b 


t . a+b+c 

the denominator of the fraction; also —— 7. — 
e*f*g 

together, are to be divided by e, f, and g added together. 


signifies that a, b, and c added 


7. A quantity in the denominator of a fraction is also expressed by placing it in 
the numerator, and prefixing the negative sign to its index; thus a~t, a2, a9, a^^ 


1 1 1 1 
signify al gy aan respectively; these are called the negative powers of a. 


a ; 
8. The reciprocal of a fraction is the fraction inverted. Thus b is the reciprocal 


b 1 
of a and p is the reciprocal of a. 


9. A line drawn over several quantities signifies that they are to be taken 
collectively, and it is called a vinculum. Thus a-b+c x d-e signifies that the 


quantity represented bya-b + cis to be multiplied by the quantity represented 
byd-e.Letastand for 6; b, 5; c, 4; d, 3; ande, 1; thena-b+cis6-5+4, or 


5; and d-eis3-1,or2; therefore a- b*cx d-e is5x2,or 10. ab-cd x 


ab-cd or ab - cd ? signifies that the quantity represented by ab - cd is to be 


multiplied by itself. 

Instead of a vinculum, brackets are sometimes use as (ab - cd)?, (a - b * dj : {d 
=el 

10. = Equal to, signifies that the quantities between which it is placed are equal 
to each other, thus ax - by = cd + ad, signifies that the quantity ax - by is equal 
to the quantity cd + ad. 


11. The square root of any proposed quantity is that quantity whose square, or 
second power, gives the proposed quantity. The cube root, is that quantity whose 
cube gives the proposed quantity, etc. 


The signs v, or S, Ñ, Y, etc. are used to express the square, cube, biquadrate, 
etc. roots of the quantities before which they are placed. 


Aen cenas ce Sa es 


These roots are all represented by the fractions %2, 4, '4, etc. placed a little above 
the quantities, to the right. Thus a", a^, a^, a^, represent the square, cube, fourth 
and nth root of a, respectively; a^, a^, d^, represent the square root of the fifth 


power, the cube root of the seventh power, the fifth root of the cube of a. 


12. If these roots cannot be exactly determined, the quantities are called 
irrational or surds. 


13. Points are made use of to denote proportion, thus a: b:: c: d, signifies that 
a bears the same proportion to b that c bears to d. 


14. The number prefixed to any quantity, and which shows how often it is to 
be taken, is called its coefficient. Thus, in the quantities 7 ax, 6 by, and 3 dz, 7, 6, 
and 3 are called the coefficients of ax, by, and dz respectively. 


When no number is prefixed, the quantity is to be taken once, or the coefficient 
1 is understood. 


These numbers are sometimes represented by letters, which are called 
coefficients. 


15. Similar, or like algebraical quantities are such as differ only in their 
coefficients; 4 a, 6 ab, 9 a?, 3 aà2bc, are respectively similar to 15 a, 3 ab, 12 a?, 15 
G2 bc, etc. 

Unlike quantities are different combinations of letters; thus, ab, a2b, ab?, abc, 
etc, are unlike. 


16. A quantity is said to be a multiple of another, when it contains it a certain 
number of times exactly: thus 16 a is a multiple of 4 a, as it contains it exactly 
four times. 


17. A quantity is called a measure of another, when the former is contained in 
the latter a certain number of times exactly; thus, 4 a is a measure of 16 a. 


18. When two numbers have no common measure but unity, they are said to 
be prime to each other. 


19. A simple algebraical quantity is one which consists of a single term, as a?bc. 


20. A binomial is a quantity consisting of two terms, asa + b, or 2 a - 3 bx. A 
trinomial is a quantity consisting of three terms, as 2a + bd + 3c. 


21. The following examples will serve to illustrate the method of representing 
quantities algebraically:— 


Let a =8, b=7, c=6, d=5 and e= 1; then 
3a -2b +4c-e=24- 14+24-1=33. 
ab + ce - bd = 56 + 6 - 35 = 27. 
atb 3b-2c_8+7 21-12 
c-e a-d 6-1 8-5 
@x a-c -3ce + dŒ = 25 x 2 -18+ 125 - 50 - 18 + 125 = 157. 


15.9 
== +376. 


*(2). To Add and Subtract simple Algebraical Quantities. 


22. The addition of algebraical quantities is performed by connecting those that 


are unlike with their proper signs, and collecting those that are similar into one 
sum. 


Examples: 
Add Add 
4x Sax 
3x - ax 
7a by 
- 2a - cy 
Sum 7x+5a Sum 4ax * by - cy 
at 2bx- y? a *3b 
b- bx + 3y? a+ n-4b 


Sum at+b+bx+2y? Sum 2a+n-b 


23. Subtraction, or the taking away of one quantity from another, is performed 
by changing the sign of the quantity to be subtracted, and then adding it to the 
other by the rules laid down in Article 22. 


From 7x From 7x+ 3a 
Subtract x Subtract 5a - x 
Diff. 7x - xor 6x Diff. 7x +x+5a-3aor8x+2a 


From 43? + 5 ax- y? 
Subtract 3x2 - 3ax + y? 
Diff. x2 + 3 ax- 2y? 


*(3). To multiply simple Algebraical Quantities. 


24. The multiplication of simple algebraical quantities must be represented 
according to the notation pointed out in Article 4 and 5. Thus, a x b, or ab, 
represents the product of a multiplied by b; abc, the product of the three quantities 
a, b, and c: 

It is also indifferent in what order they are placed, a x b and b x a being equal. 


25. If the quantities to be multiplied have coefficients, these must be multiplied 
together as in common arithmetic; the literal product being determined by the 
preceding rules. 


Thus, 3a x 5b = 15 ab; because 
3xaxb5bxb-3x5xaxb-15ab. 
26. The powers of the same quantity are multiplied together by adding the 
indices: thus, a? x a3 = a5; for aa x aaa = aaaaa. In the same manner, 
a" x an= q"*"; and 3a25x? x 5 axy? = 15a9x^y?. 
27. If the multiplier or multiplicand consist of several terms, each term of the 


latter must be multiplied by every term of the former, and the sum of all the 
products taken, for the whole product of the two quantities. 


*(4). To divide simple Algebraical Quantities. 


28. To divide one quantity by another, is to determine how often the latter is 
contained in the former, or what quantity multiplied by the latter will produce the 
former. 


Thus, to divide ab by a is to determine how often a must be taken to make up 
ab; that is, what quantity multiplied by a will give ab; which we know is b. From 
this consideration are derived all the rules for the division of algebraical quantities. 

If only a part of the product which forms the divisor be contained in the 
dividend, the division must be represented according to the direction in Article 6, 
and the quantities contained both in the divisor and dividend expunged. 

15a’b? 5b 
Thus 15a?b?c divided by 3a?bc is EU e which is equal to maa expunging 


from the dividend and from the divisor the quantities 3, a2, and b. 


*(5). To reduce Fractions to others of equal value which have a common 
denominator. 


29. Fractions are changed to others of equal value with a common 
denominator, by multiplying each numerator by every denominator except its own, 
for the new numerator; and all the denominators together for the common 
denominator. 


df cbf edb 
Let m 2 f be the proposed fractions; then n pu bap are fractions of the 


adf a cbf _ 
same value with the former, have the common denominator bdf. Forpge "UP bdf^ 


db 
= and bdf - f (Art, 28); the numerator and denominator of each fraction having 
been multiplied by the same quantity viz.—the product of the denominators of all 
the other fractions. 


30. When the denominators of the proposed fractions are not prime to each 
other, find their greatest common measure; multiply both the numerator and 
denominator of each fraction by the denominators of all the rest, divided 
respectively by their greatest common measure; and the fractions will be reduced 
to a common denominator in lower terms than they would have been by proceeding 
according to the former rule. 

a b c ayz  bxz | cxy 


Thus —-, ——, —- reduced to a common denominator are ; : 1 
mx my’ mz mwyz mwyz MWYZ 


*(6). To add together simple Algebraical Fractions. 


31. If the fractions to be added have a common denominator their sum is found 
by adding the numerators together and retaining the common denominator. Thus, 


Or c. oo 
a*2x a-x 2a 
3 3 3 
[x+y  2y-95x 2x-4y 
a a a 


32. If the fractions have not a common denominator, they must be transformed 
to others of the same value which have a common denominator, (by Article 29), 
and then the addition may take place as before. Thus, 


a a 5a 3a 8a 


a a ax ab ax*ab 
b x 6x 6x | 6x 
To obtain them in the lowest terms, each must be reduced to another of equal 
value, with the denominator which as the least common multiple of all the 
denominators. 


*(7). To multiply simple Algebraical Fractions. 


33. To multiply a fraction by any quantity, multiply the numerator by that 
quantity and retain the denominator. 


Thus " xc= = For if the quantity to be divided be c times as great as before, 


and the divisor the same, the quotient must be c times as great. 


34. The product of two fractions is found by multiplying the numerators 
together for a new numerator, and the denominators for a new denominator. 


a b C 
Let 7 b and — "E the two fractions: then 5^ a7 = Pa For ite p * and d 9 by 


multiplying the equal quantities T and x by b, a = bx (Article 28), in the same 


manner c = dy; therefore, by the same axiom, ac = bdxy dividing these equal 


&lo 


quantities, ac and bdxy by bd, we have rom -Xy-yX 


*(8). To divide simple Algebraical Fractions. 

35. To divide a fraction by any quantity, multiply the denominator by that 
quantity, and retain the numerator. 

The fraction 7 b Z divided by c, is m Because 2 b = o and a ct^ part of this is m ; 


the quantity to be divided being a ct part of what it tfas before, and the divisor the 
same. 


36. To divide a quantity by any fraction, multiply the quantity by the reciprocal 
of the fraction. (Article 8). 


b 
If we divide c by > we obtain = 


INEO a ax 
For ife + p= x,c=x%* 7, ore= >, and x= 7 


*(9). Algebraical definition of Proportion. 


37. Four quantities are said to be proportionals, when the first is the same 
multiple, part, or parts of the second, that the third is of the fourth. 


Thus, the four quantities 8, 12, 6, 9, are proportionals; for 8 is % of 12, and 6 
is % of 9. 


In this case 8/12 = 6/9 and generally a, b, c, d are proportionals if 5 - a This 


is usually expressed by saying a is to b, as c to d; and thus represented, a: b:: c: 
d. 


The terms a and d are called the extremes, and b and c the means. 


The fraction 5 is called the ratio of a to b. 


*(10). Algebraical consequences of Proportion. 


38. When 7 = E if a be equal to b, c is equal to d, and if a be less than b, c is 


less than d, and if a be greater than b, c is greater than d. 


39. When four quantities are proportionals, the product of the extremes is 
equal to the product of the means. 


. a c 
Let a, b, c, d be the four quantities; then, since they are proportionals, b d 


and by multiplying both sides by bd, ad - bc. 
Any three terms in a proportion a: b:: c: d being given, the fourth may be 
determined from the equation ad = bc. 


40. If the first be to the second as the second to the third, the product of the 
extremes is equal to the square of the mean. 


For (Article 39) if a: x: x: b, ab = x2. 
41. If the product of two quantities be equal to the product of two others, the 


four are proportionals, making the terms of one product the means, and the terms 
of the other the extremes. 


x b 
a^y 

or, x:a b: y. 
42.1fa: b::c:d,andc:d::e: f; then 

wil a: b:: e: f. 


Let xy = ab, then dividing by ay, 


Because 5 = a and a = " therefore > = f Or 
a:b: e : f 


43. If four quantities be proportionals, they are also proportionals when taken 
inversely. 


If a:b:c:d,thenb:a:: d: c. For z = 2 and dividing unity by each of these 


b d 
equal quantities; or taking their reciprocals, nc (Article 36) 


thatis, b: a: d:c., 

44. If four quantities be proportionals, they are proportionals when taken 
alternately. 

Ifa: b::c:d,thena:c: b:d. 

zm ; a c AE ba b 

Because the quantities are proportionals, nd and multiplying by cc go 
a:cb:d. 

45. Unless the four quantities are of the same kind, the alternation cannot take 


place, because this operation supposes the first to be some multiple, part, or parts, 
of the third. 


One line may have to another line the same ratio that one weight has to another 
weight, but a line has no relation in respect of magnitude to a weight. In cases of 
this kind, if the four quantities be represented by numbers or other quantities 
which are similar, the alternation may take place, and the conclusions drawn from 
it will be just. 


46. If a: b :: c: d, then componendo, 
atb:b:ctd:d. 


a c a c 
For 5g therefore b +1= ae l; 


a+b 
therefore ka 


thereforea+b:b: c+d:d. 
47. Also dividendo, a- b: b:: c- d:d. 


a c a e 
For b d therefore "i 1-7 "is 1; 


a-b c-d 
therefore jg c ae 


therefore a- b: b::c-d:d. 
48. Also convertendo, a: a- b::c: c- d. 


b d 
For 5 - E therefore Pim 


therefore1- —=1- 


? 


alo 


d, 
c 


a-b c-d 


therefore ; therefore a- b:a:: c- d:c; 


and by Article 43,a:a-b::c:c-d. 
49. If we have any number of sets of proportionals, and if the corresponding 
terms be multiplied together, the products are proportionals. 


Ifa:b:c:d,andp:qzr: s. 
and u: vii x: y, 
then apu: bqu:: crx: dsy. 


a c p r u x 
For; = q and q gs and "T. 
T apu crx 
and multiplying together equals io ds 


therefore apu : bqu:: crx: dsy. 
50. If the same quantities occur in the antecedents of one set of proportionals 
and the consequents of another set, the resulting proportionals will be reduced. v 


Ifa: b::c:d,and b:esd:f, 
thena:e: c: f. 


For § -jand2- 5 therefore $2 = Gr 
a c 
auccm Le ee 
Ifa: b:x:y,and b:c: Z: x, 
andc:d::z:t, 
then a: d:: X? : ty. 


a x b z c zZ 
Eon co and P and |= re 
abc  xzz 
therefore bed ^ yxt’ 
and expunging common factors in the numerators and denominators, 
a zZ 


d yt 


*(11). Of Variation. 


51. Quantities of the same kind assume different values under constant 
conditions, and when these different values are compared, the quantities are 
spoken of as variable, and the proportion of the different values may be expressed 
by two terms of a proportion instead of four. 


Thus, if a man travels with a constant velocity (for example 4 miles an hour,) 
the distance travelled over in any one time is to the distance travelled over in any 
other time as the first time is to the second time; and this may be expressed by 
saying that the distance varies as the time, or is as the time. 


52. One quantity is said to vary directly as another when the two quantities 
depend wholly upon each other, in such a manner that if the one be changed the 
other is changed in the same proportion. 

If the altitude of a triangle be invariable, the area varies as the base. For if the 
base be increased or diminished in any proportion, the area is increased or 
diminished in the same proportion, (Euclid vi. 1.) 

53. One quantity is said to vary inversely as another, when the former cannot 
be changed in any manner, but the reciprocal of the latter is changed in the same 
manner. 

If the area of a triangle be given the base varies as the perpendicular altitude. 

If A, a represent the altitudes, B, b the bases of two triangles, since a triangle 
is half the rectangle on the same base, and of the same altitude, and the triangles 
are equal, 2AB = '^ab, (See Geometry.) 

Therefore 


AcGuubuB oA vasti 
: B` b 
54. One quantity is said to vary as others jointly, if, when the former is changed 
in any manner, the product of the others is changed in the same proportion. 
The area of a triangle varies as its altitude and base jointly. 
Let A, B, a, b be the altitudes and bases of two triangles as before, and S,s the 
areas; then 


S= Vo AB, s= Voab and S: s: AB: ab. 
S 
55. In the same manner A: a :: B! = and A varies as S directly and B inversely. 


56. The symbol « is often used for variation. Thus, the above variations may 
be expressed 


1 S 
Ax p Sx AB, AX p 


57. When the increase or decrease of one quantity depends upon the increase 
or decrease of two others, and it appears that if either of these latter be constant, 
the first varies as the other, when they both vary, the first varies as their product. 


Thus, if V be the velocity of a body moving uniformly, T the time of motion, and 
D the distance described; if T be constant D « V; if V be constant D « T; but if 
neither be constant D « TV. 


Let d, v, t be any other distance, velocity, and time; and let X be the distance 
described with the velocity, v in the time T : then 


D: X:: V: v, because T is the same in both, 
X:d:: T: t, because vis the same in both. 
Therefore (Article 50) 
D:d:: TV: tv; that is, D « TV. 


(12). Of Arithmetical Progression. 


58. Quantities are said to be in arithmetical progression, when they increase 
or decrease by a common difference. 


Thus 1, 3, 5, 7, 9, etc., where the increase is by the difference 2; 

a, a + b, a + 2b, a + 3b, etc., where the increase is by the difference b; 

9a + 7a, 8a + 6x, Ta + 5x, etc., where the decrease is by the difference a + x; 
are in arithmetical progression. 


59. To find any term of an arithmetical progression, multiply the difference by 
the number of the term minus one, and add the product to the first term, if the 
progression be an increasing one, or subtract the product, if a decreasing one. 


Thus the 10th term of 1, 3, 5, etc. is 1 + 9 x 2 = 19. 
The nth term of a, a + b, a + 2b, etc.isa+ n- 1b. 
The 6th term of 9a + 7x, 8a + 6x, etc. is 
9at+7x-S(atx -9O* 7x-5a-5x-4a * 2x. 


60. To find the sum of an arithmetical progression, multiply the sum of the first 
and last terms by half the number of terms. 


Thus, the sum of 10 terms of 1, 3, 5, etc. is 
(1 + 19) x 5 = 100. 
For if 1 + 3 + 5 + etc., to 19 (10 terms) = s, 
19+ 17+ 15 + etc., to 1 (10 terms) = s; 
therefore 20 + 20 + 20 + etc., to 20 (10 terms) = 2s, 
or 20 x 10 = 2s, or 20 x 5= s. 
Also, n terms of a, a * b, a * 2b, etc. 
- Qa =A 85. 
For if a * (a * b) * (a * 2b) + etc. 
toa* n-1b(nterms) = s. 
(a+ n-1b)4-(a* n-2 b)+ etc. 
to a(nterms) = s; 
therefore (2a+ n-1b)+(2a+ n-1 b)+ etc. 
(n terms) = 2s; 


therefore (2a+ n-1b)xn=2s 


and (2a + n-1b*5-s 


(13) Of Geometrical Progressions 

61. Quantities are said to be in geometrical progression, or continual 
proportion, when the first is to the second as the second to the third, and as the 
third to the fourth, etc. 

Or when every succeeding term is a certain multiple or part of the preceding 
term. 

Thus 8, 12, 18, 27 are in continued proportion or in geometric progression. In 
this case the terms are 


E eee ee 
CRP ee toT OO Or 

3 . (89 3y 
or 8, 8S es G) 8x8 (5), 


In like manner, a, ar, ar’, ar? are in geometric progression. 

62. The multiplier by which each term is obtained from the preceding is called 
the common ratio, 

63. To find any term of a geometrical progression, multiply the first term by 
that power of the common difference which has for its exponent the number of the 
term minus one. 

Thus the 5*^ term of the progression 8, 12, 18, etc. is, 


a (3) -a «$181. 40x. 

And the nth term of a, ar, ar’, etc. is ar ”-1. 

64. To find the sum of an increasing geometrical progression, multiply the last 
term by the common ratio, subtract from the product the first term, and divide the 
remainder by the excess of the common ratio above unity. 

Thus, the sum of 5 terms of 8, 12, 18. etc. is 

81,9. 
2 2. 243-32 1 
3 HE o 


271l 


And the sum of n terms of a, ar, ar’, etc. is 


211 
= ae 105%. 


ar”-txr-a ar eG 
ps] ^ r-1^ 
For if a + ar + ar? + etc. + arn! (n terms) = s, 
multiplying by r, ar + ar? + etc. + ar^! + ar" (n terms) = rs, 
and subtracting, ar^ - a - rs - s- (r- 1) s, 
ar"-a 


whence — —-— = s. 
r-1 


Geometry. 


Elements of Geometry. Euclid, Books *1, *2, *3, 4. 
Book 5. Definition of Proportion. 


The first of four magnitudes is said to have the same ratio to the second which 
the third has to the fourth when—any equi-multiples whatsoever of the first and 
third being taken, and any equi-multiples whatsoever of the second and fourth,— 
if the multiple of the first be less than that of the second, the multiple of the third 
is also less than that of the fourth; or if the multiple of the first be equal to the 
multiple of the second, the multiple of the third is also equal to that of the fourths 
or if the multiple of the first be greater than that of the second, the multiple of the 
third is also greater than that of the fourth. 


Ratio is the relation of quantities in respect of proportion, so that if a, b, c, d 
be proportional, the ratio of a to b is equal to the ratio of c to d, 


*Lemma 1. If magnitudes be proportionals according to the algebraical 
definition of proportion, they are also proportionals according to the geometrical 
definition. 


If magnitudes a, b, c, d be proportionals algebraically, 5 - E therefore T = 


mc . . ; 
nd where ma, mc are any equi-multiples whatsoever of a, c, and nb, nd, any equi- 


multiples whatsoever of b, d; and if ma be less than nb, mc is less than nd; and if 
equal, equal; and if greater, greater. (Article 38.) Therefore, the magnitudes a, b, c, 
d are proportionals according to the geometrical definition. 


Lemma 2. If magnitudes be proportionals according to the geometrical 
definition, they are also proportionals according to the algebraical definition. 


If a:b::c:d according to the geometrical definition, suppose, first, ato be any 


multiple, part, or parts of b so that a = = b; therefore ma = nb; therefore, by the 


[o a n a c 
definition mc = nd; therefore 5 = —; but 7; = —; therefore ; = =. 
d b m b d 


a c 
Hence D d whenever a is any multiple, part, or parts of b. But when the 


, "T : a 
quantities a, b, c, d are determined by any geometrical conditions, the fractions b 


and a will be equal or unequal according to those conditions, and the algebraical 


equation will express the results of these conditions generally, without regard to 
magnitude. Therefore, the equality cannot depend upon that particular magnitude 
of aor b, which makes a some multiple, part, or parts of b, Therefore, since, for 


those magnitudes of a and b for which ais a multiple, part, or parts of b, " is equal 


C ; : X ure 
to d these fractions must be equal without any such restriction, and we shall have 


in all ae 
ina cases E «D 


Hence when quantities have been proved to be geometrically proportional, we 
may apply to them all those results of algebraical proportion which have been 
already proved, in Articles 38 to 50. 


EUCLID, Book 6. 


Definition 1. The altitude of any figure is the straight line drawn from the vertex 
perpendicular to the base. 


Definition 2. Similar rectilineal figures are those which have their several 
angles respectively equal, and the sides about the equal angles respectively 
proportionals. 


*Proposition 1. Triangles and parallelograms of the same altitude are to one 
another as their bases. 


*Proposition 2. If a straight line be drawn parallel to one of the sides of a 
triangle, it shall cut the other sides, or those produced, proportionally; and if the 
sides, or the sides produced, be cut proportionally, the straight line which joins 
the points of section shall be parallel to the remaining side of the triangle. 


*Proposition 3. If the angle of a triangle be bisected by a straight line cutting 
the base, the segments of the base shall have the same ratio as the other sides of 
the triangle; and if the segments of the base are to each other as the other sides of 
the triangle, the straight line drawn from the vertex to the point of section, bisects 
the vertical angle. 


Proposition A. If the exterior angle of a triangle, made by producing one of its 
sides, be bisected by a straight line, which also cuts the base produced; the 
segments between the dividing line and the extremities of the base are to each 
other as the other sides of the triangle; and if the segments of the base produced 
are to each other as the other sides of the triangle, the straight-line drawn from 
the vertex to the point of section divides the exterior angle of the triangle into two 
equal angles. 


*Proposition 4. The sides about the equal angles of equiangular triangles are 
proportionals; and those which are opposite to the equal angles are homologous 
sides; that is, are the antecedents or consequents of the ratios. 

Corollary: to Proposition 4. Since it has been shown (Lemma 2) that when 
quantities are proportionals geometrically, they are proportionals algebraically; all 
the consequences which are proved of algebraical proportion (Articles 37 to 50) 
may be asserted of the proportionals in Propositions 1, 2, 3, A, 4 of this Book 6. 


EUCLID. Book 11. 


Definition 1. A straight line is perpendicular or at right angles to a plane, when 
it makes right angles with every straight line meeting it in that plane. 


Definition 2. A plane is parallel to another plane when they do not meet, though 
both are indefinitely produced. 


Definition 3. A plane is parallel to a straight line when they do not meet, though 
both are indefinitely produced. 


Definition 4. A prism is a solid figure contained by two parallel planes, and by 
a number of other planes all parallel to one straight line, and cutting the first two 
planes so as to form polygons. 

The first two planes are called the ends or bases of the prism, and the 
intermediate portion of the straight line to which all the other planes are parallel 
is the length of the prism. 

The following Lemmas will be taken for granted: (straight lines, surfaces and 
solids being measured by numbers.) 


Lemma 3. The arcs which subtend equal angles at the E 
centers of two circles are as the radii of the circles. 

Let the two circles be placed so that their centers b 
coincide at C: and so that one of the lines CA containing the A 


angle ACa in one of the circles coincides with the 
corresponding line CB in the other circle. Then the other 
lines containing the angles, namely Ca, Cb, will coincide; 
and it will be true that Aa: Bb :: CA: CB. 

Lemma 4. The area of a rectangle is equal to the product of the two sides. 

If A, B be the two sides, the rectangle is = A x B. 

Corollary: If B be the base and A the altitude of a triangle, the area of the 
triangle is = V5 A x B. 

Lemma 5. If a prism be cut by planes perpendicular to its length at different 
points, the areas of the sections are all similar and equal. 

Lemma 6. The solid content of a prism is equal to the product of its length and 
of the area of a section perpendicular to the length. 

If A be the area of the section and H the length, the solid content is = A x H. In 
this case, solid contents are measured by the number of times they contain a unit 
of solid content. 

Corollary: In a uniform prism the weight is as the solid content; hence the 
weight of any portion of a uniform prism is proportional to its length. 

Lemma 7. If a prism be cut by two planes 
passing through any point of its length, one of 
the planes being perpendicular to the length and Z M 
the other oblique to it; and if a line be drawn at 
the point, perpendicular to the oblique section 
and intercepted by a line perpendicular to the Q 


length; the oblique section is to the perpendicular section as the portion of the 
perpendicular line intercepted is to the portion of the length intercepted. 

Let Ll, LM be the perpendicular and the oblique section of the prism, of which 
the length is QL, LK perpendicular to the section LM, and KH perpendicular to the 
length QL. Then area LM: area Ll:: KL: HL. 


Mechanics. 


Note. JC. As Plato noted, we are born with what in later history has been called a priori 
knowledge, ie., the ability of sense to understand equal, greater, and less. These are 
independent of any particular system of grammar and any kind of material difference and this 
recognition should be exercised. We exercise it by asking and answering questions. These words 
should be exercised in the demonstrations instead of such silly rubbish words like preponderate. 
With the leaver, you can show perceptibly the step-by-step construction of the whole of rational 
thought, which is independent of any particular system of Grammar. These are not laws of this 
or that, these laws follow from the recursion of equal, greater, and less, universally. What we 
have to learn now, is how to teach it in a proper and clear order. 


You can not only move the world with a leaver, you can move the mind of man to learn and 
do his own work. Simply pair the perceptible with the intelligible. 


There are no laws of this or that, there is only methods of information processing via systems 
of grammar. This system of grammar becomes our Grammar Matrix of Common Grammar, 
Arithmetic, Algebra and Geometry. See if you can find in this work, any other. The intelligible 
binary multiplied by the perceptible binary, can only produce four specific systems of Grammar. 


The a priori knowledge we are born with, the ability to comprehend equal, greater and less, 
should not be taught in college, but in kindergarten. The toys a child should have, are those 
toys with make them ask and answer questions, guided by an intelligent parent. 


Posteriori knowledge is acquired from our environment, we are born with the intelligible, the 
noun, and are given by our environment, the verb, the material differences to apply that 
knowledge to. It teaches us how to add and subtract, multiply and divide, all starting from the 
recursion of equal, greater and less. 


Book I. Statics. 
Definitions and fundamental notions. 

1. Mechanics is the science which treats of the laws of the motion and rest of 
bodies. 

2. Any cause which moves or tends to move a body, or which changes or tends 
to change its motion, is called force. 

3. Body or Matter is anything extended, and possessing the power of resisting 
the action of force. 

A rigid body is one in which the force applied at one part of the body is 
transferred to another part, the relative positions of the parts of the body not being 
capable of any change. 

4. All bodies within our observation fall or tend to fall to the earth : and the 
force which they exert in consequence of this tendency, is called their weight. 

5. Forces may produce cither rest or motion in bodies. When forces produce 
rest, they balance each other; they are in equilibrium; they cancel out each other's 
effects. 

6. Statics is the science which treats of the laws of forces in equilibrium. 

7. Two directly opposite forces which balance each other are equal. 

Forces are directly opposite when they act in the same straight line in opposite 
directions. 

8. Forces are capable of addition. Thus, when two men pull at a string in the 
same direction, their forces are added; and when two heavy bodies are put in the 


same vessel suspended by a string, their weights are added, and are supported by 
the string. 

9. A force is twice as great as a given force, when it is the sum of two others, 
each equal to the given force; a force is three times as great, when it is the sum of 
three such forces; and so on. 

10. Forces (in Statics) may be measured by the weights which they would 
support. 

11. The Quantities of Matter of bodies are measured by the proportion of their 
mechanical effect. 

12. The quantities of matter of two bodies are as their weight at the same place. 

13. The Density of a body is measured by the quantity of matter contained in 
a given space. 


Section 1. The Lever. Definitions. 


1. A Lever is a rigid rod, moveable, in one plane, about a point, which is called 
the fulcrum or center of motion, by means of forces which tend to turn it round the 
fulcrum. 


2. The portions of the rod between the fulcrum and the points where the forces 
are applied, are called the arms. 


3. When the arms are two portions of the same straight line, the lever is called 
a straight lever; otherwise, it is called a bent lever. 


4. The lever is supposed to be without weight, unless the contrary be expressed. 


AXIOMS. 


1. If two equal forces act perpendicularly at the extremities of equal arms of a 
straight lever to turn it opposite ways, they will keep each 


other in equilibrium. [o 
If AC = BC, and P and Q be two equal forces acting 


perpendicularly on CA and CB at A and B, they will balance i b 


each other. 


2. If forces keep each other in equilibrium, and if any force be added to one of 
them, it will be greater. 


Corollary: Hence the converse of Axiom 1 is true; if two forces P, Q acting 
perpendicularly at equal arms balance, they are equal. For if they are unequal, let 
P+ X= Q; then P + X will balance Q, by Axiom 1; but since P balances Q, P + X will 
be greater by Axiom 2 : which is absurd. Therefore P = Q. 


3. If two equal weights balance each other upon a horizontal straight lever, the 
pressure upon the fulcrum is equal to the sum of the weights, whatever be the 
length of the lever. 

If P, Q be two equal weights which balance each other 
upon the horizontal lever AB, the pressure upon Cis P + Q. P Q 

Corollary: If two equal forces acting perpendicularly on the arm of a straight 
lever balance, the pressure on the fulcrum is equal to the sum of the forces. For 
(Definition 10) all statical forces are equal to the weights which they would support; 
and hence, if for the weights, be substituted the forces which would support them, 
the pressure on the fulcrum is not altered. 


4. If two equal weights be supported upon a straight 
lever on two fulcrums at equal distances from the weights, Q 


the pressures upon the two fulcrums are together equal to 


the sum of the weights. rtf 
If P, Q be two equal weights which are supported upon the p d 
line AB on two fulcrums C, D, so that AC, BD are equal; the 


pressures upon C, D are together equal to the sum of the weights P + Q. 
5. On the same suppositions, the pressures on the two fulcrums are equal. 


6. If a force act perpendicularly on the straight arm of a bent lever at its 
extremity, the effect to turn the lever round the fulcrum will 
be the same, whatever be the angle which the arm makes 
with the other arm, so long as the length is the same. 


If a force Q act perpendicularly on CB at its extremity B, 
C being the fulcrum, and an equal force R act 
perpendicularly on an equal arm CD, at its extremity, the 
effect to turn the lever round C in the two cases is equal. P 


7. When a force acts upon a rigid body it will produce the same effect to urge 
the body in the line of its own direction, at whatever point of the direction it acts. 


8. If a body which is moveable about an axis be acted upon by two equal forces, 
in two planes perpendicular to the axis, the forces being perpendicular at the 
extremities of two straight arms of equal length from the axis; the two forces will 
produce equal effects to turn the body, at whatever points the arms meet the axis. 


9. If a stretched string pass freely round a fixed body, so that the direction of 
the string is altered, any force exerted at one extremity of the string will produce 
at the other extremity the same effect as if the force had acted directly. 


10. If .in a system which is in equilibrium, there be substituted for the force 
acting at any point, an immoveable fulcrum at that point, the equilibrium will not 
be disturbed. 


11. If in a system which is in equilibrium there be substituted for an 
immoveable point or fulcrum the force which the fulcrum exerts, the equilibrium 
will not be disturbed. 


Corollary: If a weight be supported on a horizontal rod by two forces acting 
vertically at equal distances from the weight, the forces are 
equal to each other, and their sum is equal to the weight. 
For, let two forces P, Q balance each other, acting 
perpendicularly on the equal arms of a lever AB: then by 
Corollary: to Axiom 2, they are equal. Also, by Corollary: to R 
Axiom 3, the pressure upon the fulcrum is equal to the sum of the forces P, Q. 
Hence, by Axiom 11, if instead of a fulcrum, there be a force R, acting at C 
perpendicular to the lever, and equal to the sum of P and Q, this force will balance 
the pressure at C, just as the fulcrum does, and there will be an equilibrium; that 
is, a vertical force, or weight R, will be supported by two forces equal to P, Q acting 
vertically at equal distances CA, CB; and the weight Ris equal to P+ Q. 


12. A perfectly hard and smooth surface, acted on at any point by any force, 
exerts a reaction which is perpendicular to the surface at that point; and if the 
surface be supposed to be immoveable, the force will be supported, whatever be its 
magnitude. 

13. A heavy material straight line, prism, or cylinder, of uniform density, may 
be supposed to be composed of a row of heavy points of equal weight, uniformly 
distributed along the line. 


14. A heavy material plane of uniform density may be supposed to be composed 
of a collection of parallel straight lines of equal density, uniformly distributed along 
the plane. 


15. A heavy solid body of uniform density may be supposed to be composed of 
a collection of particles, the weight of each of which is as the portion of the body 
which it occupies; and which particles may be considered as heavy points. 


POSTULATES. 


1. A prism or cylinder of uniform density, and of given length, may be taken, 
which is equal to any given weight. 


2. A force may be taken equal to the excess of a greater given force over a less. 
3. A force may be taken in a given ratio to a given force. 


REMARKS ON THE AXIOMS OF STATICS. 


1 The Axioms of Statics in the preceding pages are simply-stated, without 
addition or explanation; in the same manner in which the Axioms of Geometry are 
stated in Treatises on Geometry. As the Axioms of Geometry are derived from the 
idea of space, so the Axioms of Statics are derived from the idea of statical force or 
pressure, and the idea of body or matter, as that which receives and transmits 
pressure. The student must possess distinctly this idea of force acting upon body, 
and body sustaining force of body resisting the action of force, and while it resists, 
transmitting this action; —of body with this mechanical property, existing in the 
various forms of rigid straight line, lever, plane, solid, flexible line, flexible surface; 
—and when he has this distinct possession of these elementary ideas, the truth of 
the Axioms of Statics will be seen as self-evident, and he will be in a condition to 
go on with the reasonings by which the following Propositions are established. 


But we may make a few Remarks tending to illustrate the self-evident character 
of the above Axioms. 


2. We shall begin with the consideration of the First Axiom of Statics; which is, 
“If two equal forces act perpendicularly at the extremities of equal arms of a straight 
line to turn it opposite ways, they will keep each other in equilibrium." This is 
often, and properly, further confirmed, by observing that there is no reason why 
one of the forces should be greater rather than the other, and that, as both cannot 
be greater, neither will do so. All the circumstances on which the result 
(equilibrium or greater and less) can depend, are equal on the two sides;—equal 
arms, equal angles, equal forces. If the forces are not in equilibrium, which will be 
greater and which will be less? No answer can be given, because there is no 
circumstance left by which either can be distinguished. 


3. The argument which we have just used, is often applicable, and may be 
expressed by the formula, *there is no reason why one of the two opposite cases 
should occur, which is not equally valid for the other; and as both cannot occur 
(for they are opposite cases) neither will occur." This argument is called “the 
principle of sufficient reason it puts in a general form the considerations on which 


several of our axioms depend; and to persons who are accustomed to such 
generality, it may make their truth clearer. 


The same principle might be applied to other cases, for example, to Axiom 6, 
that the effect produced on a bent lever does not depend on the direction of the 
arm. For if we suppose two forces acting perpendicularly on two equal arms of a 
bent lever to turn it opposite ways, these forces will balance, whatever be the angle 
which they make, since there is no reason why either should be greater: it thus 
appears, that the force which, acting at A, would be balanced by Q in the figure to 
Axiom 6, would also be balanced by R, and therefore these two forces produce the 
same effect; which is what the axiom asserts. 


4. The same reasoning might be applied to Axiom 8; for if two equal forces act 
at right angles at equal arms, in planes perpendicular to the axis of a rigid body, 
and tend to turn it opposite ways, they will balance each other, since all the 
conditions are the same for both forces. 


5. Nearly the same may be said of Axiom 9;—if a stretched string pass freely 
round a fixed body, equal forces acting at its two ends will balance each other; for 
if it passes with perfect freedom, its passing round the point cannot give an 
advantage to either force. Therefore, the force which will be balanced by the string 
at its second extremity is exactly equal to the force which acts at its first extremity. 
The same principle may be applied to prove Axiom 5. 


6 The axioms which are perhaps least obvious are Axioms 3 and 4; for instance, 
the former;—that “the pressure upon the fulcrum is equal to the sum of the 
weights." Yet this becomes evident when we consider it steadily. It will then be seen 
that we conceive pressure or weight as something which must be supported so that 
the whole support must be equal to the whole pressure. The two weights which act 
upon the lever must be somehow balanced and counteracted, and the length of the 
lever cannot at all remove or alter this necessity. Their pressure will be the same 
as if the two arms of the lever were shortened till the weights coincided at the 
fulcrum; but in this case, it is clear that the pressure on the fulcrum would be 
equal to the sum of the weights: therefore, it will be so in every other case. 


7. This principle, that in cases of statical equilibrium, a force is necessarily 
supported by an equal force, is sometimes expressed as an Axiom, by saying that 
"Action is always accompanied by an equal and opposite Re-action." This principle 
thus stated may be considered as an expression of the conception of equality as 
applied to forces; or as a Definition of equal forces. This principle is implied in the 
conception of any comparison of forces; for equilibrium and addition of forces are 
modes in which forces are compared, as superposition and addition of distances 
are modes in which geometrical quantities are compared. 


We may further observe, that this fundamental conception of action and re- 
action is equivalent to the conception of force and matter, which are ideas 
necessarily connected and correlative. Matter, as stated in page 26, is that which 
can resist the action of force. In Mechanics at least, we know matter only as the 
subject on which force acts. 


8. But matter not only receives, it also transmits the action of force; and it is 
impossible to reason respecting the mechanical results of such transmission, 
without laying down the fundamental principle by which it operates. And this 
accordingly is the purpose of Axioms 6, 7, 8, 9, 10, 12. When the body is supposed 
to be perfectly rigid, it transmits force without any change or yielding. This rigidity 
of a body is contemplated under different aspects, in the Axioms just referred to. 
In Axiom 7, it is the rigidity of a rod pushed endways; in Axiom 8, the rigidity of a 
plane turned about a fixed-point; in Axiom 8, the rigidity of a solid twisted about 
an axis. Axiom 9 defines the manner in which a flexible string transmits pressure, 
and in like manner we shall have Axioms in Hydrostatics, defining the manner in 
which a fluid transmits pressure. We may call Axioms 6, 7, 8, collectively, the 
Definition of a rigid body. The place of these principles in our reasoning will not be 
thereby altered; nor will the necessity of their being accompanied by distinct 
mechanical conceptions be superseded. 


9. Axioms 13, 14, 15, of the Statics, are all included in the general 
consideration, that material bodies may be supposed to consist of material parts, 
and that the weight of the whole is equal to the weight of all the parts; but they are 
stated separately, because they are used separately, and because they are at least 
as evident in these more particular cases as they are in the more general form. 


By considerations of this nature it appears, that the axioms, as above stated, 
are evident in their nature, in virtue of the conceptions which we necessarily form, 
in order to reason upon mechanical subjects. 


10. Some persons may be surprised to find the Axioms of Mechanics 
represented as so numerous; Especially if they look for analogy to Geometry, where 
the necessary axioms are confessedly few, and according to some writers, none; 
and they may be led to think that many of the axioms here given must be 
superfluous, by observing that in most mechanical works the fundamental 
principles are stated as much fewer than these. But very few of those which are 
here stated are superfluous in effect. From the very circumstance that they are 
axioms, they are assented to when they are adduced in the reasoning, whether 
they have been before asserted or not; but to make our reasoning formally correct 
every proposition which is assumed should be previously stated. And when we 
consider carefully, we see that the various modifications and combinations of the 
ideas of force, body, and equilibrium, along with the idea of space of one, two, or 
three dimensions, readily branch out into as many heads as appear in this part of 
the present work. 


11. Some persons may be disposed at first to say, that our knowledge of such 
elementary truths as pre stated in the Axioms of Statics and Hydrostatics, is 
collected from observation and experience. But in refutation of this we may remark, 
that we cannot experimentally verify these elementary truths, without assuming 
other principles, which require proof as much as these do. If, for instance, 
Archimedes had wished to ascertain by trial whether two equal weights at the equal 
arms of a lever would balance each other, how could he know that the weights 
were equal, by anymore simple criterion than that they did balance? But in fact, it 
is perfectly certain that of the thousands of persons who from the time of 


Archimedes to the present day have studied Statics as a mathematical science, a 
very few have received or required any confirmation of his axioms from experiment; 
and those who have needed such help have undoubtedly been those in whom the 
apprehension of the real nature and force of the evidence of the subject was most 
obscure. 


12. We do not assert that the axioms as stated in this Treatise are given in the 
only exact form; or that they may not be improved, simplified, and reduced in 
number. But it does not seem likely that this can be done to any great extent, 
consistently with the rigor of deductive proof. The Fourth Axiom of Statics is one 
which attempts have been made to supersede: for example, Lagrange' has 
endeavored to deduce it from the preceding ones. But it will be found that his proof, 
if distinctly stated, involves some such axiom as this:—that *If two forces, acting 
at the extremities of a straight line, and a single force, acting at an intermediate 
point of the straight line, produce the same effect to turn a body about another 
line, the two forces produce at the intermediate point an effect equal to the single 
force." And though this axiom may be self-evident, it will hardly be considered as 
simpler than that which it replaces. 


13. Thus, the science of Statics, like Geometry, rests upon axioms which are 
neither derived directly from experience, nor capable of being superseded by 
definitions, nor by simpler principles. In this science, as in Geometry, the evidence 
of these fundamental truths resides in those convictions to which an attentive and 
steady consideration of the subject necessarily leads us. The axioms with regard 
to pressures, action, and re-action, equilibrium and preponderances, rigid and 
flexible bodies, result necessarily from the conceptions which are involved in all 
exact reasoning on such matters. The axioms do not flow from the definitions, but 
they flow irresistibly along with the definitions, from the distinctness of our ideas 
upon the subjects thus brought into view. These axioms are not arbitrary 
assumptions, nor selected hypotheses; but truths which we must see to be 
necessarily and universally true, before we can reason on to anything else; and in 
Mechanics, as in Geometry, the capacity of seeing that they are thus true, is 
required in the student, in order that he and the writer may be able to proceed 
together. 


* Mecanique Analytique. Introduction. 


Propositions. 


N B. The Propositions required by the University for the degree of B. A are those 
which are marked by numbers; and the Enunciations are printed in larger type. 


Proposition 1. A horizontal prism or cylinder of uniform density will produce 
the same effect by its weight as if it were collected at its middle point. 


Let AB be the prism or cylinder, and C its FAPR C  SQBG 


middle point. Let P, R be any points in AC, and let 
CQ be taken equal to CP, and CS equal to CR. 


The half AC of the prism may (by Axiom 13.) be APER cC S$ G QB 
supposed to be made up of small equal weights, 
distributed along the whole of the line AC, as at P, R; and the half BC may in like 
manner be conceived to be made up of small equal weights distributed along BC; 
as at Q, S; of which the weight at Q is equal to the weight at P, that at S to that at 
R, and so on. 


Let F be a fulcrum about which the prism AB tends to turn by its weight. In 
CB, produced, if necessary, take CG equal to CF, and suppose a fulcrum placed at 
G. 


Let the weights at P, Q, R, S be denoted by P, Q, R, S. 


The two weights P and Q produce upon the fulcrums F and G pressures which 
together are equal to the sum of the weights P + Q, (Axiom 4,) or to the double of 
P, since Pand Q are equal. But the pressure upon each of these fulcrums is equal, 
(Axiom 5,) hence the pressure upon each of them is P; therefore, the pressure upon 
the fulcrum G, arising from the two weights P and Q, is P; in like manner the 
pressure upon the fulcrum G, arising from R and S, is R; and so of the rest: and 
the whole pressure on G, arising from the whole prism AB, is the sum of all the 
weights P, R, etc. from A to C; that is, it is half the weight of the prism. 


But if the whole prism be collected in its middle point C, the pressure upon the 
two fulcrums F and Gwill be the whole weight of the prism, and the pressures on 
the two fulcrums are equal; by Corollary: to Axiom 11. Therefore, in this case also, 
the pressure on the fulcrum G is equal to half the weight of the prism. Therefore, 
the prism, when collected at its middle point, produces the same pressure on the 
fulcrum G as it did before. 


Therefore, when a uniform prism is collected at its middle point, it produces 
the same effect by its weight as it did before, Q. E. D. 


Corollary: 1. A uniform prism or cylinder will balance itself upon its middle 
point. 

Corollary: 2. When a prism or cylinder thus balances upon its middle point, 
the pressure upon the fulcrum is equal to the weight of the prism. 


Proposition 2. If two weights acting perpendicularly at the extremities of the 
arms of a [horizontal] straight lever on opposite sides of the fulcrum balance each 
other, they are inversely as their distances from the fulcrum, and the pressure on 
the fulcrum is equal to their sum. 


Let P, Q be the two weights. 

Let there be a uniform prism of the length AB, equal in weight to P * Q 
(Postulate 1), and let AD : DB :: P : Q. Therefore, N 
componendo, AD + BD: AD :: P+ Q: P. But AD + BD is af 4-3 — P 
equal in weight to P * Q, and the prism is uniform; 


therefore, by Corollary: to Lemma 6, the prism AD is equal in weight to P. In like 
manner the prism BD is equal in weight to Q. 


Let C be the middle point of AB; M, the middle point of AD; N, the middle point 
of DB. By Proposition 1. Corollary: 1 and 2, the prism AB will balance on the point 
C, and the pressure on that point will be equal to the weight of the prism, that is 
to P+ Q. 

But by Proposition 1. the prism AD will produce the same effect as if it be 
collected at its middle point M; that is, the same effect as the weight P at M. And 
in like manner the prism DB will produce the same effect as the weight Q at N. 
Therefore, the whole prism AB will produce the same effect as the weight P at M, 
and the weight Q at N; that is, the weight P at M, and Q at N will balance on C. 

But since MD is half AD, and DN is half DB, the sum MN is half the sum AB, 
and is therefore equal to AC. Hence taking away the common part MC, the 
remainder CN is equal to AM, or MD. And to MD and CN adding the common part 
DC, MC is equal to DN. 

Now P: Q:: AD: DB by construction; that is, 

P: Q:: 2MD: 2DN; or :: MD: DN; 
hence, by what has been proved, 
P: Q:: CN: MC. 

Therefore, the weights P, Q are inversely as their distances from the point C on 
which they balance. Q. E. D. 

Also, the weights P, Q collected at M, N produce the same effect on the fulcrum 
C as the prisms AD, DB; that is, as the prism AB; that is, they produce a pressure 
P * Q, as has been shown, Q. E. D. 

Corollary: If two forces acting perpendicularly on a straight lever on opposite 
sides of the fulcrum balance each other, they are inversely as their distances from 
the fulcrum, and the pressure on the fulcrum is equal to the sum of the forces. 

For any forces may be represented by weights; and what is true of the weights 
is true of the forces. 

Proposition A. If two weights acting perpendicularly at the extremities of the 
arms of a straight horizontal lever on opposite sides of the fulcrum are inversely as 
their distances from the fulcrum, they will balance each other. 

As in the last Proposition, let there be a uniform prism AB, equal in weight to 
the sum of the weights P + Q; and let it be divided in D, so that AD : DB:: P: Q; then, 
as before, AD is equal in weight to P, and BD to Q. 

Let M be the middle point of AD; N, of DB. And let C be a point, such that CN: 
MC :: P: Q. 


Then CN: MC :: AD: DB 
: 2MP:2DN:: MD: DN, 
whence MC + CN: CN :: MD + DN: MD, 
and the first and third are equal; therefore, CN is equal to MD. 

Hence adding DC to both, MC is equal to DN or NB; and hence AM and MC 
together are equal to CN and NB together; that is, AC is equal to CB; and C is the 
middle point of AB. 

Therefore, the prism AB will balance on C; and by Proposition 1. if the part AD, 
that is, P, be collected at M, and the part DB, that is, Q, be collected at N, the effect 
will still be the same; that is, Pand Q will balance on C. Therefore, etc. Q. E. D. 

Corollary: 1. In this case also the pressure upon the fulcrum C is equal to P + 
Q, 

Corollary: 2. If for weights be put any forces, the lever being in any position, 
the same proposition is true. 

Proposition 3. If two forces acting perpendicularly on a straight lever in opposite 
directions and on the same side of the fulcrum balance each other, they are 
inversely as their distances from the fulcrum; and the pressure on the fulcrum is 
equal to the difference of the forces. 


Let MCN be the lever on which the two forces P and Q acting perpendicularly 


at M and N in opposite directions balance each other. Let R P R 
be a force such that P * R is equal to Q, and let MNC be 
supposed to be a lever on which two forces P, R, acting N 


perpendicularly at M, C on opposite sides of the fulcrum, 

balance each other. Then, by Proposition 2. the pressure 

upon the fulcrum N is equal to P * R, that is to Q, and is in Q 

the direction of the forces P and R. Hence if a force P + R, that is Q, act 
perpendicularly to the lever MC at N in the direction opposite to P and R, it will 
supply the place of the fulcrum, and the forces, P, Q, R will still balance each other 
by Axiom 11. And if we place an immoveable fulcrum ‘at C, it will supply the place 
of the force R, and the forces P, Q, will still balance each other by Axiom 10. 

But since P, R balance on the lever MNC, we have by Proposition 2. 
R: P:: MN: NC, and therefore 
R+P: P:: MN * NC: NC, that is 
Q: Ps MC: NC; 


the forces P, Q are inversely as their distances from the fulcrum C. 

Also, the pressure on the fulcrum C, which replaces the force R is equal to the 
force R, that is to the difference of the forces P and Q. Q. E. D. 

Proposition 4. To explain the different kinds of levers. 

When material levers are used, the two forces which have been spoken of, as 
balancing each other upon the lever, are exemplified by the weight to be raised or 
the resistance to be overcome, as the one force, and the pressure, weight, or force 


of any kind, employed for the purpose, as the other force. The former of these forces 
is called the Weight. the latter is called the Power. 


The preceding Propositions give the proportion of the Power and Weight in the 
case of equilibrium, that is, when the weight is not raised, but only supported; or 
when the resistance is not overcome, but only neutralized. But knowing the Power 
which will produce equilibrium with the weight, we know that any additional force 
will make the Power greater. (Axiom 2.) 


Straight levers are divided into three kinds, according to the position of the 
Power and Weight. 


1. The Lever of the First kind is that in which the Power and Weight are on 
opposite sides of the Fulcrum, as in Proposition 2. and A. 


We have an example of a lever of this kind, when a bar is used to raise a heavy 
stone by pressing down one end of the bar with the hand, so as to raise the stone 
with the other end: the Power is the force of the hand, the Fulcrum is the obstacle 
on which the bar rests, the Weight is the weight of the stone. 


We have an example of a double lever of this kind in a pair of pincers used for 
holding or cutting; the Power is the force of the hand or hands at the handle, the 
Weight is the resistance overcome by the pinching edges of the instrument, the 
Fulcrum is the pin on which the two pieces of the instrument move. 


2. The Lever of the Second kind is that in which the Power and the Weight are 
on the same side of the Fulcrum, the Weight being the nearer to the Fulcrum. 


We have an example of a lever of this kind, when a bar is used to raise a heavy 
stone by raising one end of the bar with the hand, while the other end rests on the 
ground, and the stone is raised by an intermediate part of the bar. The Fulcrum is 
the ground, the Power is the force exerted by the hand, the Weight is the weight of 
the stone. 


We have an example of a double lever of this kind in a pair of nutcrackers. The 
Power is the force of the hand exerted at the handles; the Weight is the (force with 
which the nut resists crushing; the Fulcrum is the pin which connects the two 
pieces of the instrument. 


3. The Lever of the Third kind is that in which the Power and the Weight are 
on the same side of the fulcrum, and the Weight is the further from the fulcrum. 


In this kind of lever, the Power must be greater than the weight in order to 
produce equilibrium, by Proposition 3. Therefore, by the use of such a lever, force 
is lost. The advantage gained by the lever is, that the force exerted produces its 
effect Ut an increased distance from the fulcrum. 


We have an example of a lever of this kind in the anatomy of the fore-arm of a 
man, when he raises a load with it, turning at the elbow. The elbow is the Fulcrum, 
the Power is the force of the muscle which, coming from the upper arm is inserted 
into the forearm near the elbow, the Weight is the load raised. 


We have an example of a double lever of this kind in a pair of tongs used to 
hold a coal. The Fulcrum is the pin on which the two parts of the instrument turn, 


the Power is the force of the fingers, the Weight is the pressure exerted by the coal 
upon the ends of the tongs. 

Proposition 5. If two forces acting perpendicularly at the extremities of the arms 
of any lever balance each other, they are inversely as the arms. 

Let MCN be any lever: and let P, Q acting perpendicularly on the arms CM, CN 
balance each other; then P: Q :: CN: CM. 

Produce NC to Q, taking CO equal to CM; and at O 
let a force R equal to Pact perpendicularly on the lever 
NCO, to turn it in the same direction as P. Then since 


P 
NP 
CM is equal to CO, and therefore P to the force R, both 
acting perpendicularly to the arms, by Axiom 6, Pand R Q 
R will produce the same effect to turn the lever round 
| Q 


the fulcrum C; and therefore, since P balances Q, R 
will balance Q. 

But since forces R and Q balance on the straight 
lever OCN, by Proposition 2. R: Q:: CN: CO; and since 
Pis equal to R, and CO to CM, P: Q :: CN: CM; or the forces P, Q are inversely as 
their arms. Q. E. D. 

Proposition 6. If two forces acting at any angles on the arms of any lever balance 
each other, they are inversely as the perpendiculars drawn from the fulcrum to the 
directions in which the forces act. 

Let ACB be the lever on which the forces P, Q acting at any angles balance each 
other; and let CM, CN be the perpendiculars from the fulcrum C in the directions 
of the forces; then P: Q :: CN: CM. 


M 
The lever ACB is supposed to be rigid, so that the B 
arms AC, BC cannot alter their respective positions. 
Hence, we may suppose the plane ACB to bea right P 
indefinite plane, moveable about the point C, and AC, D. 
BC to be lines in this plane. Therefore, the forces P, B 
Q, which act at the points A, B, will by Axiom 7, A 
produce the same effect as if they act at the points M, a 
Cc 
P 


N respectively: therefore, if they act at these points M, 
N they will still balance. 
Hence, by Proposition 5. P: Q:: CN: CM; or the 
forces are inversely as the perpendiculars CM, CN. Q. 
E. D. 
Corollary: 1. The converse is true, that if P: Q:: CN: CM, the forces will balance. 


Corollary: 2. If P, Q, CM, CN be expressed in numbers when P, Q balance, P x 
CM = Q x CN and when P x CM = Q x CN, Pand Q balance. 

Definition of the moment of a force. If lines be expressed in numbers, the 
product which arises when a force acting on a lever is multiplied by the 
perpendicular from the fulcrum of the lever upon the direction of the force is called 
the moment of the force. 


It appears by the last Corollary:, that when two forces balance on a lever, their 
moments are equal; and when their moments are equal, they balance. 

Also, if the moment of one force be the greater, that force will be greater. 

Corollary: 3. If X be any force acting on the lever ACB, and CO the perpendicular 
upon its direction, and if X * CO- Px CM, the force X will produce upon the lever 
the same effect as P. For X x CO = Q x CN; therefore, by this Proposition, X will 
balance Q; which is what P does. 

Corollary: 4. If the two forces P, Q act at the same point D, the proposition is 
still true. 

Proposition 7. If two weights balance each other on a straight lever when it is 
horizontal, they will balance each other in every position of the lever. 

Let it be supposed that the weights P, Q, acting at A, B, balance each other 
upon the lever when it is in the horizontal position ACB; the weights P, Q will 
balance each other upon the same lever in any other position, as DCE. 

Draw DM, EN vertical, meeting the horizontal line ACB. Then, in the triangles 

DCM, ECN, the vertical angles DCM, ECN are equal; and 
DMC, ENC are equal, being right angles; therefore, the 
remaining angles of the triangles are equal, and the 


* N triangles are equiangular and similar. Therefore, DC : 
CM :: EC : CN, and alternately DC : EC :: CM : CN. But 

n since P, Q balance each other on AB, Q: P :: AC: CB; 

Z and AC is equal to DC, and CB to EC, because ACB an 


DCE are the same lever; therefore Q : P :: DC: EC; 
therefore, by what precedes, Q : P :: CM: CN; therefore, by Proposition 6. the 
weights P, Q, acting at the points D, E, will balance each other, Q. E. D. 


Corollary: The pressure upon the fulcrum C in every position of the lever DE is 
equal to the sum of the weights P and Q. For in every position the effect of the 
weights P, Q is the same as if they acted at M, N, by Axiom 7. But in this case, by 
Proposition 2. the pressure on the fulcrum C is the sum of the weights. 


Proposition B. If any number of forces act upon a lever, and tend to turn it 
opposite ways, and if the sum of the moments of the forces which tend to turn the 
lever one way be equal to the sum of the moments of 
the forces which tend to turn it the other way, the 
forces will balance each other. 


Let the forces P, Q, R, tend to turn the lever one 
way, and let CM, CN, CO be the perpendiculars on 
their directions; and let the p, q, tend to turn the lever 
the other way, and let Cm, Cn be the perpendiculars 
on their directions; and let Px CM + Q x CN + Rx CO 
be equal to p x Cm + q x Cn; the forces will, balance 
each other. 


Let any two lines CO, Co be taken, and let forces act at O and o, perpendicularly 
to CO, Co, to turn the lever opposite ways, namely, at O, a force X, such that CO: 


CM :: P: X, by Postulate 3. that is, such that X x CO = P x CM; and also a force Y, 
such that Y x CO = Q x CN, and a force R; and also at o, a force x, such that x x 
Co, and a force y, such that y x Co- qx Cn. 


Then, by Corollary: 3 to Proposition 6, the force X will produce the same effect 
as the force P, and the force Y will produce the same effect as the force Q; and 
therefore, the forces P, Q, R will produce the same effect as X, Y, R acting at O. In 
like manner the forces p, q will produce the same effect as x, y, acting at o. 


But the forces X, Y, R, acting at O, will balance the forces x, y, acting at o, if (X 
+ Y + R) x CO be equal to (x + y) x Co, by Proposition 6; that is, if X x CO + Y x CO 
+ Rx CO be equal to x x Co + y x Co; that is, by the construction, if Px CM + Qx 
CN + Rx CO be equal to p x Cm + q x Cn. Therefore, etc. Q. E. D. 

Corollary: 1. If the forces be weights acting on a straight horizontal lever, the 
same is true, putting for the perpendiculars on the directions of the forces, the 
portions of the lever CM, CN, etc. intercepted between the fulcrum and the weights. 
(See next figure). 


Corollary: 2. The converse of this Proposition and of Corollary: 1 are true. 


Proposition C. If any forces act perpendicularly upon a lever, the pressure on 
the fulcrum is equal to the sum of the forces. 


It will first be proved that if any number of forces acting perpendicularly upon 
a lever balance each other, they may be separated into parts, so that, retaining 
their positions, they form pairs, each of which pairs would balance on the fulcrum 
separately. 


Let P, Q, R, p, q be any forces which balance each other on the lever OMNC 
m n. If each force on one side of the fulcrum has its 
moment equal to that of a corresponding force on the [cic 9 
other side, it is clear that each force will balance the R Q P g 
corresponding one on the other side, and the forces are 
already in such pairs as are mentioned above. But if not, let any moment on one 
side, as P x CM, be less than a moment on the other side, as p x Cm. Assume a 
force u such that Cm: CM :: P: u, by Postulate 3: therefore, P x CM = u x Cm; 
therefore u x Cm is less than p x Cm, and wis less than p; let p = u + x. Then if p 
be separated into parts u and x, the pair Pand u will balance each other separately, 
because their moments are equal. 


In the same manner, of the forces Q, R, x, q, take any other as Q, of which the 
moment Q x CN is less than the moment of q x Cn of a force q on the other side of 
the fulcrum. Assume a force v such, that Cn: CN:: Q: v, therefore Qx CN= vx Cn; 
and. let q = v + y. Then if q be separated into v and y, the pair Q and v will balance 
each other separately, for the same reason as before. 

And of the forces R, x, y, the moment x x Cm must be less than R x CO. Assume 
Xx CO-7 xx Cm; and let R= X + Y. The pair X, x will balance each other separately, 
as before. 

But because the forces P, Q, R, p, q balance on the lever, it follows (by Corollary: 
2 to Proposition B) that 


PxCM*QxCN-*RxCO-pxCm-*qx On; 
and hence since 
R=X+Y,andp=u+x,andq=vuty, 
Px CM+ Qx CN+ Xx CO+ Yx GO 
=ux Cmt+xx Cm+vux Cn+ yx Cn; 
and it has been supposed that 
Px CM= ux Cm, and Qx CN= vx Cn, 
and X x CO=x x Cm; 
hence the remainder 
Y x COis = y x Cn; 
and the pair Y, y will balance each other. 
Therefore, the forces have been separated into pairs, 
P, u; Q, v; X, x, Y, y 
which balance each other separately. 


Also, it is plain that the same proof may be applied in any case; for at each step 
the number of forces which are not in pairs is diminished by one; and therefore, 
the reduction may always be effected by as many steps as there are forces, wanting 
one. 


Hence, the Proposition is manifest; for the pressure upon the fulcrum arising 
from each pair is equal to the sum of the two forces of that pair (Proposition 2); 
therefore, the whole pressure is equal to the sum of all the pairs; that is, to the 
sum of all the forces. 


Section 2. Composition and Resolution of Forces. Definitions. 


1. When two forces act at the same point, they produce the same statical effect 
as a certain single force, acting at that point. This single force is called the resultant 
of the two; they are called its components. The two forces produce the single force 
by being compounded, and it may be resolved into the two. 


2. Straight lines may represent forces in direction and magnitude, when they 
are taken in the direction of the forces and proportional to their magnitude. When 
forces are so represented if AB represent any force, BA represents an equal and 
opposite force. A force represented by any line, as AB, is often called “the force AB.” 


3. Forces may be represented by lines parallel to them in direction and 
proportional to them in magnitude. 


Proposition 8. If the adjacent sides of a parallelogram represent the component 
forces in direction and magnitude, the diagonal will represent the resultant force 
‘in direction and magnitude. 


The proof will consist of two parts; for the direction, and for the magnitude. 


First, the diagonal will represent the resultant force in A 
direction. 


Let Ap, Aq represent in magnitude and direction the 
forces P, Q, acting at A; complete the parallelogram ApCq; 
and draw AC; draw also CM, CN perpendicular upon Ap, N 
Aq. 

The triangles CpM, CqN have right angles at M and N, 
and the angles MpC, CqN are equal, each being equal to C 
MAN; therefore, the triangles CpM, CqN are equiangular 
and similar. Therefore, CM: CN:: Cp: Cq; that is, CM: CN :: 
Aq: Ap. But Ap, Aq represent the forces P, Q, in magnitude; therefore CM: CN :: 
Q : P. Therefore, by Proposition 6, Corollary: 4, if the forces P, Q act on the plane 
PAQ, supposed to be moveable about the point C, they will balance each other, 
producing a pressure on the fulcrum C. 


Therefore, the single force which produces the same effect as P, Q will produce 
a pressure upon the point C, but will not turn the plane about C. But this cannot 
be the case except the single force act in the line AC; for if it acted in any other 
direction, a perpendicular might be drawn from C upon the direction, and the force 
would produce motion, by Axiom 2. Therefore, the resultant acts in the direction 
AC. 

Hence if a point, acted upon by two forces Ap, Aq, be kept at rest by a third 
force, this force must act in the direction CA. For otherwise it would not balance 
the force in the direction AC, to which the forces Ap, Aq are equivalent. 

Hence also if three forces act on a point, and keep each other in equilibrium, 
each of them is in the direction of the diagonal of the parallelogram whose sides 
represent the other two. 


Secondly, the diagonal will represent the resultant force in magnitude. 


By the proof of the former part the two forces Ap, Aq will be kept in equilibrium 
by a force in the direction CA. Let Ar represent this force in magnitude. Therefore, 
the three forces Ap, Aq, Ar keep each other in equilibrium. ‘Complete the 
parallelogram ApDr, and draw its diagonal DA. Then by the proof of the former 
part, the force Aq is in the direction DA; and therefore, DAq is a straight line. 


Hence in the triangles CAq, DAr, the vertical angles CAq, DAr are equal; and 
Cq, Dr are parallel to each other, because Cq and 
Dr are both parallel to Ap; and Cr meets them; 
therefore, the angle qCA is equal to the alternate 
angle DrA. Therefore, the triangles CAq, DAr are r 
equiangular. Also, Cq and Dr are equal, for each is 
equal to Ap, being opposite sides of parallelograms 
pq, pr. Therefore, (Euclid. 6. 8) the other sides of 
the triangles CAq, DAr are equal; therefore, CA is 
equal to Ar. But Ar represents in magnitude the 
force which keeps in equilibrium Ap, Aq; and since 
Ar acting in the opposite direction would balance 
Ar, the force which produces the same effect as Ap, 
Aq, is Ar acting in the opposite direction. Therefore Q 
AC, which is equal to Ar, represents in magnitude 
the force which produces the same effect as Ap, c 
Aq; that is the resultant of Ap, Aq. 


Hence, if the components be represented in P 
magnitude and direction by the sides of a 
parallelogram, the resultant is represented in magnitude and direction by the 
diagonal of the parallelogram, Q. E. D. 


Proposition, 9. If three forces represented in magnitude and direction by the 
sides of a triangle taken in order, act on a point, they will keep it in equilibrium. 


Let three forces, represented in magnitude and direction by the three fines AB, 
BC, CA, act on the point A, they will keep it in equilibrium. B 
Complete the parallelogram ABCD, then the force which is 
represented by BC is also represented by AD, (Definition 3 of 
this Sect.) and acts at the point A. And the resultant of the 
forces AB, AD is represented in magnitude and direction by 
AC (Proposition 8); therefore, the forces AB, BC produce the 
same effect as AC; and therefore, the forces AB, BC, CA D 
produce the same effect as AC, CA; that is, they will keep the 
point A in equilibrium. 

Corollary: 1. If three forces which keep a point in equilibrium be in the direction 
of three lines forming a triangle, they are proportional to those lines. 


Corollary: 2. Any two forces AB, BC, which act at a point A, are equivalent to a 
force AC. 


Proposition D. If any number of forces, represented in magnitude and direction 
by the sides of a polygon taken in order, act on a point, they will keep it in 
equilibrium. 

Let forces AB, BC, CD, DE, EA act upon a point A; they will keep it in 
equilibrium. By Proposition 9, Corollary: 2, the forces AB, c 
BC are equivalent to a force AC; therefore, the forces AB, 
BC, CD are equivalent to the forces AC, CD; that is, by the 
same corollary, to a force AD. Therefore again, the forces AB, 
BC, CD, DE are equivalent to the forces AD, DE; that is, D 
again by the same corollary, to a force AE. Therefore, finally, y 
the forces AB, BE, CD, DE, EA are equivalent to forces AE, 
EA, and therefore will keep the point A in equilibrium. 

Note JC. How can equilibrium being a comparison between things, suddenly become a 

judgment about a point, which is not a thing at all? How can one possibly say, that a point is in 
equilibrium unless they are talking nonsense? How can this have been studied and taught for a 


long time, not make anyone realize that they were suddenly floating in the ozone layer of 
gibberish? Is a noun a verb? 


* 


Section 3. Mechanical Powers. The Wheel and Axle. 


Definition The Wheel and Axle is a rigid machine, which is moveable about an 
axis, and on which two forces, tending to turn it opposite ways, act in two planes 
perpendicular to the axis; the one force (the Power) acting by means of a string 
stretched and wrapt on the circumference of a circle perpendicular to the axis, 
called the Wheel; the other force (the Weight) acting by means of a string wrapt on 
the surface of a cylinder having the axis of motion for its axis, and called the Axle. 


Proposition 10. There is an equilibrium upon the wheel and axle, when the 
power is to the weight as the radius of the axle to the radius of the wheel. 


Let AB be the wheel, and DEB the axle, the whole being moveable about the 
axis HCDK; the power P, acting at A, perpendicular to CA, the radius of the wheel; 
and the weight W, acting at E, perpendicular to DE, the radius of the axle. Also let 
P: W:: DE: CA; then there will be an equilibrium. 


In the plane of the wheel AB, let CB be drawn 
from the axis, equal to DE the radius of the axle; and 
let a force Q, equal to W, act at B perpendicular to 
CB. Then, by Axiom 8, the two forces Q, W produce 
equal effects in turning the machine. But the force 
Q will balance P, by Proposition 6, Corollary: 1, 
because 


P: W:: DE: CJ, and therefore P: Q:: CB: CA, 


Q being equal to W, and CB to DE therefore W will 
balance P, and there will be an equilibrium, Q. E. D. 


Corollary: 1. On the wheel and axle when there 
is equilibrium, the moments of the power and weight are equal. 


Corollary: 2. If the power and weight do not act perpendicularly to the radii of 
the wheel and axle, it will appear, by the reasoning of Proposition 6, that there will 
still be an equilibrium if their moments are equal. 


Corollary: 3. If several forces acting upon a body moveable about a fixed axis, 
and acting in planes perpendicular to the axis, tend to turn it opposite ways, there 
will be an equilibrium when the sum of the moments of the forces which tend to 
turn the body one way is equal to the sum of the moments of the forces which tend 
to turn the body the other way. This may be proved by reasoning similar to that of 
Proposition B. 


Corollary: 4. If a heavy body be moveable about any axis, it will be in 
equilibrium when the moments of the weights of the two parts into which it is 
divided by a vertical plane passing through the axis, are equal: for these two parts 
will tend to turn it opposite ways. 


In this case, the moment of each particle of the body is found by drawing from 
the particle a vertical line meeting a horizontal line which is perpendicular to the 
axis. The length of this perpendicular, measured from the vertical to the axis, 
multiplied into the weight of the particle, is the moment of the particle, if the axis 
is horizontal; and is proportional to the moment if the axis be in any other position. 


Corollary: 5. Conversely, if these moments are not equal, there cannot be 
equilibrium. 


The Pulley. 


Definition A Pulley is a machine in which one part, (the Block) being stationary, 
a stretched string can pass freely round another part, (the Sheave). 


A pulley is fixed when the block is fixed, and moveable when the block is 
moveable. 


The Power is the force which acts at the string; the Weight is the weight 
supported. 


Proposition 11. In the single moveable pulley, where the strings are parallel, 
there is an equilibrium when the power is to the weight as 1 to 2. 


Let ABC represent a pulley in which B is the block, AC the sheave, 
and in which the strings PA, HC are parallel: there is an equilibrium 
when P: W:: 1:2. 

By Axiom 9, since the string passes freely round the sheave AC, the 
force P, which is exerted on the string PA, is equal to that which the 
string CH exerts on the fixed-point H; and therefore, the reaction which 
the fixed-point H exerts by means of the string HC, is also equal to P. 
And the two forces, each equal to P, which act by means of the parallel B 
strings AP, CH, may be considered as balancing each other upon a lever 
AC, the fulcrum of which is in the point of the block B, by which the 
weight Wis supported. Therefore, by Proposition 2, the pressure on the 
fulcrum is the sum of these forces, that is, it is the double of P; and this pressure 
on the fulcrum of the block Bis balanced by the pressure or weight of W upon the 
block in the opposite direction, in the case of equilibrium; therefore, in the case of 
equilibrium, Wis double of P, or P: W:: 1: 2. 

Proposition 12. In a system in which the same string passes round any number 
of pulleys, and the parts of it between the pulleys are parallel, there is an 
equilibrium when power (P) : weight (W) :: 1 : the number of strings at the lower 
block. 
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Let AC represent the system of pulleys; the string ABCDEFGH 
K passing round all the pulleys, and the portions CB, DE, GF HK, being 
all parallel. By Axiom 9, the forces exerted by each of these strings will 
be equal to P; therefore, the forces which they exert upon the lower 
block will each be equal to P. And these forces may be considered as 
acting upon a lever, the fulcrum of which is in the point of the block Z, 
by which the weight W is supported. Therefore, by Proposition C, the 
pressure upon this fulcrum is equal to the sum of the forces of the 
strigs, that is, it is as many times P as there are strings at the lower 
block. And this pressure on the fulcrum in the lower block is balanced 
by the pressure or weight of W in the opposite direction in the case of 
equilibrium; therefore, in the case of equilibrium, P: W:: 1: number of 
strings in the lower block. Q. E. D. 

Proposition 13. In a system in which each pulley hangs by a 
separate string, and the strings are parallel, there is an equilibrium 
when P: W:: 1: that power of 2 whose index is the number of moveable pulleys. 

Let AL represent the system of pulleys; each pulley A, C, E hanging by a 
separate string, and the strings being all parallel. It appears by the reasoning of 
Proposition 11, that 


P: force of string BC:: 1:2; 
force of string BC: force of string DE :: 1:2; 
force of string DE : force of string FW :: 1 : 2. 


And there will be as many such proportions as there are moveable pulleys A, C, E. 
Also, in compounding these proportions the proportion compounded of the former 
ratios in each proportion will be P : force of string FW; and the proportion 
compounded of the latter ratios in each proportion will be 1 : 2 raised to that power 
whose index is the number of ratios. Therefore 


P : force of string FW :: 1: 2 raised to that power. 


And the force of the string FW is equal to the weight W, because it supports it in 
the case of equilibrium. Therefore, etc. Q. E. D. 


The Inclined Plane. 


Definition The Inclined Plane, when spoken of as a mechanical power, is a plane 
supposed to be perfectly smooth and hard. The inclined plane is represented by a 
line drawn in a vertical plane, and is supposed to pass through this line and to be 
perpendicular to the vertical plane. A vertical line is supposed to be drawn in the 
vertical plane from the upper extremity of the inclined plane; and both this vertical 
line, and the line which represents the inclined plane, are cut by a horizontal line 
or base, drawn in the same vertical plane. The portion of the inclined line and of 
the vertical line intercepted between the upper point of the plane and its horizontal 
base, are the length and the height of the inclined plane respectively. 


Proposition 14. The weight (W) being on an inclined plane, and the force (P) 
acting parallel to the plane, there is an equilibrium when P: W :: the height of the 
plane : its length. 


Let AC be an inclined plane of which AC is the 
length, and let W be a weight on the inclined plane w 
supported by a force P, acting in the direction EF 
parallel to AC. 

The force of the weight W acts in a vertical 


direction; draw EG vertical to represent this force. Also 
draw EH perpendicular and GH parallel to the plane AC. 
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The force EG is equivalent to the two forces EH, HG, (Proposition 9, Corollary: 
2); of these, the force EH is balanced by the reaction of the plane AC, which will 
balance any force perpendicular to AC, by Axiom 12; and the weight W will be kept 
at rest, if the force HG be counteracted by an equal and opposite force P, acting in 
the direction EF. Therefore, there will be equilibrium if P be represented by GH, 
when Wis represented by EG; that is, P: W:: GH: EG. 

But since EH is perpendicular and GH parallel to the plane AC, EHG is a right 
angle and therefore equal to ABC. Also, the angle EGH is, by parallels, equal to 
GED, that is, to BFD, that is, to BCA. Therefore, the two triangles ABC, EHG, have 
two angles equal, each to each, and are therefore equiangular, and therefore also 
similar. Hence GH : EG :: BC : AC, and therefore, by what has been proved already, 
P: W:: BC: AC, that is, P: W:: height of plane : length of plane. Therefore, etc. Q. 
E. D. 


Velocity. 


Definition. If two points pass through certain distances respectively in the same 
time, the Velocities of the two points are to each other in the proportion of these 
two distances. 

Note JC. Can a point, which is not a thing, have a velocity, or is this actually shorthand for 

a ratio? Does using the shorthand lead to further errors in conception. Yes. 

Proposition 15. If P and W balance each other on the wheel and axle, and the 

whole be put in motion, P: W:: W's velocity : P's velocity. 


The construction being the same as in 
Proposition 10, let the machine turn round its 
axle CD through an angle ACa, or Ede; so that the 
radius of the wheel at which the power acted, 
moves out of the position Ca, into the position 
CA; and so that the radius of the axle at which 
the power acted, moves out of the position De into 
the position DE. Then the string by which the 
power P acts will be unwrapt from the portion aA 
of the circumference of the wheel, and therefore 
P will move through a distance equal to aA. Also, 
in the same time the string at which W acts will 
be wrapt upon the axle by a distance equal to eE, 
and therefore W will move through a distance equal to eE. Therefore, by the 
definition of velocity, aA, eE are as the velocities of P and W. 


But since the wheel and axle is a rigid body, turning about the axis CD, all the 
parts move in planes perpendicular to the axis, and turn through the same angles 
and since the plane of the wheel ACa, and of the axle EDe are both perpendicular 
to the axis, the angles ACa, EDe are the angles through which the radii CA, DE 
turn. Therefore, the angles ACa, EDe, at the centers of the circles ACa, EDe are 
equal; and therefore, by the Lemma 3, DE: CA :: Ee: Aa. 


But by Proposition 10, DE : CA :: P: W; and by what has been just shown, Ee 
: Aa :: Ws velocity : Ps velocity; therefore P: W:: Ws velocity : Ps velocity, Q. E. D. 


Proposition 16. To show that if P and W balance each other in the machines 
described in Propositions 11, 12, 13, and 14, and the whole be put in motion, P: 
W :: W's velocity in the direction of gravity : P's velocity. 


Part first: proof for the systems of pulleys described in Propositions 11, 12, 13. 


In Proposition 11, if W be raised by any distance, as one inch, the string on 
each side of the pulley A will be liberated for one inch; and therefore, P will be at 
liberty to descend two inches; therefore, W's velocity : P's velocity :: 1 : 2; and since 
by Proposition 11, P: W:: 1:2, P: W:: Ws velocity : P's velocity. 

In Proposition 12, if W be raised any distance, as one inch, each string at the 
lower block will be liberated one inch, and, therefore as many inches of string will 
be liberated as there are strings at the lower block; and P will be at liberty to 
descend a distance equal to the whole of this. Therefore, the distance described by 
W : distance described by P :: 1 : number of strings at the lower block; and hence 


by Proposition 12, and by the definition of velocity, P: W :: Ws velocity : P's 
velocity. 


In Proposition 13, if W be raised by any distance, as one inch, each of the two 
strings at the lowest pulley E will be liberated one inch; therefore the pulley C will 
be liberated 2 inches, and will rise by 2 inches; therefore on each side the block C, 
2 inches of string will be liberated; therefore the pulley A will be liberated 2 x 2 
inches; therefore the string on each side the pulley A will be liberated 2 x 2 inches; 
therefore the string at which P acts will be liberated 2 x 2 x 2 inches, and since 
this happens in the same time that Wis liberated one inch, W's velocity : P's velocity 
:1:2x2x 2. And it is clear that the last term is that power of 2 whose index is 
the number of moveable pulleys. 


But by Proposition 13, P: W:: 1:2 x 2 x 2 as before; therefore, by what has 
been proved, P: W:: Ws velocity : P's velocity. 


Part second : proof for the Inclined Plane described in Proposition 14. 


Let AC be the inclined plane, the weight W being 

supported by the force P acting parallel to the plane. 

Let W move to w, and P to p in the same time; and 

draw Wv horizontal and wv vertical. Then wv is the 

distance which W moves in the direction of gravity, w Q 
while P moves the distance Pp, or Ww, which is equal p 

to Pp, because the string wP is always of the same 

length. Therefore, by the definition of velocity, Ws +A B 
velocity in the direction of gravity : P's velocity :: wv : 

Ww. 

But since Wv is horizontal, or parallel to AB, and wv vertical, or parallel to CB, 
the triangle Wwv is similar to ACB. Therefore wv: Ww:: BC: AC, that is, wv : Ww 
:: height of the plane : length of the plane. But by Proposition 14, this proportion 
is that of P: W; therefore, by what has been proved, P: W :: W's velocity in the 
direction of gravity : P's velocity. 


Corollary: In the case of the inclined plane, if the string by which W is 
supported, pass over a point C and hang vertically, as WCQ, and if Q balance W, 
Q will descend through a distance Qq equal to Ww, when W descends through a 
distance Ww; and we may prove, as before, Q: W:: Ws velocity in the direction of 
gravity : P's velocity. 


Section 4. The Center of Gravity. 


Definition. The Center of Gravity of any body or system of bodies is the point 
about which the body or the system will balance itself in all positions. 


Corollary: If a straight-line pass through the center of gravity of a body, the 
body will balance itself on this line in all positions. For since the body will balance 
itself in all positions upon the center of gravity, if this center be supported, the 
body will be supported in all positions. But if the line passing through the center 
of gravity be supported, the center will be supported; and therefore, if the line 
passing through the center of gravity be supported, the body will be supported in 
all positions; therefore, it will balance itself on this line in all positions. 


It is assumed that every-body has a center of gravity. 


Proposition 17. If a body balance upon a straight line in all positions, the center 
of gravity is in that line. 


Let HK be a line on which the system balances 
itself in all positions; and since every system has a 
center of gravity, if possible, let G, which is not in HK, 
be the center of gravity. 


Let GF be drawn parallel to HK; then, if any line 
in the plane FGHK, as LM, or ON, be perpendicular to 
one of these parallels, it will be perpendicular to the 
other. Let the body, with these lines, be turned round 
the line HK, till LM is horizontal, in which case any other perpendicular, as ON, 
will also be horizontal. Let P be a particle, the vertical line from which meets the 
horizontal line ML, produced, if necessary, in A; let Q be a particle, the vertical line 
from which meets the horizontal line ON in B; and in like manner let vertical lines 
be drawn from the other particles of the body, meeting horizontal lines which are 
perpendicular to FG and HK. Also, let P, Q, be the weights of particles from which 
the vertical lines PA, QB are on opposite sides of the lines GF, HK. 


Since the body balances on the line HK, the sum of all such moments as P x 
AM on the one side of the line HK must be equal to the sum of all such moments 
as Q x BN on the other side of the line by Proposition 10, Corollary: 4, And since, 
by the corollary to the Definition of the center of gravity, the body balances on the 
line GF, the sum of all such moments as Px AL on the one side of the line GF must, 
for the same reason, be equal to the sum of all such moments as Q x BO on the 
other side of the line GF. 


But when we take the moments of the particles of the body with respect to the 
line GF, instead of HK, each of the moments on the side A, as P x AM, is diminished 
by P x LM, so as to become P x AL; and each of the moments on the side B, as Qx 
BN, is increased by Q x NO, so as to become Q x BO: besides which there are 
particles, the vertical lines from which fall between the lines HK, GF, which are on 
the side A of the line HK, and on the side B of the line GF, and of which the 
moments still further diminish the sum of the moments on the side A, and increase 
the sum of the moments on the side B, when we exchange the line HK for the line 
GF. 


Therefore, if the sums of the moments on the sides A and B of the lines HK be 
equal, the sums cannot be equal when we move the line into the position GF, and 
therefore by Proposition 10, Corollary: 5, the equilibrium cannot subsist for this 
second line also. 


Therefore, the point G, out of HK, cannot be the center of gravity; and therefore, 
the center of gravity must be in HK. Q. E. D. 
Proposition 18. To find the center of gravity of two heavy points. 
Note JC Our point is picking up more baggage, first they can move, then be in equilibrium, 
now they can be light and heavy; amazing. 


It has been postulated, that in the multiverse theory, that there is at least one of them where 
there is an intelligent version of the self who has never ripped the fabric of space and time to 
expose themselves while on a formal date. 


Let A, B, be the two heavy points; their weights being P Q 
and Q. Join AB; and take in AB a point C, such that P * Q: b 
Q :: AB : AC, C will be the center of gravity of A, B. C 


Since P + Q: Q:: AB : AC, by division P : Q :: BC: AC. 
Therefore, by Proposition 2, A and B will balance each other 
on the line AB in a horizontal position, because in that case 
the weights act perpendicularly to the lever. Therefore, by Proposition 7, A, B will 
balance each other on C in every other position of the line AB. Therefore, by the 
definition of the center of gravity, C is the center of gravity of the heavy points AB. 


Corollary: The pressure upon the center C in every position is equal to P + Q, 
by the Corollary: to Proposition 7. 


Proposition 19. To find the center of gravity of any number of heavy points. 


Let A, B, C, D be any number of heavy points; BoQ 
their weights being P, Q, R, S. Join AB, and take a 
point E in AB, such that P+ Q: Q:: AB: AE; join 
EC, and take a point Fin EC, such that P+ Q * R: 
R:: EC: EF; join FD, and take a point Gin FD, such 
that P+ Q- R- S: S: FD: FG; G will the center of 
gravity of P, Q, R, S. 

Since P+ Q: Q:: AB: AE, by Proposition 18, and 
Corollary: E is the center of gravity of the points A, 
B; and in every position of AB the, pressure upon E is equal to P+ Q. But since P 
+ Q+ R: R: EC: EF, by division P+ Q: R:: CF: EF, therefore P+ Qat E and Rat C 
will balance upon F when EC is horizontal by Proposition 2, and when EC is in any 
other position by Proposition 7; and the pressure upon F in any position will be P 
+ Q+ R, by the Corollary: to Proposition 7. Therefore, in any position P, Q, R will 
balance upon F, and F is the center of gravity of P, Q, R. 

Again, since P Q+ R+ S: S:: FD: FG, by division, P+ Q+ R: S:: DG: FG; and 
P+ Q+ Rat F, and S at D, will balance in every position of FD, by Propositions 2 
and 7. And the pressure upon G will, in every position of FD, be P+ Q+ R+ S, by 
Corollary: to Proposition 7. 


Therefore, in every position of FD, EC, and BA, the points A, B, C, D will balance 
upon G; and therefore, G is the center of gravity of A, B, C, D. 


Corollary: 1. It has been shown that in every position of A, B, C, Dthe pressure 
upon G, the center of gravity, is equal to the sum of the weights. 


Corollary: 2. Every system of heavy points has a center of gravity; for the above 
construction is always possible. 


Proposition 20. To find the center of gravity of a straight line. 

Note JC Is the center of a line the same as the center of gravity? Can a line ever have a center 
of gravity? Can it possibly have any weight? 

Let AB be the straight line; bisect it in C; C will be the center of gravity. 


Take CM and CN equal, and the line may be considered as composed of pairs 
of equal particles, placed at points such as M, N, by Axiom 13. But the two particles 
at M, N balance each other upon the point C in all positions, by Proposition 2 and 
7. And all the other pairs of particles will balance for the like reasons. Therefore, 
the whole line will balance upon C in all positions. Therefore, the point C is the 
center of gravity of the whole line. 

Proposition 21. To find the center of gravity of a plane triangle. 

Let ABC be the triangle; bisect BC in D, and join AD; and 
bisect AC in E, and join BE; let G be the point of intersection 
of AD, BE; G is the center of gravity of the triangle. 

Draw any line PQ parallel to BC, meeting AD in O; it is 
easily seen that the triangles AOP, ADB are similar, as also 
AOQ, ADC. 

Hence OP: OA :: DB: DA; 
and OA: OQ :: DA: DC; 
therefore OP : OQ :: DB : DC. 

But DB is equal to DC, therefore OP is equal to OQ, and O bisects PQ. 

By Axiom 14, the triangle ABC may be considered as made up of straight lines 
PQ, parallel to BC. And the center of gravity of any one of these lines, as PQ, is at 
Oin the line AD; therefore, each of these lines will balance upon AD in any position; 
therefore, the whole triangle, which is made up of these lines, will balance upon 
AD in any position, and therefore the center of gravity of the triangle is in the line 
AD. 

In like manner, the triangle may be considered as made up of straight lines 
parallel to AC, and it may be proved by similar reasoning that the center of gravity 
of the triangle is in the line BE. 


Therefore, the center of gravity of the triangle is at G, the intersection of AD 
and BC. Q. E. D. 


Corollary: If we join DE, it is easily shown that the triangles CBA, CDE are 
similar as also AGB, DGE, 


therefore DE : AB :: CD: CB; 
but by construction CD: CB :: 1:2; 


therefore DE: AB:: 1: 2. 
Again GD: AG:: DE: AB. 
therefore GD: AG::1 : 2; 
and by composition AD: AG:: 3 : 2; 
AG is two-thirds of AD and DG is one-third of AD. 
In like manner BG, and GE, are two-thirds and one-third of BC respectively. 
Proposition E. Any body will have the same effect in producing equilibrium 


about a given fixed line, as if it were collected at its 
center of gravity. 

Let EF be the given fixed line, and G the center of 
gravity of the body. Let PA, QB vertical lines from any 
particles P, Qof the body, meet horizontal lines AM, BN, 
which are perpendicular to EF; and let GH be a vertical 
line which meets the horizontal line HK which is also 
perpendicular to EF. 


The effect of the body in producing equilibrium 
depends upon the excess of the moments such as P x AM, on one side of the line 
EF, above the moments such as Q x BN, on the other side of the line; and is the 
same so long as this excess is the same. This follows from Proposition 10, Corollary: 
3: 


Now since G is in the center of gravity, the body balances on the point G, and 
therefore on the line HL; for if HL be supported, G is supported. Therefore, the sum 
of all the moments, such as P x AL, on the one side, is equal to the sum of all the 
moments such as Q x BO, on the other side. And Q x BO is equal to Q x BN * Qx 
NO. Therefore, adding P x LM to both, the sum of moments such as Px AL + Px 
LM, or P x AM, is equal to the sum of moments such as Q x BN + Qx NO+ Px LM. 
Therefore, the excess of moments such as Px AM over moments such as Q x BN is 
the sum of moments such as Q x NO + P x LM; that is, such as Q x HK + P x HK, 
or (Q * P) x HK; because LM and NO are each equal HK. 


Now if all particles such as Pand Q be transferred to G, their effect in producing 
equilibrium depends upon the sum of moments, such as (P * Q) x HK; therefore, it 
is the same as before. 


Hence if all the particles P, Q be transferred to the center of gravity G, the effect 
in producing equilibrium is the same as before. But the whole body may be 
considered as made up of such particles, by Axiom 15. Therefore, if a body be 
collected at its center of gravity, its effect in producing equilibrium will not be 
altered. Q. E. D. 

Corollary: 1. The effect of the body to disturb equilibrium about a line will be 
the same as if the body were collected at its center of gravity G. For the effect to 
disturb equilibrium is the effect to produce equilibrium when an adequate force is 
applied to counteract the tendency to disturb equilibrium. 

Corollary: 2. The effect of a body to produce or disturb equilibrium about a 
point is the same as if the body were collected at the center of gravity. For any line 


being drawn through the point, the effect is the same about this line, by Corollary: 
1; and the equilibrium cannot be disturbed about a point, without being disturbed 
about some line passing through that point. 


Note. If the fixed line be horizontal, the moment of each particle, which 
measures its effect in producing equilibrium, is the product of the weight of the 
particle multiplied by the horizontal line perpendicular to the fixed line and 
intercepted by a vertical line drawn from the particle. 


If the fixed line be not horizontal, take in it any point Z, draw ZY vertical, and 
YX perpendicular to the fixed line. Then the moment of any particle about the fixed 
line will be less than the above product in the proportion of YX to YZ. For the force 
arising from the weight of the particle being represented by the vertical line ZY, 
may be resolved into forces ZX, XY; of which ZX will not produce any effect to turn 
the body about the fixed line, and XY only will be effective. 


Definition By the Base of a body is meant a side of it, touching another body, 
and on which its direct pressure is supported. 


If the body fall over, it tends to turn round one edge of its base, whether the 
base slide or not. 


Proposition 22. When a body is placed upon a horizontal plane, it will stand or 
fall, according as the vertical line, drawn from its 
center of gravity, falls within or without its base. 


Let ABCD be the body, AB its base, G its center 
of gravity. First let GF, the vertical line drawn from 
the center of gravity, fall upon the horizontal plane 
BA without the base, as at F. Take in GF any line 
GH to represent the weight of the body, and draw 
GK perpendicular to AG and HK parallel to AG. 


(Fig. 1) If the body fall over the edge A of the base, it will tend to turn round the 
edge A of the base, that is, to describe the arc GE of which the radius is AG. Now 
by Proposition E, the effect of the body is the same as if it were collected at the 
point G. Therefore, the force exerted to produce this effect may be represented by 
the vertical line GH. And the force GH is equivalent to the forces GK, and KH, 
(acting at G). Of these, the force KH acts in the line GA, passing through A, and 
therefore produces no tendency to motion about A. But the force GK tends to make 
the body move in the direction GK, which is a tangent to the arc GE; and thus to 
make the base AB turn round the point A, quitting the plane at B. And there is no 
force to counteract this tendency; therefore, the body will turn round the edge A, 
on the side on which the perpendicular GF falls. 


(Fig. 2.) But if the perpendicular GH fall between A and B, as before, the effect 
may be represented by the vertical line GH, and the force GH is equivalent to the 
forces GK, KH. Of these KH (which acts at G) passes through A and does not tend 
to make the body turn round the edge A; but the force GK, which is a tangent to 
the arc GE, tends to make the body turn round A in the direction GE. But since 
the body is rigid, and AB is in contact with the supporting plane, the body cannot 
turn round the point A in the direction GE, for the pressure thus produced on the 


horizontal plane is resisted and supported. In like manner the body cannot turn 
round the edge B by the action of the force GH; therefore, in this case the body 
cannot fall. 


Proposition 23. When a body is suspended from a fixed-point, it will rest only 
with its center of gravity in the vertical line passing through the point of 
suspension. 


Let AB be a body suspended from a fixed-point C, and G A 
its center of gravity. If CG be not vertical, draw GH vertical, 
and (in the vertical plane CGH,) GK perpendicular to CG, and 
HK parallel to CG. The weight of the body will produce the 
same effect as if it were collected at the point G, and may be 
represented by the line GH. But the force GH is equivalent to 
GK, KH; and of these, the force KH (which acts at G) is in the 
line CG, and is supported by the fixed-point at C; and the force 
GK tends to make the body move in GK, which is a tangent to 
GE, the path in which the point G can move round the fixed- 
point C; and there is no force to counteract this tendency, therefore the body will 
move in this path; and will not rest in the position AB. 


But if CG be vertical, the weight will be supported by the fixed-point C, and 
there will be no force to produce motion; therefore, the body will rest in that 
position. 

Therefore, the body will rest only when CG is vertical, Q. E. D. 


Proposition F. If two forces tending to turn a body about a fixed-point, .and 
acting in a plane perpendicular to the axis of motion, balance each other, the 
pressure on the fixed-point is the same as it would be if the two forces were 
transferred to the point retaining their direction and magnitude. 


Let P, Q, be two forces, acting to turn a body about a D 
fixed-point C. Draw CA parallel to the force P, and CB 
parallel to the force Q; the pressure on C is the same as 


P if the forces P, Q, acted in the lines AC, BC. p 
Produce the directions of the forces to meet in D, and 
complete the parallelogram CADB. The force P produces B a 


the same effect as if it acted at the point Din P's direction 
by Axiom 7; and similarly, the force Q produces the same 
effect as if it acted at D. And if Dp, Dq represent the forces 
P, Q, and the parallelogram Dprq be completed, the 
diagonal Dr will represent the force at D to which Pand Q are equivalent. But the 
direction of the force Dr must pass through the point C, as in Proposition 8, and 
will produce the same effect as if it acted at C; and the. force Dr acting at C is 
equivalent to the forces qr, pr, acting in directions parallel to qr, pr, by Proposition 
8: that is, the force Dr is equivalent to the forces Dp, Dq, acting in the lines AC, BC; 
that is, the forces P, Q, acting in the lines BP, AQ are equivalent to forces P, Q 


C 


acting in AC, BC. Therefore, the pressure upon the fixed-point C is the same as if 
the forces P, Q were transferred to that point. Q. E. D. 


Corollary: 1. If, instead of the fixed-point at C, we substitute the pressure which 
that point exerts, there will be equilibrium by Axiom 11. Hence, if a body be acted 
upon by three forces in the same plane, of which one passes through the 
intersection of the other two, and is equal to the resultant of the other two, the 
body will be in equilibrium. 

Corollary: 2. Conversely if there be equilibrium, these conditions obtain. This 
follows from Axiom 2. 


Proposition G. If two forces tending to turn a body round a fixed axis, and 
acting in two planes perpendicular to the axis, balance each other, (as in the Wheel 
and Axle,) the pressures upon the points of the axis where the body is supported, 
are the same as they would be, if the two forces, retaining their direction and 
magnitude, were transferred to the axis, at the points where the perpendicular 
planes meet it. 


Let P, Q, be two forces acting perpendicularly at the arms CA, DE, to turn a 
body round the axis HK, the planes CAP, DEQ A 
being perpendicular to HK; and let the forces 
balance. Let X, Y be the pressures exerted by 
the fulcrums at H and K which pressures 
balance the forces P, Q. Then X and Y are the 
same as if the forces P and Q, continuing 
parallel to themselves, were transferred to C 
and D. 


Let AC be produced to F, CF being equal to 
CA, and at F in the plane PAC, and 
perpendicular to AF; let two forces P', P", each 
equal to P, act in opposite directions. These P’ 
forces will balance each other and will be 
equivalent to no force; and therefore, if the forces P', P" are added to the system, 
the equilibrium will not be disturbed. 


In like manner produce ED to G, DG being equal to ED, and at G, in the plane 
QED, and perpendicular to DG, let two forces Q', Q", each equal to Q, act in opposite 
directions: these forces will not disturb the equilibrium. Therefore, the six forces 
P, P', P", Q, Q', Q", acting in the manner described, will be supported by the forces 
X, Y; that is, the eight forces P, P', P", Q, Q', Q", X, Y, balance each other. 


The forces P", Q", are situated in exactly the same manner with regard to 
vertical lines and planes drawn upwards, as P, Q are, with regard to vertical lines 
and planes drawn downwards. Therefore, P', Q", would balance each other on the 
axis HK, and would produce at H and K pressures equal and opposite to those 
which P, Q produce. But the forces X, Y are equal and opposite to the pressures 
which P, Q produce, for they balance those pressures. Therefore, the forces P", Q" 
produce at H, K the pressures X, Y. 


The forces P, P' are equivalent to a force double of P acting at C, parallel to P; 
and the forces Q, Q'are equivalent to a force at D double of Q, parallel to Q. 


Hence, the six forces P, P', P", Q, Q', Q" are equivalent to X, Y, at H, K, and to 
2P, 2Q at C, D. And the eight forces P, P, P", Q, Q, Q", X, Y are equivalent to 2X, 
2Y at H, K, and to 2P, 2Q, at C, D. 


But these eight forces balance each other; therefore 2X, 2Y, acting at H, K, 
balance 2P, 2Q, acting at C, D: and therefore, X, Y, which balance P, Q, acting at 
A, E, would balance P, Q, acting at C, D. Q. E. D. 


Book 2. Hydrostatics. Definitions and Fundamental Notions. 


1. Hydrostatics is the science which treats of the laws of equilibrium and 
pressure of fluids. 


2. Fluids are bodies the parts of which are moveable amongst each other by 
very small forces, and which when pressed in one part transmit the pressure to 
another part. 


3. Some fluids are compressible and elastic; that is, they are capable of being 
made to occupy a smaller space by pressure applied to the boundary within which 
they are contained, and when thus compressed, they resist the compressing forces 
and exert an effort to expand themselves into a larger space. Air is such a fluid. 

4. Other fluids are incompressible and inelastic; not admitting of being pressed 
into a smaller space nor exerting any force to occupy a larger. Water is considered 
as such a fluid in most hydrostatical reasonings. 

5. In all fluids which have weight, the weight of the whole is composed of the 
sum of the weights of all the parts. 


Axioms. 


1. If a fluid of which the parts have no weight be 
contained in a tube of which the two ends are similar 
and equal planes, two equal pressures applied 
perpendicularity at the two ends will balance each 
other. 

Note JC is it possible for any fluid to have no weight? 


Let ABCD be the tube, AB, CD its two equal ends: 
the equal forces P, Q, acting perpendicularly on these 
ends will balance each other. 

Note JC Is it possible to balance anything which has no weight, or is Whewell confused by 

using the word balance in two different senses as he did with the center of gravity for a line and 
triangle? Would he then be using the word force, itself, in two different senses? If it has no 


weight, it cannot possibly react to the force of weight, no more than a blind man can react to the 
force of sight. 


2. If two forces acting upon two portions of the boundary of a fluid balance 
each other, and if a force be added to one of then it will prevail, and drive out the 
fluid at the part of the surface acted on by the other force. 


Corollary: Hence if P and Q in Axiom 1 balance, they are equal. 


Note JC how often does Whewell form a corollary, proposition, axion; which 
involves nothing more than synonyms, i.e., inflating a work. 


3. If a fluid be at rest in any vessel, and if any forces, acting on two portions of 
the boundary of the fluid, balance each other, they will also balance each other if 
any portions of the fluid become rigid without altering the magnitude, position, or 
weight of any of their parts. 

Thus, if the two forces P, Q, acting on AB, 
CD, parts of the surface of a vessel containing 
fluid, balance each other; they will also balance 
each other if the parts E and F of the fluid be 
supposed to become rigid, the magnitude 
position and weight, of all the parts of E, F, 
regaining unaltered. 


4. Any plane surface pressed by a fluid may be divided into any number of 
particles, and the pressure on the whole is equal to the sum of the pressures on 
each of the particles. 


5. When a plane surface is pressed by a fluid, the pressure exerted on the 
surface, and the pressure of the surface on the fluid, are perpendicular to the 
plane. 


6. We may reason concerning fluids supposing them to be without weight: and 
we shall obtain the pressures which exist in heavy fluids, if we add, to the 
pressures which would take place if the fluids had no weight, the pressures which 
arise from the weight. 


7. When a finite mass of fluid is considered as consisting of small particles of 
any form or size, and when the consequences of our reasoning do not depend upon 


the magnitude of the particles, we may, in our reasoning, neglect the magnitude 
or weight of any single particle, and the consequences will still be true in a heavy 
fluid. 


Remarks on the Axioms of Hydrostatics. 


1. As the Axioms of Geometry are derived from the idea of space, and the 
Axioms of Statics from the ideas of pressure and of solid coherent matter; the 
Axioms of Hydrostatics are derived from the idea of pressure, and from the idea of 
fluid matter;—matter which, without coherence or rigidity, can still sustain 
pressure and transmit it in all directions; or, as we may express it more briefly, 
from the idea of fluid pressure. It is not enough to conceive a fluid as a body the 
parts of which are perfectly moveable: for the mere notion of mobility includes no 
conception of force or pressure. We must conceive fluid as transmitting pressure, 
in order to perceive the evidence of the Axioms of Hydrostatics. 


2. The First Axiom of our Hydrostatics,—that if a fluid be contained in a tube 
of which the two ends are similar and equal planes acted on by equal pressures, it 
will be kept in equilibrium—follows from the principle of sufficient reason, for there 
is no reason why either pressure should be greater. If, for example, the curvature 
of the tube or any such cause, affected the pressure at either end, this condition 
would be a limitation of the property of transmitting pressure in all directions, and 
would imply imperfect fluidity; whereas the fluidity is supposed to be perfect. 


3. For the like reasons, we might assume as an Axiom the First Proposition of 
the Hydrostatics, that fluids transmit pressure equally in all directions, from one 
part of their boundary to the other; for if the pressure transmitted were different 
according to the direction, this difference might be deferred to some cohesion or 
viscosity of the fluid; and the fluidity might be made more perfect, by conceiving 
the difference removed. Therefore, the proposition would be necessarily and 
evidently true of a perfect fluid. 


4. But instead of laying down this as an axiom, Axiom 3 is introduced—that 
any part of a fluid which is in equilibrium, may be supposed to become rigid. This 
axiom leads immediately to Proposition 1, and it is, besides, of great use in all parts 
of Hydrostatics. 


If we had to reason concerning flexible bodies, we might conveniently and 
properly assume a corresponding axiom for them;—namely, that, of a flexible body 
which is in equilibrium, any part may be supposed to become rigid. And we might 
give a reason for this, by saying that rigidity implies forces which resist a tendency 
to change of form, when any such tendency occurs; but in a body which is in 
equilibrium, there is no tendency to change of form, and therefore the resisting 
forces vanish. It is of no consequence what forces would act if there were a stress 


to bend the body: since there is not any such stress, the rigidity is not called into 
play, and therefore it makes no difference whether we suppose it to exist or not. 


The same kind of reasons may be given, in order to show, what Axiom 3 asserts, 
the admissibility of introducing, in the case of equilibrium of a fluid, rigidity, 
instead of that susceptibility of change of figure, (still greater than flexibility,) which 
fluidity implies. Since the mass is perfectly fluid, its particles exert no constraint 
on each other's motions; but then; because they are in equilibrium, no constraint 
is needed to keep them in their places. They are as steadily kept there (so long as 
the same forces continue to act) as if they were held by the insurmountable forces 
which connect the parts of a perfectly rigid body. We may therefore suppose the 
inoperative forces of rigidity to be present or absent among the particles, without 
altering the other forces or their relations.” And hence we see the truth of Axiom 
3 of the Hydrostatics. 


5. The last axiom of Hydrostatics (Axiom 7) is introduced in order that we may 
be able to reason concerning the quantity of fluid pressure, by supposing the fluid 
divided into small particles. To speak of the particles as finite would lead us into 
error, since they are not of any known finite magnitude; and to speak of them as 
indefinitely small, would involve us in the difficulties of the Higher Geometry, in 
which the Ideas of Limits or Differentials are introduced. The Axiom will be self- 
evident if we consider the particles as microscopic in magnitude, and of 
corresponding weight. 


* This Axiom is employed familiarly by Newton and many other eminent 
mathematicians. 


Section 1. Pressure of Non-Elastic Fluids. Propositions. 
Proposition 1. Fluids press equally in all directions. 


First, a fluid at rest presses equally in all directions on equal plane portions of 
the vessel which contains it, if we neglect the weight of the fluid. 


Let LMN be the close vessel, AB, CD, EF, GH, 
similar and equal plane portions of the surface of the 
vessel; let two forces P, Q acting on AB, CD, portions 
of the boundary of the fluid, balance each other; and 
let a tube ACBD be imagined, passing from AB to CD. 
Let the portions of the fluid, ACL, BDN become rigid; 
then, by Axiom 3, the forces P, Q still balance each 
other; but by Corollary: to Axiom 2, in this case the 
forces P, Q are equal. And in like manner it may be 
shown that the forces P, R are equal, as also the 
forces P, S. And P, Q, R, S the forces which act on 
the boundary of the fluid and balance each other, are the pressures on similar and 
equal portions of the containing vessel. Therefore, the pressures exerted on all such 
portions are equal. 


Secondly, in a fluid at rest any particle is equally pressed in all directions upon 
similar and equal plane surfaces. 


Let A be any point in a fluid, and let AM, AN be way two c N 
directions. Let AB, be a plane perpendicular to AM, and AC 
a similar and equal plane perpendicular to AN. Let the Q 
(geometrical) solid, of which the planes AB, AC are A 
boundaries, be completed, and be considered as a particle 
of the fluid. And let P, Q be the forces which act on the planes P 
M 


AB, AC, and preserve the equilibrium. Let the whole of the 
fluid which surrounds the solid ABC be supposed to become 
rigid: therefore, by Axiom 3, the forces P, Q still balance each 
other. 

Let the portion BAC of fluid have no weight; therefore, by the proof of the first 
part, the forces P, Q are equal to each other. 

But by Axiom 7, since this consequence does not depend upon the magnitude 
of the particle ABC, we may neglect the weight of the particle ABC, and the 
consequence will be true. 

Therefore, in a fluid at rest, the pressures P, Q, which act upon a particle in 
the two directions MA, NA, are equal, Q. E. D. 

Corollary. A particle of fluid is equally pressed on any two equal and similar 
portions of its surface. 

Proposition 2. The pressure upon any particle of a [heavy] fluid of uniform 
density is proportional to its depth below the surface of the fluid. 

First, when there is a vertical column of fluid reaching from the particle to the. 
upper surface. 


When the surface pressed is horizontal, let AB be the horizontal surface 
pressed, and ABCD the column reaching to the surface, the sides AD, BC being 
vertical. 


Let the column ABCD be divided into any number of equal 
particles by horizontal planes, drawn at equal vertical intervals. And 
each of these particles will sustain the pressure of the particle above 
it, and will transmit this pressure to the particle below it, by 
Proposition 1; and will also press upon the particle below with its 
weight, by Axiom 6. Therefore, the pressures on the particles at the B A 
distances of 1, 2, 3, etc., intervals below the surface will be as 1, 2, 

3, etc.: that is, they will be as the depths. x 


When the surface pressed is not horizontal, let AX be another plane surface of 
the particle pressed, equal to the plane AB. By Proposition 1, the pressure upon 
AX is equal to the pressure upon AB; therefore, it is as the depth AD. 


Secondly, when there is not a vertical column reaching from the particle to the 
upper surface. 


Let AB be the horizontal surface pressed, OP the surface of the fluid, OD 
horizontal; and AD vertical. 


Draw AH vertical till it meets the side of the vessel; 
take HE = AB, and draw EN horizontal till it meets the 
opposite side of the vessel; take NK = AB, and draw 
KO vertical; and so on if necessary; we shall in this 
way arrive at the upper surface of the fluid. Draw HM, 
NP, so as to complete the zigzag tube ABEMO which 
passes from the plane AB to the upper surface of the 
fluid. Also, the surfaces GH, EF, LM, are all equal to 
AB. 


Let the column MP, and also the column BC be 

divided into equal particles by horizontal planes at equal vertical intervals, as in 
the former part of the proof. Then the pressure upon EF is equal to the pressure 
upon GH, together with the weight of the particle GE, by Axiom 6. But the pressure 
upon GH is equal to the pressure upon ML, by Proposition 1, because GH is equal 
to ML. Therefore, the pressure upon EF is the same as if a column ED extended to 
the surface: and therefore, as in the proof of the former part, the pressure on any 
particle in AE is the same as if a column AD extended to the surface; that is, by 
the former proof, it is as the depth AD. Q. E. D. 


Corollary: 1. Hence it appears that if a heavy fluid be contained in a vessel of 
which some parts are over the fluid, any particle of such a part exerts a pressure 
downward upon the fluid, equal to that which would exist if there were, instead of 
the particle of the vessel, a vertical column of fluid extending to the horizontal 
surface of the fluid. 


P O C D- 


Thus, the particle of the side of the vessel which is over GH, presses downwards 
with the same force as if, instead of that particle of the vessel, there were a vertical 
column of fluid GHDC. 


Corollary: 2. Any portion of the side of a vessel which is over the fluid, presses 
downwards upon the fluid with the same force as if there were a vertical column 
of fluid over that part, and the side of the vessel were removed. 


The part OH of the side of the vessel presses downwards with the same force 
as if the side OH were removed, and there were a column of fluid OHD over the 
fluid OLH. 


For the pressure of the part of the side OH downwards is the sum of the 
pressures of each particle of OH downwards; which is, by Corollary: 1, the sum of 
vertical columns, reaching to the horizontal surface, and standing upon each 
particle of OH: and the sum of these vertical columns, is a column standing on the 
part OH, and reaching to the surface. Therefore, the whole downward pressure is 
equal to the whole column. 


Proposition 3. The upper surface of a heavy fluid of uniform density, and at 
rest, is horizontal. 


Let PQ be the upper surface of a heavy fluid. If possible, let P, Q not bein a 
horizontal plane. Let A be any point in the fluid, AX the plane surface of a particle. 
Draw PC, QD horizontal, and ACD vertical. 


By Proposition 2. the pressure upon AX arising from the 
weight of the fluid is as AC on the side P; and for the same 
reason it is as AD on the side Q: and these are opposite 
pressures upon the plane AX. Therefore, the fluid cannot 
be at rest except these are equal; that is, except AC = AD; 
therefore, PQ is not otherwise than horizontal. Q. E. D. 


Proposition 4. If a vessel, the bottom of which is 
horizontal, and the sides vertical, contain a heavy fluid, the pressure upon the 
bottom is equal to the weight of the fluid. 


The pressures of the vertical sides are horizontal, and do not increase or 
diminish the pressure downwards. Therefore, the whole weight of the fluid will be 
sustained in the same manner as if there were no forces acting on the sides. Let 
the whole fluid become rigid. Then since it is now a solid (rigid) body, the pressure 
upon the base is equal to the weight of the body. But by Axiom 3, the pressure is 
the same as before; therefore, the pressure of the fluid on the base is equal to the 
weight, Q. E. D. 


Corollary: 1. The pressure of a vertical column of height H on its horizontal 
base B is as B x H: for this is the content of the column. 


Corollary: 2. If AX (fig. p. 87) be a particle of the bottom which is not horizontal, 
the pressure on AX is as AX x AD: for if AB - AX be horizontal, the pressure on AB 
is as AB x AD, by Corollary: I: and the pressure on AX is equal to the pressure on 
AB, by Proposition 1. 

Proposition 5. To construct and explain the hydrostatic paradoxes. 

The hydrostatic paradoxes are, 


1. That any pressure P, however small, may, by means of a fluid, be made to 
balance any other pressure W, however great. 


2. That any quantity of fluid, however small, may, by means of its weight, be 
made to balance a weight W, however great. 


1. The ratio of W to P, however great, may be expressed by a number n. 


Let two planes, AB, CD be taken, such that 1 : n :: AB: CD; and 
let a closed machine be constructed in which these planes are 
moveable, so .as they cart exert pressure on the fluid: as, for 
example, if AB be a piston, or plug sliding in a tube, which enters a 
vessel, and if CD be a rigid plane closing a flexible part of the vessel, 
like the board of a pair of bellows; and let P act on AB, and let the 
fluid be in equilibrium. Then the plane CD may be divided into n 
surfaces, each (MN) equal to AB. By Proposition 1, the pressure 
upon each of these surfaces is P, and hence the whole pressure on 
CD is (Book 1. Proposition C.) the sum of all these pressures: that 
is, it is n times P; and if therefore W be n times P, W acting at the 
surface CD will be balanced by P acting at AB. 


2. Let the given quantity of fluid be a column of which 
the base is B and the height H, and let the given weight W be 
equal to n times the weight of this column. Take a plane CD 
equal to n times B, and let a machine be constructed in 
which there is a vertical tube LM, of which the horizontal 
section AB is the surface B, and which enters a vessel; and 
let CD be a horizontal plane moveably connected with the 
vessel, as before. And let the vessel LMND be filled with the 
fluid up to the plane CD, and let the weight W be placed on 
the plane CD, and the tube LM be filled with fluid to the point 
O at the height H above CD, so that ABCD being horizontal, 
AO is equal to H. 


The fluid BO and the weight W will balance each other. 


For the plane CD may be divided into n particle as EF, each equal to the plane 
B; and OG being horizontal, the pressure of the fluid upwards on each of these is 
equal to a column of fluid of base B and height AO or H, by Proposition 4. and its 
Corollaries. Therefore, the whole pressure upwards is n times this column. 
Therefore, if the weight W be n times this column, the pressures downwards and 
upwards will balance each other, and there will be an equilibrium. 

Proposition 6. If a body floats in a fluid it displaces as much of the fluid as is 
equal in weight to the body; and it presses downwards and is pressed upwards 
with a force equal to the weight of fluid displaced. 

First, if the fluid be entirely under the body. 

Let LM be a particle of the surface of the body; and on LM let a vertical column 
be erected, meeting the upper surface of the fluid in DE. Draw the horizontal 
section Llof the column; and take KL perpendicular to LM to represent the pressure 
on LM, and draw KH perpendicular on the vertical line DL. 


The force KL may be resolved into KH, HL of which HL 


represents the vertical force; and the whole force on LM is to the D 
vertical force on LM as KL to HL; that is, by Lemma 7, as LM to 

Ll; or as DL x LM to DL x Ll. But the whole force on LM is equal 

to a column of fluid DL x LM, by Corollary: 2. to Proposition 4.; 

therefore, the vertical force on LM is equal to a column of fluid 

DL x Ll; that is, to the column EDLI, by Lemma 6; that is, to the 

column EDLM, because the single particle LIM may be L 

H K 


neglected, by Axiom 7. 


And, in like manner, the vertical pressure upon any other 
particle of the surface of the floating body is the weight of fluid 
equal to the vertical column which stands upon that particle, 
reaching up to the surface of the fluid. 


And the whole vertical pressure upwards is equal to the sum of all these 
columns, that is, to the weight of the fluid displaced. 


Secondly, if the fluid be above any part of the body, the excess of the vertical 
pressures upwards above the vertical pressures downwards is equal to the weight 
of the fluid displaced. 


Let ABC be a vertical section of the body, EF the upper surface of the fluid, LM 
any particle of one of the lower surfaces of the body. 


Draw the column LDME vertical, meeting the F £ E 
upper surface of the fluid in DE, and cutting off a 
particle QR in the upper surface of the body. It may 
be proved, as in the former part, that the vertical B 
pressure upwards on the particle LM is equal to the 
weight of the column of fluid LDEM. And in the same 
manner it may be proved that the vertical pressure 
downwards on the particle QR is equal to the weight 
of the column of fluid QDER. Therefore, the excess of 
A 


the pressures upwards above the pressures 

downwards on this vertical column is the excess of 

the weight of the column of fluid LDEM over that of QDER; that is, it is the weight 
of the column LQRM. 


In the same manner, in any other vertical column, the excess of the pressure 
upwards above the pressure downwards is the weight of a quantity of fluid equal 
to the vertical column intercepted within the body. And the whole excess of the 
vertical pressures upwards is the sum of all such intercepted columns; that is, it 
is the weight of the fluid displaced by the body. 


Therefore, in all cases, the weight which can be supported by the pressure 
upwards, or by the excess of the pressure upwards, is the weight of the fluid 
displaced. But if a body float the weight of the body must be supported. Therefore, 
the weight of the fluid displaced must be equal to the weight of the body. 


And in this case the body presses downwards with its weight, that is, with the 
weight of the fluid displaced; and it is supported by an equal pressure upwards. Q. 
E. D. 


Proposition A. If any horizontal prism be wholly or partially immersed in a fluid 
of uniform density, the horizontal pressures of the fluid on the sides of the prism 
cancel out each other. B 


Let ABC be a vertical section of the prism 
perpendicular to its length, EFthe upper surface 
of the fluid; LM any particle of one of the surfaces 
of the prism. Draw LQ, MR horizontal, cutting off 
QR, a particle of the opposite surface of the 
prism. Draw LD, ME, QF, RG, vertical, to the 
upper surface of the fluid. 


Since the plane ABC is perpendicular to the 
length of the prism, the pressures on the sides 
of the prism, which, by Axiom 5, are perpendicular to the sides, are in the plane 
ABC. Take KL, perpendicular and equal to LM, to represent the pressure on LM. 
and draw NLH horizontal, and KH vertical. 


By Proposition 4. Corollary: 2, the pressures on the particles LM, QR are as LM 
x LDand QR x QF; that is, as LM and QR, because LD and QF are equal. Therefore, 
if a line KL, equal to LM, represent the force on LM, a line equal to QR will represent 
the force on QR. Let, therefore, PQ, perpendicular and equal to QR, represent the 
force on QR, and draw SQO horizontal and PO vertical. 


Since MLK, LHK are right angles, the angles MLN, LKH are equal: and hence, 
LK being equal to LM, the triangles KHL, LNM are equal in all respects, so that LH 
= MN also in like manner the triangles POQ, QSR are equal in all respects, so that 
OQ = RS. But MN is = RS; therefore LH = OQ. 


The force KL may be resolved into KH, HL, of which HL is the horizontal part; 
and the force PQ may be resolved into PO, OQ: of which OQ is the horizontal part; 
and OQ, HL have been shown to be equal: therefore, the horizontal forces on the 
two particles LM, QR are equal and opposite; therefore, they cancel out each other. 


In the same manner, if any other lines be drawn horizontally in the plane of 
the figure, they will cut off, in the surface of the prism, opposite particles, on which 
the horizontal forces will cancel out each other; and the horizontal forces on all 
such particles are the whole horizontal pressures of the fluid on the sides of the 
prism. Therefore, the whole horizontal pressures cancel out each other, Q. E. D. 


Proposition B. If a body bounded by plane surfaces be wholly or partially 
immersed in a fluid, the horizontal pressures of the fluid on the sides of the body, 
in any direction and its opposite, cancel out each other. 


Let LM be a particle of the immersed surface of the body, and on LM let a 
horizontal prism be constituted, (of 
which QL, is one of the edges) 
meeting the opposite surface of the 
body, and cutting off the particle QR. 
Draw LD, QF, vertical lines, to the 
upper surface of the fluid. Take KL to 
represent the pressure on LM, and 
draw KH perpendicular on QL 
produced. And let Ll, Qq be the 
sections of the horizontal column by 
vertical planes. 


The force KL may be resolved into KH, HL, of which HL is the horizontal force 
parallel to the line LQ. And the whole force on LM is to this horizontal force as KL 
to HL; that is, by Lemma 7, as LM to Ll, or as LD x LM is to LD x Ll. But the whole 
pressure on LM is the weight of the column of fluid LD x LM, by Proposition 4. 
Corollary: 2. Therefore, the horizontal force on LM parallel to LQ is the column LD 
x Ll. 


In like manner, it may be shown that the horizontal force on QR, parallel to QL, 
is the weight of the column of fluid QF x Qq, which is equal to the column LD x Ll, 
because, by Lemma 5, Ll, Qq are equal. 


Therefore, the horizontal pressures on LM and QR, parallel to the line LQ, are 
equal and opposite, and therefore they cancel out each other. 


And, in the same manner, the horizontal pressures on any other two opposite 
particles, parallel to the line LQ, cancel each other. And the sum of all such 
horizontal pressures on opposite particles is the whole pressure on the surface of 
the body parallel to LQ. Therefore, the whole of the horizontal pressures parallel to 
LQ cancel each other. 


And, in like manner the whole of the horizontal pressures parallel to any other 
horizontal line cancel each other. 


Therefore, the whole of the horizontal pressures in any direction and ats 
opposite cancel out each other. Q. E. D. 


SCHOLIUM. 


The last two Propositions are true of bodies bounded by curvilinear, as well as 
by plane surfaces. For the curvilinear figure is the limit of a polyhedral figure of a 
great number of sides. And what is true up to the limit is true of the limit. 


Proposition C. When a body floats in a fluid, the centers of gravity of the body 
and of the fluid displaced are in the same vertical line. 


When a body floats, its weight is balanced by the vertical pressures of the fluid 
on each particle of the immersed surface of the body; and these latter pressures, 
by Proposition 6., are equal to the weight of vertical columns which would make 
up the fluid displaced. And the weights of these vertical columns will produce the 


same effect, as if they were collected at their center of gravity, and acted upwards 
there, (Book 1. Proposition E.), that is, at the center of gravity of the fluid displaced. 
And the weight of the body produces the same effect as if it were collected at its 
center of gravity, and acted downwards there. Therefore, the two equal forces, one 
acting vertically upwards at the center of gravity of the fluid displaced, and the 
other acting vertically downwards at the center of gravity of the body, balance each 
other. But this cannot be, except they act in the same vertical line; therefore, the 
two centers of gravity are in the same vertical line, Q. E. D. 


Section 2. Specific Gravities. 


Definition 1. The Specific Gravity of a substance is the proportion of the weight 
of any magnitude of that substance to the weight of the same magnitude of a 
certain standard substance (pure water). 


For example, if a cubic foot of stone be three times as heavy as a cubic foot of 
pure water, the specific gravity of the stone is 3. 

Definition 2. The density is as the quantity of matter in a given magnitude, 
(Book 1. Article 13), and the quantity of matter is conceived to be as the weight: 
therefore, the density of a body is as the specific gravity. 

Definition 3. When a body lighter than water is entirely immersed in water, it 
tends to ascend by a certain force which is called its levity. 


Proposition 7. If M be the magnitude of a body, S its specific gravity, and W its 
weight, W varies as MS. 


If the specific gravity increases in any ratio, the weight of a given magnitude 
increases in the same ratio, by the Definition of specific gravity; that is, the weight 
W varies as the specific gravity S; also, if the specific gravity be given, the weight 
W increases as the magnitude M; therefore, by the Introduction, Article 57, if 
neither S nor M be given, W varies as MS. 

Corollary: If A be the weight of a unit of magnitude of the standard substance 
(pure water), W = AMS. 

For W is equal to MS with some multiplier, whole or fractional, by the 
Proposition. And when Mis 1, and Sis 1, by supposition W - A; therefore W= AMS 
in all cases. 


SCHOLIUM 
The weight of a cubic foot of water (A) is 63 pounds avoirdupois nearly. 


The following is a list of the specific gravity of various substances; the standard 
(1) being pure water:— 


Gold 19.3 
Mercury 13.6 

Lead 11.3 

Silver 10.5 

Copper 8.9 

Iron 7.3 

Marble 2.7 

Water 1.0 

Oak 1.2 

Fir .50 

Cork .21 

1 
Air .00125 or 800 
EXAMPLES. 


1. To find the weight of a cubic inch of silver. 
The formula W - AMS being applied in this case, 


1 1 
A is 63 pounds, M is 1 inch cubed, or foot cubed? Of 1758 foot S is 10.5; 


63 x 10.5 16 x 661.5 
whence W= 1728 pounds = ^ 728 ounces = 6.1 ounces. 


2. To find the weight of 10 feet square of gold leaf one thousandth of an inch 
thick. 


63 x 19.3 


1 
M= 100 x 12000 ° S= 19.3, W= 120 = 10.1 pounds. 


3. To find the weight of a cubical block of marble 1000 feet in the side. 
W = 63 x 1000? x 2.7 = 130100000000 pounds = 58531250 tons. 


4. To find the weight of a column of air one inch base and 5 miles high. 


5 x 5280 63x5x 110 
W = 63 x ^ a4 * .00125 = ^ 38x800 ^" 14 pounds. 


Proposition 8. When a body of uniform density floats on a fluid, the part 
immersed is to the whole body as the specific gravity of the body is to the specific 
gravity of the fluid. 


For the magnitude of the part immersed is to that of the whole body as the fluid 
equal in bulk to the part immersed is to the fluid equal in bulk to the whole body. 
But the fluid equal in bulk to the part immersed is equal in weight to the whole 
body, by Proposition 6. Therefore, the part immersed is to the whole as the weight 
of the body is to the weight of an equal bulk of fluid; that is, by the Definition of 
specific gravity, as the specific gravity of the body to that of the fluid, Q. E. D. 


Proposition 9. When a body is immersed in a fluid, the weight lost in the fluid 
is to the whole weight of the body as the specific gravity of the fluid is to the specific 
gravity of the body. 


When the body is wholly immersed, the pressure of the fluid vertically upwards 
is equal to the weight of a bulk of fluid equal to the body, by Proposition 6. But 
this pressure up wards diminishes the weight of the body when it is immersed in 
the fluid, and so much weight is lost. Therefore, the weight lost in the fluid is equal 
to the weight of a bulk of fluid equal to the body. And the specific gravity of the 
fluid is to the specific gravity of the body, as the weight of a bulk of fluid equal to 
the body is to the weight of the body (Definition); that is, as the weight lost is to 
the whole weight. Q. E. D. 


Proposition 10. To describe the hydrostatic balance, and its use in finding the 
specific gravity of a body. 

First, when the body is heavier than the fluid in 
which it is weighed (water). 


The hydrostatic balance is a balance in which a 
body (P) can be weighed, either out of water, in the 


scale A, in the usual manner, or in the water (as at P). D 


A 


In order to find the specific gravity of any body, let 
it be weighed out of water, and in water; the difference B 
is the weight lost in water; and hence the specific 
gravity is known by the last Proposition. 


Corollary: If U be the weight of the body out of water, V the weight in water, W 
the weight of an equal bulk of water, and S the specific gravity, 


U U 
W- U- V, and S-q- U-V 


Secondly, when the body is lighter than water. 

Let the proposed body be weighed out of water; also let it be fastened to a sinker 
of which the weight in water is known, and let the compound body be weighed in 
water. 

The excess of the weight in water of the sinker, above the weight in water of the 
compound body, is the levity of the proposed body: for by attaching the proposed 


body, its levity or tendency upwards in water diminishes the weight in water of the 
sinker. 

The levity of the proposed body, together with its weight out of water, are equal 
to the weight of an equal bulk of fluid; for the levity of the body in water is the 
excess of the pressure upwards above the pressure downwards; that is, the excess 
of weight of an equal bulk of fluid above the weight (out of water) of the body. 

Hence the weight of an equal bulk of water is known, and hence the specific 
gravity, by the Definition of specific gravity. 

Corollary: If U be the weight of the body out of water, Q the weight of the sinker 
in water, and R the weight of the compound body in water. The levity of the 
proposed body is Q - R. Hence Q- R + Uis the weight of an equal bulk of fluid; 
and 
a 
~QO-R+U 

Example. The weight of the body is 2, and by attaching to it a sinker which 
weighs 4 in water, the compound body weighs 3 in water. Therefore, the levity of 
the body is 4 - 3 or 1, and the weight of an equal bulk of fluid is 2 + 1 or 3. Hence 
the specific gravity is %. 


S 


Proposition 11. To describe the common hydrometer, and to show 
how to compare the specific gravities of two fluids by means of it. 


The common Hydrometer is an instrument consisting of a body and 
a slender stem, and of such specific gravity that in the fluids, for which 
it is to be used, it floats with the body wholly immersed and the stem 
partially immersed. 


The part immersed is to the whole as the specific gravity of the body 
is to the specific gravity of the fluid (Proposition 8); and if the specific 
gravity of the fluid vary, the part immersed will vary in the inverse ratio 
of the specific gravity. 

But since the stem is slender, small variations of the part immersed 
will occupy a considerable space in the stem, and will be very easily 
ascertained. 


If the magnitude of the whole instrument be represented by 4000 
parts and each of the divisions of the stem by 1 such part; and if the 
whole length of the stem contains 100 such parts, the instrument will measure 
with great accuracy specific gravities of fluids within certain limits. 


Let the fluids be compared with a certain *proof" standard, as 50, in the middle 
of the scale. If the instrument sink to 30, the specific gravity of the fluid is known. 
For the part immersed is 4000 - 30, or 3970: and the *proof" fluid, the part 
immersed is 4000 - 50, or 3950. Therefore, the specific gravity of the fluid is to 
that of *proof fluid" as 3950 to 3970, or as 395 to 397. 


Section 3. Elastic Fluids. 


Proposition D. Inductive Principle 1 Water and other liquids have weight in all 
situations. 


The facts included in this induction are such as the following-— 
(1). Water falls in air as solid bodies do. 


(2). A bucket of water held in air is heavy and requires to be supported in the 
same as a solid body. 


(3) A bucket of water held in water appears less heavy than in air, and may be 
immersed so far as not to appear heavy at all. 


(4). A lighter liquid remains, at rest above a heavier, as oil of turpentine upon 
water. 


(5). The bodies of diverse plants, and other organized bodies, though soft, are 
not compressed or injured under a considerable depth of water. 


The different effects (2) and (3) led to the doctrine that all the elements have 
their proper places, the place of earth and heavy solids being lowest, of heavy fluids 
next above, of light fluids next, of air next; and that the elements do not gravitate 
when they are in their proper places, as water in water; but that water in air, being 
out of its proper place, gravitates, or is heavy. In this way also (1) and (4) were 
explained. 


But it was found that this explanation was not capable of being made 
satisfactory; for—(6) a solid body of the same size and weight as the bucket of water 
in (3) gave rise to the same results; and these could not be explained by saying 
that the solid body was in its proper place. 


These facts can be distinctly explained and rigorously deduced, by introducing 
the Idea of Fluid Pressure; and the Principle that water is a heavy fluid, its weight 
producing effect according to the laws of fluid pressure. 


For on this supposition (1) and (2) are explained, because water is heavy; and 
(3) is explained by the pressure of the fluid upwards against the bucket, according 
to Propositions 1, 2, 4. 


Also, it may be shown by experiment that in such a case as (1) the lighter fluid 
increases the pressure which is inserted in the lower fluid. 


Facts of the nature of (5) are explained by considering than an equal pressure 
is exerted on all parts of the organized structure, in opposite directions; such 
pressures balance each other, and no injury results to the structure, except in 
some cases a general contraction of dimensions. If there be a communication 
between the fluids which are within the structure and the fluid in which it is 
placed, these pressures are exerted from within as well as from without, and the 
balance is still more complete. 


Also, all the other observed facts were found to confirm the idea of fluids, 
considered as heavy bodies exerting fluid pressure: thus, it was found—(7) that a 
fluid presses downwards on a lighter body which is entirely immersed; and presses 
upwards on a heavier body which is partially immersed; and presses in all 


directions against surfaces, according to the deductive Propositions which we have 
demonstrated to obtain in a heavy fluid. 

Proposition 12. Inductive Principle 2. Air has weight. 

The facts included in this induction are such as the following:— 

(1). We, existing in air, are not sensible of any weight belonging to it. 

(2). Bubbles of air rise in water till they come to the surface. 

(3). If we open a cavity, as in a pair of bellows, the air rushes in. 

(5). If in such a case air cannot enter water can, the water is drawn in; as when 
we draw water into a tube by suction or into a pump by raising the piston. 

(5). If a cavity be opened and nothing be allowed to enter, a strong pressure is 
exerted to crush the sides of the cavity together. 

If facts (1) and (2) were explained at first by saying that the proper place of air 
is above water; that when it is in its proper place, as in (1), it does not gravitate (as 
in Proposition D.), but that when it is below its proper place, as in (2), it tends 
upwards to its place; the facts (3) (4) (5) were explained by saying that nature 
abhors a vacuum. 

But it was found by experiment: 

(6). That water could not by suction or by a pump be raised more than 34 feet; 
and stood at that height with a vacuum above it. 

(7). That mercury was supported in a tube with a vacuum above it, at the height 
of 30 inches (Torricelli's experiment). 

(8). That at the top of a high hill this column of mercury was less than 30 inches 
(Pascal's experiment). 

These facts overturned the explanation derived from nature's horror of a 
vacuum; for men could not suppose that nature abhorred a vacuum less at the top 
of a hill than at the bottom, or less over 31 feet of water than over one foot. 

But all the facts were distinctly explained and rigorously deduced by adopting 
the Idea of fluid pressure, and the Principle that air has weight, its weight 
producing its effects according to the laws of fluid pressure. This will be seen in 
the Deductive Propositions which we shall demonstrate as the consequences of 
assuming that air has weight. 

The Inductive Proposition was further confirmed by—(9) experiments with the 
air-pump; for it appeared that as the receiver was exhausted the mercury in the 
Torricellian experiment fell. 


Proposition 13. Inductive Principle 3. Air is elastic; and the elastic force of air 
at a given temperature varies as the density. 


The facts which show air to be elastic are such as follow:— 


(1). A bladder containing air may be contracted by pressure, and expands again 
when the pressure is removed. 


(2). A tube closed above and open below, and containing air, being immersed 
in water, the air contracts as the immersion is deeper, and expands again when 
the tube is brought to the surface. 


(3). If a close vessel, containing water and air, fitted with a tube making a 
communication between the water and the exterior, be placed in the exhausted 
receiver, the water is expelled through the tube. 


The principle that the elastic force increases in proportion to the density, was 
experimentally proved (first by Boyle") in the following manner:— D 


A uniform tube ABCD was taken, closed at A and open at D, and 
bent so that BA and CD were upright at the same time. Quicksilver 
was poured in, so that its ends stood at M and P, Again, more 
quicksilver was poured in, so that its ends stood at N and Q. And Pp, 
Qq being horizontal, AQ and Nq were measured. 

And the observations of the results of this experiment were 
registered as in the two first columns of the annexed table, 

(1) (2) (3) (4) M 
AQ Nq Barom. Press. 
1 1n. 1n. 


N- 


in. in. 


"S 
e > 


12 0 30 30 
10 6 30 36 
8 15 30 45 P 
6l 30 30 60 C 
4| 60 30 90 


The whole pressure on the air AQat Qis the pressure of the column of mercury 
Nq, together with the pressure of the atmosphere upon N. The latter pressure being 
taken to be equal to 30 inches of mercury, as in column (3), and added to Nq, we 
have, as in column (4), the pressure upon the air AQ. And it appears by comparing 
columns (1) and (4) that this pressure is always inversely as the space occupied by 
the air; 


a 


for 10: 6 :: 60: 36, 
and so, for any other of the observations. 


Now the pressure on the air AQ at Q is balanced by the elastic force of the air 
in AQ; these two forces acting upon the same surface, namely the surface of the 
mercury at Q. And the pressure upon Q has been found to be inversely as AQ; 
therefore, the elasticity of the air in AQ is inversely as AQ; that is, inversely as the 
space occupied. 


The quantity of air remaining the same, the density is inversely as the space 
occupied: therefore, the elastic force is as the density. 


Proposition 14. Inductive Principle 4. The elastic force of air is increased by an 
increase of temperature. 


* Shaw’s Byle, Vol. II. p. 671. 


The facts included in this induction are such as the following:— 
(1). If a bladder partly full of air be warmed it becomes more completely full. 


(2). If an inverted vessel confining air in water be warmed the air escapes in 
bubbles. 


It was experimentally ascertained how much the elastic force of air is increased 
by heat (first by Amontons’) in the following manner: — 


A bent tube ABC, with a bulb D containing common air, was filled 
with mercury from B to E, B, being 3 inches higher than the horizontal 
plane Ec, The bulb was then placed in boiling water, and it was found 
that a small portion of the mercury was driven out of the bulb, so that 
the extremity of the column was elevated to F, BF being 11 inches. 


The air occupied very nearly the same space in the last case as in 
the first; for the bore of the tube was very small, and the surface of the 
mercury continued nearly in the same position at E. The pressure on 
the air in D at first is the pressure of the atmosphere (30 inches of 
mercury, together with the weight of the column Be (3 inches;) 
therefore it is 33 inches. And the pressure on the air in D when 
immersed in boiling water is, in the same manner 30 inches, together 
with the weight of the column Fe (which is 14 inches;) that is, it is 44 
inches; that is, air, in this experiment, has its elasticity increased from 
33 to 44, by heating the water to boiling: that is, the elasticity was 
increased one third. 


Proposition 15. To describe the construction of the air-pump and its operation. 


A valve is an appendage to an orifice, closing it, and opening in such a manner 
as to allow fluid to pass through the orifice in one direction and not in the opposite 
direction. 

A piston is a plug capable of sliding in an orifice or tube so as to produce or 
remove fluid pressure. 

The Air-pump consists of a barrel and piston with 
valves, the suction-pipe communicating with a close 
vessel called the receiver. 

Let AB be the barrel, B the inwards-opening valve 
at, the bottom of the barrel, D the piston with its 
outwards opening valve, BC the pipe, E the receiver. 


The piston D being in its lowest position, is raised to 
its highest position by the handle H. During the rise no air is admitted at D; and 
the air in CD, by its elasticity, expands and follows the piston in its ascent, passing 
through the valve B; and thus, air is drawn out of the receiver E. 


The piston is then made to descend again to its lowest position: no air returns 
through the valve B, and the air in BD escapes by the valve at D. 


* Mem. de l'Acad. Roy. des Sciences de Paris. 1699. p 113. 


The piston is again raised, and more air is drawn out of E as before: and so on 
without limit. 


Proposition E. To explain the construction of the siphon-gauge. 

The Siphon-gauge is a twice-bent tube, closed at one end, and 
containing fluid, fixed to an air-pump C or other machine, to 
determine the degree of rarefaction of the air. 

Let GHKL, closed at L, be the siphon-gauge, (fixed to Gin the last M 
or in the next Proposition), and let MKN be a portion of the tube filled 
with mercury, LN being a vacuum. Then the vertical height of N above 
M measures the density of the air in GHM. 

If GHM were a vacuum (that is, if the exhaustion in the air-pump 
were complete) M, N would be at the same level. 


Proposition 16. To describe the condenser and its operation. 


The Condenser consists of a barrel and piston with valves, 
opening the contrary way from those of the air-pump, and 
communicating by a pipe with a closed receiver. 

Let AB be the barrel, B the outwards-opening valve at the bottom 
of the barrel, D the piston with its inwards-opening valve, BC the 
pipe, E the receiver. 

The piston D being in its highest position, is forced to its lowest 
position by the handle H. During the descent no air escapes through 
D, and the air in BD is driven through the valve B, and increases the 
quantity in the receiver E. 


The piston is then made to ascend, and no air enters the barrel 
at B, because the valve opens outwards; but air enters the barrel BD 
by the valve D. 

The piston is again forced down, and more air is driven into the receiver E as 
before: and so on without limit. 

The pipe BC has a stop-cock F, and when this is closed, the pump may be 
screwed off, after the condensation is made. 


Proposition 17. To explain the construction of the common barometer, and to 
show that the mercury in the tube is sustained by the pressure of the air on the 
surface of the mercury in the basin. 

A Barometer is a (glass) tube, closed at one end and open at the other, which, 
being filled with a fluid (as mercury) is inverted with its open end in a basin. In any 
place, the fluid stands at a certain height (if the tube be long enough,) leaving a 
vacuum above. 


Since the air has weight, it presses upon the surface CD of the 
mercury in the basin, and this pressure is resisted by the pressure 
of the column of mercury PM, arising from its weight. The mercury 
in the tube is sustained by the pressure of the mercury in the basin 
CD, which pressure again is sustained by the pressure of the 
atmosphere on the surface of the mercury in the basin. 


Proposition 18. In the common barometer, the pressure of the 
atmosphere is measured by the height of the column of mercury 
above the surface of the mercury in the basin. 


Let AM be the vertical tube, A its closed end, CD the basin and 
MP the height at which the fluid stands. 


The upper parts of the atmosphere are less dense than the lower; 
but so long as the whole is in equilibrium, this condition does not 
affect the laws of fluid pressure; and Propositions 1, 2, 3, 4, 5, 6, of 
this Book will be still true. 


Take, on the surface of the basin, NO equal to NM, the horizontal 
section of the tube; and suppose a tube HN, with vertical sides, C 
standing on the base NO, to be continued upwards to the limits of 
the atmosphere. By Axiom 3, if all the rest of the atmosphere become 
rigid the pressure is not altered; and hence by Proposition 4., the pressure upon 
NO is equal to the weight of the column HN. But on this supposition, the pressures 
on MN, NO are equal, by Proposition 1. And the pressure on MN is equal to the 
weight of the vertical column of mercury MP. Therefore, the weight of the column 
of mercury is equal to the weight of the column of atmosphere on the same base. 
Therefore, the weight of the column of atmosphere is measured by the weight of 
the column of mercury; that is, the pressure of the atmosphere on a surface equal 
to the section of the tube made at the surface of the mercury in the basin, is equal 
to the weight of the vertical column of mercury which stands on the same section. 


Therefore, the pressure of the atmosphere is measured by the weight of the 
column of mercury, that is, by the height, if the section and the density continue 
constant; for the weight of a column is as section x height x density. 


Corollary: 1. If, instead of mercury, the tube be filled with any other fluid, as 
water, the fluid will stand at such a height as to support the weight of the 
atmosphere; and the height will be greater as the density of the fluid is less. 

The mean height of the mercury-barometer being 30 inches, and the specific 
gravity of mercury 13.6, the mean height of the water-barometer is 13.6 x 30 inches 
408 inches - 34 feet. 

Corollary: 2. If the tube AM be not vertical, the Proposition is still true, the 
vertical height of A above M being still taken for the height of the fluid; for the 
pressure on MN is the same as if AM we vertical, by Proposition 2. 


Corollary: 3. If the portion of the tube AP,” instead of being empty, contain air 
of less density than the atmosphere, a column of fluid PM will still be sustained, 
smaller than the column where AP is a vacuum; for if P were to descend to M, the 
pressure on MN would be less than the pressure on NO, which is impossible. 


Corollary: 4. If a tube inclined or vertical, having its lower end, Mt immersed in 
a fluid, and its upper end, A, closed, be full of water; the water will be supported if 
the vertical height of A above M be less than the height of the water-barometer. 


In this case if HM be the height of the water-barometer, and if AP, drawn 
horizontal, meet HM, in P, the pressure upwards on the fluid at M would support 
a column of water of the vertical height HM. The pressure arising from the water 
in AM is equivalent to the weight of a column of the height PM (Proposition 4). 
Therefore, the pressure upwards at M will support the column AM; and will, 
besides, produce at A, a pressure upwards equal to the weight of a column HP. 


Corollary: 5. If the interior of a tube AM, inclined or vertical; having its lower 
end M immersed in water, and its upper end A closed, become a vacuum, (that is, 
empty of air as well as other fluids) the fluid will rise in the tube; and will fill the 
whole tube or part of it, according as the vertical height of the closed end is less or 
greater than the height of the water-barometer. 


For when the surface within the tube is not pressed by the column of fluid 
requisite to produce equilibrium, the pressure on the other parts of the surface will 
prevail, and drive the fluid into the vacuum. (Axiom 3.) 


Proposition 19. To describe the construction of the common pump, and its 
operation. 


The Common Pump consists of a cylindrical barrel AB, closed at bottom with 
an upwards-opening valve B, and of a piston D with an upwards-opening valve, 
which moves up and down in the barrel. A suction-pipe BC passes downwards from 
the valve B to the well at C, and the water which rises above the piston is delivered 
by the spout E. 


The operation of the pump is as follows. The piston D being in its lowest 
position, is raised to its highest position by means of the lever HKL. Since the valve 
D opens upwards, no air is admitted at D during this rise; and since the valve B 
opens upwards, the air which occupied CD follows the piston in its ascent; in 
consequence of its elasticity (Proposition 13) it expands, and its pressure on the 
water at Cis diminished. Hence the water in the suction-pipe rises by the pressure 
of the atmosphere on the surface of the well to some point F. (Corollary: 3 to 
Proposition 18). 

The piston is then made to descend to its lowest position, the valve B is closed, 
and therefore the quantity of air in FB is not changed, and the water remains at F, 
while the air in BD escapes by the valve at D. 


* See fig. p. 114. 
t See fig. p. 119. 


The piston is then again raised, the air in DF expands as before, and the surface 
of the water at F comes to a new position at G. 


The same movements being repeated, the water will again rise; and so on, till 
it reaches the piston D, after which time the piston in its ascent will lift the water, 
and when it has lifted It high enough, will deliver it out at the spout E. 


Corollary: The water in the common pump is raised by the weight of the 
atmosphere, and cannot be raised to a height greater than that of the water- 
barometer. (See Proposition 12.) The height of the water-barometer is 34 feet 
(Proposition 18. Corollary: 1.) 


Proposition 20. To describe the construction of the forcing pump and its 
operation. 


The Forcing Pump consists of a cylindrical barrel AB, closed at bottom with an 
upwards-opening valve B; of a piston D with no valve; and of a spout E with an 
outwards-opening valve. The piston moves up and down, and the suction-pipe 
descends from the bottom of the barrel to the well, as before, and the spout carries 
the water upwards. 


The operation of the pump is as follows. The piston D, in 
ascending from its lowest to its highest position, draws the 
water after it as in the common pump. When the piston 
descends, the air is forced out at the valve E; and after a 
certain number of ascents, the water comes into the barrel 
AB. When the piston next descends it forces the water 
through the valve E, and continues afterwards to draw the 
water through the valve B in its rise, and to extrude it through 
the valve E in its descent, by which means it is forced into the 
tube EF, which may be upright, or in any other position. 

Corollary: By means of the forcing pump water may be 
raised to any height; the tube EF being prolonged upwards, 
and an adequate force applied to force the piston down wards. 


Proposition 21. To describe the siphon and its action. 


A Siphon is a bent tube, open at both ends, and capable of 
being placed with one end in a vessel of fluid, and the other end 
lower than the upper surface of the fluid in the vessel. 


Let BAC be the bent tube placed so that the end B is 
immersed in the water FED, and the outer end C is below the 
surface ED. 


If the tube BAC be filled with water, and if the vertical height 
of the portion MA be less than the height of the water-barometer, 
the tube will act as a siphon, that is, the water will constantly 
run through the tube BAC and out at C. 


For the tube being filled with water, let the end C be stopped; and let HM be 
the height of the water-barometer; AP, CQ, horizontal. Suppose HM to be a column 
of water of the height of the water-barometer; and suppose the water in the tube 
HMAC to remain fluid, while all the rest becomes rigid: the pressures at M, A, and 
C will not be altered by this supposition (Axiom 5). But on this supposition the 
pressure downwards at C is equal to the height of a vertical column HQ (Proposition 
2.) And the pressure of the atmosphere upwards at C is equal to the weight of a 
vertical column HM (Proposition 18. Corollary: 2). Therefore, the column AC, being 
acted upon by a pressure downwards equal to the weight of a column HQ, and a 
pressure upwards equal to the weight of a column HM, if the tube be opened at C, 
the former will prevail and the column AC will descend. 


Also, the column MA will ascend, so that no interval shall exist in the fluid at 
A. For the interval, if any should take place, must be a vacuum, since the air has 
no access to it. And since the vertical height of MA is less than that of the water- 
barometer, by Corollary: 5 to Proposition 18., the fluid will rise in the tube and will 
fill this vacuum. 


Therefore, the whole fluid MAC will move along the tube and flow out at C. 


Corollary: 1. The fluid in the siphon BAC will be urged in the direction BAC by 
a force equal to a column of fluid MQ. 


Corollary: 2. If the vertical height of MA be greater than that of the water- 
barometer, there will be a vacuum formed above the fluid at A (Proposition 18. 
Corollary: 5), and the siphon will not act. 


Corollary: 3. Also, if instead of water and the water-barometer, we had taken 
any other fluid and the corresponding barometer, the reasoning, and the result, 
would have been the same as above. 


Proposition F. Inductive Principle 5. Many (or all) fluids expand by heat and the 
amount of expansion at the heat at which water boils, and at the heat which ice 
melts, are each a fixed quantity. 


The former part of this proposition is proved by including the fluids in bulbs, 
which open into a slender tube; for a small expansion of the fluid in the bulb is 
easily seen, when it takes place in the slender tube. 


It was at first supposed, that when a fluid is exposed to heat, (as, for instance, 
when a vessel of water is placed on the fire,) a constant addition of heat takes 
place, increasing with the time during which the fire operates. 


But it appeared, that when a tube containing air is placed in water thus 
exposed to heat, the expansion of the air (observed in the way described in 
Proposition 13) goes on till the fluid boils, after which no additional expansion 
takes place. 


This fact is explained by assuming the expansion of air as the Measure of heat, 
and by adopting the Principle that the heat of boiling water is a fixed quantity. 


This principle was first experimentally established by Amontons. Afterwards it 
was ascertained by Fahrenheit (1711), and others, that the expansion of oil, spirit 
of wine, mercury, at the heat at which water boils, is a fixed quantity; and hence 
Fahrenheit made the boiling point of water one of the fixed-points of his 
thermometers, which were filled with spirit of wine or with mercury. 


For another fixed-point he took the cold produced by a mixture of ice, water, 
and salt; and he assumed this to be the point of absolute cold. 


But it was found by Reaumur (1730), that the freezing point of water, or the 
melting point of ice, is more fixed than the point of absolute cold determined in the 
above manner. This was proved in the same manner in which the heat of boiling 
water had been proved to be a fixed-point. The freezing point was then adopted as 
one of the fixed-points of the measure of heat. 


Proposition 22. To show how to graduate a common thermometer. 


The common Thermometer is an instrument consisting of a bulb and a slender 
tube of uniform thickness, containing a fluid (as mercury or spirits of wine) which 
expands by heat and contracts by cold, so that its surface is always in the tube’. 


Let the instrument be placed in boiling water, and let the point to which the 
surface of the fluid expands in the tube be marked as the boiling point. 


Let the instrument be immersed in melting ice, and let the point to which the 
surface of the fluid contracts in the tube be marked as the freezing point. 


For Fahrenheit's division, divide the interval between the freezing point and the 
boiling point into 180 equal parts; and continue the scale of equal parts upwards 
and downwards. Place O at 32 parts below the freezing point, 32 at the freezing 
point, 212 at the boiling point; and the other numbers of the series at other 
convenient points and the scale is graduated, the numbers expressing degrees of 
heat according to the place of the surface of the fluid in the tube. 


For the centigrade division, divide the interval between the freezing and boiling 
points into 100 equal parts; mark the freezing point as O degrees, the boiling point 
as 100 degrees, and so on as before. 


Proposition 23. To reduce the indications of Fahrenheit's thermometer to the 
centigrade scale, and the converse. 


To reduce Fahrenheit to centigrade, subtract 32, which gives the number of 
5 
degrees above the freezing point: and multiply by 9 because 180 degrees of 


Fahrenheit are equal to 100 centigrade. 
Thus 


* In practice, the part of the thermometer not occupied by the thermometrical 
fluid is rendered a vacuum. 


o 


5x27 . 
59°F = 27°F above 32°F = ^. g  centig. above 0 = 15° cent. 


9 
To reduce centigrade to Fahrenheit, multiply by 5 which gives the number of 
Fahrenheit's degrees above the freezing point, and add 32, which gives the number 
above Fahrenheit's zero. 
Thus 
60? C. = 90° F above freezing = 90? F + 32? F- 122° F. 


Notes Respecting the Examinations 


In the Preceding Subjects. 
UNIVERSITY REGULATIONS. 
Plan Of Examination for Questionists Who Are Not Candidates for Honors. 


1. That the subjects of the Examination shall be the first fourteen, or the last 
fourteen Chapters of the Acts of the Apostles, and one of the longer, or two or more 
of the shorter Epistles of the New Testament, in the original Greek, one of the Greek 
and one of the Latin Classics, three of the six Books of Paley's Moral Philosophy, 
the History of the Christian Church from its Origin to the assembling of the Council 
of Nice, the History of the English Reformation, and such mathematical Subjects 
as are prescribed by the Grace of April 19, 1837, at present in force. 


2. That in regard to these Subjects, the appointment of the Division of the 
Acts—of the Epistle or Epistles—of the Books of Paley's Moral Philosophy, and both 
of the Classical Authors and of the portions of their Works, which it may be 
expedient to select, shall be with the persons who appoint the Classical Subjects 
for the Previous Examination. 

3. That public notice of the Subjects so selected for any year shall be issued in 
the last week of the Lent Term of the year next but One preceding. 

4. That the Examination shall commence on the Wednesday preceding the first 
Monday in the Lent Term. 

5. That on the Monday previous to the commencement of the Examination the 
Examiners shall publish the names of the persons to be examined, arranged in 
alphabetical order, and separated into two divisions. 

6. That the distribution of the Subjects and Times of Ex-amination shall be 
according to the following Table: 


Div. | 9 to 12. Div. | 1275 to 3%. 
Wednesday | 1 Euclid 2 Greek Subject 
Thursday 1 Greek Subject 2 Euclid 
Friday 1 Mechanics and Hydrostatics | 2 Latin Subject 
Saturday 1 Latin Subject 2 Mechanics and Hydrostatics 
Monday 1 Paley and Eccles. History 2 Acts and Epistle or Epistles 
Tuesday 1 Acts and Epistle or Epistles | 2 Paley and Eccles. History 
Wednesday | 1 Arithmetic and Algebra 2 Arithmetic and Algebra 


7. That the Examination shall be conducted entirely by printed papers. 

8. That the Papers in the Classical Subjects and in the Acts and Epistles shall 
consist of passages to be translated, accompanied with such plain questions in 
Grammar, History, and Geography, as arise immediately out of those passages. 

9. That the Papers in the Mathematical subjects shall consist of questions in 
Arithmetic and Algebra, and of Propositions in Euclid, Mechanics, and 
Hydrostatics, according to the annexed schedule. 


10. That no person shall be approved by the Examiners, unless he show a 
competent knowledge of all the subjects of the Examination. 


11. That there shall be three additional Examinations in every year; the first 
commencing on the Thursday preceding Ash-Wednesday, the second on the 
Thursday preceding the Division of the Easter Term, and the third on the Thursday 
preceding the Division of the Michaelmas Term. 


12. That in these additional Examinations the distribution of the subjects and 
the hours of the Examination shall be at the discretion of the Examiners, the 
subjects being the same as at the Examination in the preceding January. 


13. That no person shall be allowed to attend any Examination whose name is 
not sent by the Praelector of his College to the Examiners before the commencement 
of the Examination. 


14. That in every year at the first Congregation after the 10th day of October, 
the Senate shall elect four Examiners, (who shall be Members of the Senate, and 
nominated by the several Colleges according to the cycle of Proctors and Taxors) to 
assist in conducting the Examinations of the three following terms. 

15. That two of these Examiners shall confine themselves to the Classical 
Subjects, and two to Paley's Moral Philosophy, Ecclesiastical History, the Acts of 
the Apostles, and the Epistles. 

16. That the two Examiners in the Mathematical Subjects, at the Examination 
in January, be as hitherto the Moderators of the year next but one preceding; and 
that at the other three Examinations the Moderators for the time being examine in 
the Mathematical Subjects. 

17. That each of the six Examiners shall receive £20 from the University Chest. 

18. That the Pro-Proctors and two at least of the Examiners attend in the 
Senate-House during each portion of the Examination in January. 

19. That the first Examination, under the Regulations now proposed, [that is, 
in the theological subjects] shall take place in the Lent Term of 1846. 

Schedule of Mathematical Subjects of Examination, for the degree of B.A of 
Persons not Candidates for Honors. 


Arithmetic. 

Addition, subtraction, multiplication, division, reduction, rule of three; the 
same rules in vulgar and decimal fractions: practice, simple and compound 
interest, discount, extraction of square and cube roots, duodecimals: together with 
the proofs of the rules and the reasons for the processes employed." 

Algebra. 

1. Definitions and explanation of algebraical signs and terms. 

2. Addition, subtraction, multiplication, and division of simple algebraical 
quantities and simple algebraical fractions. 


* Added by Grace, March 20, 1846. 


3. Algebraical definitions of ratio and proportion. 
4. If a: b:: c: d then ad = be, and the converse: 


also, b:a: d:e, 
and a:c: bid 
and atb:b: c+d:d. 
5. If a:b:: c:d. 
and c:d:e:f, 
then a:b: e:f. 
6. If a:b:c:d, 
and bie: dif, 
then ar ete ss. 


7. Geometrical definition of proportion. (Euclid Book v. Definition 5.) 


8. If quantities be proportional according to the algebraical definition, they are 
proportional according to the geometrical definition. 


9. Definition of a quantity varying as another, directly, or inversely, or as two 
others jointly. 


10. Easy equations of a degree not higher than the second involving one or two 
unknown quantities and questions producing such equations." 


Euclid's Elements. 
Book 1. 2. 3. 
Book 6. Propositions 1. 2. 3. 4. 5. 6. 

Mechanics. 

Definition of Force, Weight, Quantity of Matter, Density, Measure of Force. 
The Lever. 

Definition of the Lever. 
Axioms. 

Proposition 1. A horizontal prism or cylinder of uniform density will produce 
the same effect by its weight as if it were collected at its middle point. 


Proposition 2. If two weights acting perpendicularly on a straight lever on 
opposite sides of the fulcrum balance each other, they are inversely as their 
distances from the fulcrum; and the pressure on the fulcrum is equal to their sum. 

Proposition 3. If two forces acting perpendicularly on a straight lever in opposite 
directions and on the same side of the fulcrum balance each other, they are 
inversely as their distances from the fulcrum; and the pressure on the fulcrum is 
equal to the difference of the forces. 


Proposition 4. To explain the kind of levers. 


* Added by Grace, March 20, 1816. 


Proposition 5. If two forces acting perpendicularly at the extremities of the arms 
of any lever balance each other, they are inversely as the arms. 


Proposition 6. If two forces acting at any angles on the arms of any lever balance 
each other, they are inversely as the perpendiculars drawn from the fulcrum to the 
directions in which the forces act. 


Proposition 7. If two weights balance each other on a straight lever when it is 
horizontal, they will balance each other in every position of the lever. 


Composition and Resolution of Forces. 
Definition of Component and Resultant Forces. 


Proposition 8. If the adjacent sides of a parallelogram represent the component 
forces in direction and magnitude, the diagonal will represent the resultant force 
in direction and magnitude. 


Proposition 9. If three forces, represented in magnitude and direction by the 
sides of a triangle, act on a point, they will keep it at rest. 


Mechanical Powers. 
Definition of Wheel and Axle. 


Proposition 10. There is an equilibrium upon the wheel and axle when the 
power is to the weight as the radius of the axle to the radius of the wheel. 


Definition of Pulley. 


Proposition 11. In the single moveable pulley where the strings are parallel, 
there is an equilibrium when the power is to the weight as 1 to 2. 


Proposition 12. In a system in which the same string passes round any number 
of pulleys and the parts of it between the pulleys are parallel, there is an 
equilibrium when power (P) : weight (W) :: 1: the number of strings at the lower 
block. 


Proposition 13. In a system in which each pulley hangs by a separate string 
and the strings are parallel, there is an equilibrium when P: W:: 1: that power of 
2 whose index is the number of moveable pulleys. 


Proposition 14. The weight (W) being on an inclined plane and the force (P) 
acting parallel to the plane, there is an equilibrium when P: W :: the height of the 
plane : its length. 


Definition of Velocity. 


Proposition 15. Assuming that the arcs which subtend equal angles at the 
centers of two circles are as the radii of the circles, to show that if Pand W balance 
each other on the wheel and axle, and the whole be put in motion, P: W:: Ws 
velocity : P’s velocity. 


Proposition 16. To show that if P and P balance each other in the machines 
described in Propositions 11, 12, 13, and 14, and the whole be put in motion, P: 
W :: W's velocity in the direction of gravity : P's velocity. 


The Centre of Gravity. 
Definition of Centre of Gravity. 


Proposition 17. If a body balance itself on a line in all positions, the center of 
gravity is in that line. 


Proposition 18 To find the center of gravity of two heavy points; and to show 
that the pressure at the center of gravity is equal to the sum of the weights in all 
positions. 


Proposition 19. To find the center of gravity of any number of heavy points; and 
to show that the pressure at the center of gravity is equal to the sum of the weights 
in all positions. 


Proposition 20. To find the center of gravity of a straight line. 
Proposition 21 To find the center of gravity of a triangle. 


Proposition 22 When a body is placed on a horizontal plane, it will stand or fall, 
according as the vertical line, drawn from its center of gravity, falls within or 
without its base. 


Proposition 23. When a body is suspended from a point, it will rest with its 
center of gravity in the vertical line passing through the point of suspension. 


Hydrostatics. 
Definitions of Fluid; of elastic and non-elastic Fluids. 
Proposition 1. Fluids press equally in all directions. 


Proposition 2. The pressure upon any particle of a fluid of uniform density is 
proportional to its depth below the surface of the fluid. 


Proposition 3. The surface of every fluid at rest is horizontal. 


Proposition 4. If a vessel, the bottom of which is horizontal and the sides 
vertical, be filled with fluid, the pressure upon the bottom will be equal to the 
weight of the fluid. 


Proposition 5. To explain the hydrostatic paradox. 


Proposition 6. If a body floats on a fluid, it displaces as much of the fluid as is 
equal in weight to the weight of the body; and it presses downwards and is pressed 
upwards withe a force equal to the weight of the fluid displaced. 


Specific Gravities. 
Definition of Specific Gravity. 


Proposition 7 If M be the magnitude of a body, S its specific gravity, and W its 
weight, W - MS. 


Proposition 8. When a body of uniform density floats on a fluid, the part 
immersed : the whole body :: specific gravity of the body : the specific gravity of the 
fluid. 


Proposition 9. When a body is immersed in a fluid, the weight lost : whole 
weight of the body :: the specific gravity of the fluid : the specific gravity of the body. 


Proposition 10. To describe the hydrostatic balance, and to show how to find 
the specific gravity of a body by means of it, 1st, when its specific gravity is greater 
than that of the fluid in which it is weighed; 274, when it is less. 


Proposition 11. To describe the common hydrometer, and to show how to 
compare the specific gravities of two fluids by means of it. 


Elastic Fluids. 
Proposition 12. Air has weight. 


Proposition 13. The elastic force of air at a given temperature varies as to the 
density. 

Proposition 14. The elastic force of air is increased by an increase of 
temperature. 


Proposition 15. To describe the construction of the common air-pump, and its 
operation. 


Proposition 16. To describe the construction of the condenser, and its 
operation. 


Proposition 17. To explain the construction of the common barometer, and do 
show that the mercury is sustained in it by the pressure of the air on the surface 
of the mercury in the basin. 


Proposition 18. The pressure of the atmosphere is accurately measured by the 
weight of the column of mercury in the barometer. 


Proposition 19. To describe the construction of the common pump, and its 
operation. 


Proposition 20. To describe the construction of the forcing-pump, and its 
operation. 


Proposition 21. To explain the action of the siphon. 

Proposition 22. To show how to graduate a common thermometer. 

Proposition 23. Having given the number of degrees on Fahrenheit’s 
thermometer, to find the corresponding number on the centigrade thermometer. 

Also, such Questions and applications as arise directly out of the 
aforementioned Propositions of Mechanics and Hydrostatics'. 


* Added by Grace, March 20, 1846. 


Examination Papers. 


Mechanics and Hydrostatics. 


Senate-house, Friday, Jan. 12, 1849. 9.-12. 
First Division. 
(A) 
1. Define force, show how density is measured. 
2. If two forces acting perpendicularly on a straight lever in opposite directions 
and on the same side of the fulcrum balance each other, they are inversely as their 


distances from the fulcrum; and the pressure on the fulcrum is equal to the 
difference of the forces. 


3. One end of a given straight lever rests upon a fulcrum, and the other end is 
sustained by a force of 3 lbs. acting upwards, where must a weight of 12 lbs. be 
placed in order that there may be equilibrium? 

4. Assuming that the resultant of two forces acting on a point lies along the 
diagonal of the parallelogram whose sides represent the forces in magnitude and 
direction, show that it is represented in magnitude by the diagonal. 

Find the magnitude and direction of the resultant of two equal forces at right 
angles to one another. 

5. In that system of pulleys in which each pulley hangs by a separate string, 
show that P : W :: W's velocity : P's velocity. 

6. When a body is placed on a horizontal plane, it will stand or fall, according 
as the vertical line, drawn from its center of gravity, falls within or without its base. 

Construct a triangle upon a given horizontal base such that the vertical line 
through the center of gravity shall pass through an angle at the base. 

7. Fluids press equally in all directions. 

8. A given cubical vessel resting on one side in a horizontal position contains a 
given quantity of fluid, a body is placed in it which floats, the weight of the body 
being given, find the pressure on the base, and the height to which the fluid rises 
in the vessel. 

9. When a body of uniform density floats on a fluid the part immersed : the 
whole body :: the specific gravity of the body : the specific gravity of the fluid. 

10. If a cubic inch of iron weigh 4⁄2 ounces, and a cubic foot of water 1000 
ounces, what is the specific gravity of iron? 

11. Explain the construction of the common barometer, and show that the 
mercury is sustained in it by the pressure of the air on the surface of the mercury 
in the basin. 

12. If a barometer stands at 30 inches, what is the greatest vertical length of 
the suction-pipe of a common pump that will pump up mercury? 

13. Show how a common thermometer is graduated. 


"Temperate" is marked on Fahrenheit’s thermometer at 56°, what is its height 
on the centigrade? 


MECHANICS AND HYDROSTATICS. 
Senate-house, Friday, Jan. 12, 1849. 9.-12. 
FIRST DIVISION. 
(B) 
1. Define weight, and show how a statical force is measured. 
2. If two weights acting perpendicularly on a straight lever on opposite sides of 


the fulcrum balance each other, they are inversely as their distances from the 
fulcrum; and the pressure on the fulcrum is equal to their sum. 


3. Two forces of 3 and 5lbs respectively act upon a given straight lever, where 
must the fulcrum be placed for equilibrium, supposing the forces to act in opposite 
directions? 

4. If two forces acting on a point are represented in magnitude and direction 
by the two sides of a parallelogram, show that their resultant is represented in 
direction by the diagonal of the parallelogram. 

If three forces acting on a point will keep it at rest, show that they will also 
when their insensity is doubled. 

5 If P and W balance each other on the inclined plane, show that P: W :: Ws 
velocity in direction of gravity : P's velocity. 

6. Find the center of gravity of two heavy points; supposing the two points 
rigidly connected and a fulcrum placed under the center of gravity, what is the 
pressure on the fulcrum? would the bodies be in equilibrium? 

7. If a vessel, the bottom of which is horizontal and the sides vertical, be filled 
with fluid, the pressure upon the bottom will be equal to the weight of the fluid. 

8 A crooked horn is filled with fluid, and a lid being placed over the top it is 
then inverted and made to rest upon its top; find the amount of pressure upon the 
lid 

9 When a body is immersed in a fluid, the weight lost : whole weight of the body 
:: the specific gravity of the fluid : the specific gravity of the body. 

10. A piece of wood which weighs 3lbs. and whose specific gravity : that of water 
: 3:4 floats in water, what weight placed upon it would just sink it? 

II. The pressure of the atmosphere is accurately measured by the weight of the 
column of mercury in the barometer 

12 What difference will be produced in the action of a siphon by taking it to the 
top of a mountain where the barometer is 26 inches, the barometer below being at 
30 inches? 

13. Show how a centigrade thermometer is graduated. 

A centigrade thermometer stands at 35°, what is the height of Fahrenheit's? 


NOTES. 
MECHANICS AND HYDROSTATICS. 
Senate-house, Friday, Jan. 12, 1849. 12%.-3%%. 


Second division. 
(A) 
I. If two weights acting perpendicularly on a straight lever on opposite sides of 


the fulcrum balance each other, they are inversely as their distances from the 
fulcrum; and the pressure on the fulcrum is equal to their sum. 


The arms of a straight lever are 12 and 18 inches respectively; and a weight of 
3lbs. is suspended at the extremity of the shorter arm, what is the pressure on the 
fulcrum? 


2. If two weights balance each other on a straight lever when it is horizontal, 
they will balance each other in every position of the lever. 


Is the converse 'necessarily' true? Why does the common balance not rest in 
all positions? 

3. If three forces represented in magnitude and direction by the sides of a 
triangle act on a point, they will keep it at rest. If two forces of 5 Ibs. and 12 lbs. 
act at right angles upon a point, find the magnitude of the force which will keep 
the point at rest. Find also the directions in which the two given forces must be 
applied, in order that the point may be kept at rest by the least possible force, and 
find its magnitude. 


4. In a System of pulleys in which each pulley hangs by a separate string, and 
the strings are parallel, there is an equilibrium when P : W :: 1 : that power of 2 
whose index is the number of moveable pulleys. 


5. If the weight W be supported on an inclined plane by a force P acting parallel 
to the plane, and the whole be put in motion, show that P: W:: W's velocity in the 
direction of gravity : P's velocity. 


6. Find the center of gravity of any number of heavy points, and show that the 
pressure on the center of gravity is equal to the sum of the weights in all positions. 


Three weights 1 1b., 2 lbs., 3 lbs. are placed in a straight line at equal distances 
of 12 inches, find the distance of the common center of gravity from the middle 
weight. 

7. When a body is suspended from a point, it will rest with its center of gravity 
in the vertical line passing through the point of suspension. 

8. If a body floats in a fluid it displaces as much of the fluid as is equal in 
weight to the weight of the body; and it presses downwards and is pressed upwards 
with a force equal to the weight of the fluid displaced. 

A prismatic solid whose height is five inches floats at a depth of three inches 
in a fluid, compare the specific gravities of the solid and fluid. 


9. Describe the hydrostatic balance, and show how to find by means of it the 
specific gravity of a solid lighter than the fluid in which it is weighed. 

10. The elastic force of air at a given temperature varies as the density. 

11. Describe the construction of the condenser and its operation. 

12. Explain the construction of the common barometer, and show that the 
mercury is sustained in it by the pressure of the air on the surface of the mercury 
in the basin. 

What would be the effect 1st of a hole at the bottom of the tube; 224 at the top? 

13. Two vertical tubes are connected by a horizontal tube of 2 inches; 
supposing 12 inches of mercury poured into one tube, and 26 inches of water into 
the other; find the altitudes of the water and mercury in the two branches, the 
specific gravity of mercury being supposed 13 times the specific gravity of water. 


NOTES. 
MECHANICS AND HYDROSTATICS. 
Senate-house, Friday, Jan. 12, 1849. 12%... 3%. 
SECOND DIVISION. 
(B) 
1. If two forces acting perpendicularly on a straight lever in opposite directions 
and on the same side of the fulcrum balance each other, they are inversely as their 


distances from the fulcrum; and the pressure on the fulcrum is equal to the 
difference of the forces. 


If the arms of the lever are 12 and 18 inches respectively, and a weight of 4 lbs. 
is suspended at the extremity of the longer arm, what is the magnitude and 
direction of the pressure on the fulcrum? 


2. If two forces acting at any angles on the arms of any lever balance each other, 
they are inversely as the perpendiculars drawn from the fulcrum to the directions 
in which the forces act. 


P and Q are two forces whose directions make equal angles with the arms of a 
bent lever; the lengths of the arms are 6 and 8 inches respectively; find the relation 
between P and Q when they balance each other. 


3. If three equal forces act upon a point and keep it at rest, find the inclinations 
of their directions to each other. Find also the directions in which three forces 
represented by 3 lbs., 5 Ibs., and 8 lbs., must be applied to a point so as to keep it 
in equilibrium. 

4. In a system of pulleys in which the same string passes round any number 
of pulleys, and the parts of it between the pulleys are parallel, there is an 
equilibrium when the power : the weight :: 1 : the number of strings at the lower 
block. 

5. Show that if P and W balance each other on the wheel and axle and the 
whole be put in motion, P: W:: W's velocity : P's velocity. 

6. If a body balance itself on a line in all positions, the center of gravity is in 
that line. If a body balance itself on a line in a certain position, what will be the 
position of the center of gravity? 

7. Find the center of gravity of a triangle, and also of three equal weights placed 
at three angular points and show that they coincide. 


8. The surface of every fluid at rest is horizontal. 


9. Define a fluid, and prove that the pressure upon any particle of fluid of 
uniform density is proportional to its depth below the surface of the fluid. Two 
vessels are filled with fluid and placed upon a horizontal plane. The bases are 1 
square foot and 2 square feet respectively, and altitudes 9 and 6 inches, compare 
the pressures upon the bases of the vessels. 


10. When a body is immersed in a fluid, the weight lost : whole weight :: the 
specific gravity of the body : the specific gravity of the fluid. 


If the specific gravities of iron and gold be 8 and 19 times the specific gravity 
of water respectively; find the weight in water of a substance combined of 1 Ib. of 
iron and 1 Ib. of gold. 

11. A weight of 4 lbs. when placed upon a piece of wood whose specific gravity 
: that of water :: 3 : 5 just causes it to sink; find the weight of the wood. 

12. Describe the construction of the common air-pump, and its operation. 

13. The pressure of the atmosphere is accurately measured by the weight of 
the column of mercury in the barometer. 

If 13 inches of water be inserted in the tube upon the mercury, what will be the 
altitude of the upper surface of the water when the common barometer stands at 
30 inches, the specific gravity of mercury being supposed 13 times that of water? 
How much will the top of the water fall, when the mercurial-baromiter sinks an 
inch? 


Appendix. Book 3. The Laws of Motion. 
Remarks On Mathematical Reasoning 
and the 
Logic of Induction. 
The Laws of Motion. 
Definitions and Fundamental Principles. 

1. The science which .treaty of Force producing Motion, and of the Laws of the 
Motion produced, is Dynamics. 

2. In Dynamics, we adopt the Ideas, Definitions. Axioms, and Proposition of 
Statics. 

3. We require also several new Ideas, Definitions, and Principles, which are 
obtained by Induction, and will be stated in the succeeding' Propositions. 

4. Velocity is the degree in which a body moves quickly or slowly : thus, if a 
body describes a greater distance than another in the same time, it has a greater 
velocity. 

5. The velocity of a body is uniform when it describes equal distances in all 
equal times. 

6. The velocities of bodies, when uniform, are as the distances which they 
describe in equal times. 

Definition 1. The velocity of a body moving uniformly is measured by the 
distances describe in a unit of time. 


When the velocities of bodies are not uniform, they are increasing or 
decreasing. 


Axiom 1. If a body move with an increasing velocity, the distance described in 
any time is greater than the distance which would have been described in the same 
time, if the velocity had continued uniform for the same time and the same as it 
was at the beginning of that time. 


And the distance described in any time is less than the space which would have 
been described in the same time, if the velocity had been uniform for the same time 
and the same as it is at the end of that time. 


Axiom 2. If a body move with a decreasing velocity the above Axiom is true, 
putting “less” for “greater” and “greater” for “less.” 


Axiom 3. If two bodies move, having their velocities at every instant in a 
constant ratio, the distance described in any time by one body and by the other 
will be in the same ratio. 


Axiom 4. If several detached material points, acted upon by any forces, move 
in parallel lines, parallel to the forces, in such a manner as to retain always the 
same distances from each other, and the same relative positions; they may be 
supposed to be rigidly connected, and acted upon by the same forces, and their 
motions will not be altered on this supposition. 


Axiom 5. On the same supposition, the parallel forces may be supposed to be 
added together so as to become one force, and the motions will not be altered. 


Axiom 6. When bodies in motion exert pressure upon each other, by means of 
strings, rods, or in any other way, the reaction is equal and opposite to the action 
at each point. 


Definitions 2. (of Force), Definition 3 (of the Direction of Force), stand after 
Proposition 3; Definition 4 (of Uniform Force), stands after Proposition 3; Definition 
5 (of Composition of Motions), after Proposition 8; Definition 6 (of Accelerating 
Force), after Proposition 13; Definition 7 (of Momentum), Definition 8 (of Elastic 
and Inelastic Bodies), Definition 9 (of Direct Impact) after Proposition 17 of this 
Book. 


Axiom 7 stands after Proposition 2; Axiom 8 and 9 after Proposition 17 of this 
Book. 


Proposition 1. In uniform motion the distance described with a velocity vina 
time tis tv. 


For (Definition 1.) v is the distance described in each unit of time, and t the 
number of units; therefore, the whole distance described is tv. 


Proposition 2. Inductive Principle 1. First Law of Motion. 


A body in motion, not acted upon by any force, will go on forever with a uniform 
velocity. 


The facts which are included in this induction are such as the following:— 


(1) All motions which we produce, as the motions of a body thrown along the 
ground, of a wheel revolving freely, go on for a certain time and then stop. 


(2) Bodies falling downwards go on moving quicker and quicker as they fall 
farther. 


It was attempted to explain these facts, by saying that motions such as (1) are 
forced motions, and motions such as (2) are natural motions and that forced 
motions decay and cease by their nature, while natural motions, by their nature, 
increase and become stronger. 


But this explanation was found to be untenable; for it was seen—(3) that forced 
motions decayed less and less by diminishing the obvious obstacles. Thus a body 
thrown along the ground goes farther as we diminish the roughness of the surface; 
it goes farther and farther as the ground is smoother, and farther still on a sheet 
of ice. The wheel revolves longer as we diminish the roughness of the axis; and 
longer still, if we diminish the resistance of the air by putting the wheel in an 
exhausted receiver. 


Thus, a decay of the motion in the cases (1) is constantly produced by the 
obstacles. Also, an increase of the motion in the cases (2) is constantly produced 
by the weight of the body. 

Therefore, there is in these facts nothing to show that any motion decays or 
increases by its nature, independent of the action of external causes. 

(3) By more exact experiments, and by further diminishing the obstacles, the 
decay of motion was found to be less and less; and there was in no case any 
remaining decay of motion which was not capable of being ascribed to the 
remaining obstacles. 

Hence the facts are explained by introducing the Idea of force, as that which 
causes change in the motion of a body; and the Principle, that when a body is not 
acted upon by any force, it will move with a uniform velocity. 

Corollary: 1. When a body moves freely (not being retained by any axis or any 
other restraint), and is not acted upon by any force, it will move in a straight line. 

For since it is not acted on by any force, there is nothing to cause it to deviate 
from the straight line on any one side. 

Definition 2. Force is that which causes change in the state of rest or motion 
of a body. 

Definition 3. When a Force acts upon a body, and puts it in motion, the line of 
direction of the motion is the direction of the force. 

Axiom 7. When a Force acts upon a body in motion, so that the direction of the 
force is the direction of the motion, the force will not alter the direction of the 
motion. 

Proposition 3. Inductive Principle 2. Gravity is a uniform force. 

The facts which are included in this induction are such as the following:— 

(1). Bodies falling directly downwards fall quicker and quicker as they descend. 

It was inferred, as we have seen in the last Proposition, that the additions of 
velocity in the falling bodies are caused by gravity. 


An attempt was made to assign the law of the increase of velocity conjecturally, 
by introducing the Definition, that a uniform fore is a force which, acting in the 
direction of a body's motion, adds equal velocities in equal distances, and the 
Proposition that gravity is a uniform force. 


The Definition is self-contradictory. But if it had not been so, the Proposition 
could only have been confirmed by experiment. 


(2). It appeared by experiment that when bodies fall (down inclined planes) the 
distances described are as the squares of the times from the beginning of the 
motion. 


This was distinctly explained and rigorously deduced by introducing the 
Definition of uniform force; that it is a force which, acting in the direction of the 
body's motion, adds equal velocities in equal times; 


And the Principle that gravity (on inclined planes) is a uniform force. 


For it may be proved deductively, as we shall see, that this definition being 
taken, the distances described in consequence of the action of a uniform force are 
as the squares of the times from the beginning of the motion. And if the force be 
other than uniform, the distances will not follow this law. Therefore, the 
Proposition, that gravity on inclined planes is a Uniform force, is the only one which 
will account for the results of experiment. 


Also, if the force of gravity on inclined planes be a uniform force, the force of 
gravity when bodies fall freely is uniform, for when the inclined plane becomes 
vertical, he law must remain the same. 


(3). The Proposition is further confirmed by shewing that its results, obtained 
deductively, agree with experiments made upon two bodies which draw each other 
over a fixed pulley (Atwood's Machine); and—. 


(4) by the times of oscillation of pendulums. 


Also, it appears that when gravity acts in a direction opposite to that of a body's 
motion, it subtracts equal velocities in equal times. 


Hence, we introduce the following Definition. 


Definition 4. A uniform force is that which, acting in the direction of the body's 
motion, adds (and in the opposite direction, subtracts,) equal velocities in equal 
times. 


Proposition 4. If a uniform force act upon a body, moving it from rest, and if a 
be the velocity at the end of a unit of time, v, the velocity at the end of t units of 
time, is fa. 

For the body will move in the direction of the force (Definition 3), and therefore 
the force is in the direction of the motion; and therefore, by Axiom 7, the direction 
of the motion is not altered by the action of the force. Hence by Definition 4, the 
velocity added to the velocity in each second is a, and in t seconds from the 
beginning of the motion it is ta. 


1 
Corollary: 1. At the end of z of a unit of time the velocity is E 


Corollary: 2. At the end of = units of time, the velocity is F 
Corollary: 3. If v be the velocity at the end of the time t, the velocity at the end 
of the time ^ t will be — y, 
n n 


Proposition 5. If a uniform force act upon a body moving it from rest, and if a 
be the velocity at the end of a unit of time, d, the distances described at the end of 
t units of time, is 1^ ať. 


1 
Let each unit of time be divided into n equal portions; each of these will be m 


and the whole number will be tn; and the velocity at the beginning of the first, 
second, third, fourth, etc. of these portions will be, by Proposition 1, Corollary: 2, 
a 2a 3a 
iow —, etc., (tn terms). 
wn’ n 
Suppose distances to be described in these portions of time with the velocity at the 
beginning of each portion continued uniform during that portion; these distances 
are by Proposition 1, 
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which form an arithmetical series. And the last term of this series is 
(tn - 1)a ‘ 1 
n n 
And the sum of it is (Introduction Article 60) 
Urncdu. 1 tn 
x 7X -— 
n n 2? 
(tn - 1) 2 
or 2 or E E 
n 2 2n 
In the same manner the velocity at the end of the first, second, third, etc. of 
these portions is 
a 2a 3a 
— > , etc. (tn terms). 
"m n'n 
Suppose distances to be described in these portions of time with the velocity at the 
end of each portion continued uniform during the time. These are as before 
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But in this case the body moves with a constantly increasing velocity. Therefore, 
1 
by Axiom 1, the distance described in each of the times mA is greater than the 


distance described on the former of the above suppositions; and less than the 
distance described on the latter of the above suppositions. Hence the whole 


f . a? at at? , 2t 
distance s is greater than 5- 2 on and less than 2 + On 


at? 
Therefore, it is equal to 5- 25 for if not, let it be equal to a greater quantity, as 


t? at t 
a + b, and let n= 2p then 2: - b; and therefore, the distance described is equal 
e t 
to S + F but it is less than this which is impossible. Therefore, the distance is 


not equal to a greater distance than 57; and in like manner it may be shown that 


at? 
2 > 
aed ; : ae 

it is not equal to a less. Therefore, the distance is equal to 9 Q E. D. 


Corollary: Hence if t, T, be any two times from the beginning of the motion and 
d, D the distances through which a body falls in those times, d: D: 8 : P. 


Proposition 6 The distance described in any time from rest by the action of a 
uniform force is equal to half the distanced described by the last acquired velocity 
continued uniform for the time. 


As in last Proposition, let t be the whole time, and a the velocity acquired in 
one unit of time. Then at is the velocity acquired in the whole-time t. And a body 
moving with this velocity for the time t would describe the distance af? by 
Proposition 1. But a body moving from rest by a uniform force describes the 
distance % at? by Proposition 5. Therefore, the latter distance is half the former, Q. 
E. D. 


Corollary: 1. A body falling from rest by the uniform force of gravity, describes 
16 feet in one second. Therefore, with the velocity acquired it would describe 32 
feet in one second. Therefore, gravity generates a velocity of 32 feet in one second 
of time. 


Corollary: 2. If g represent 32 feet, the distance through which a body falls in t 
seconds by the action of gravity is 2 gt. 


Proposition 7. When a body is projected in a direction opposite to the direction 
of a uniform force, with a velocity v, the whole time (t) of its motion till its velocity 
cancels out, and the distance (d) described in that time, are known by the 
equations v = at, d= ^ af. 

For by the Definition of uniform force, the force, acting in a direction opposite 
to the motion, subtracts in equal times the same velocities which the same force 
adds when it acts in the direction of the motion. Therefore, at a series of units of 
time the velocities will be v, v - a, v- 2 a, v - ta, till v - ta becomes O, when all the 
velocity is canceled out; and when this occurs, v = ta= 0, or v = ta. 


Also, by Axiom 2, the same reasoning would hold as in Proposition 5, putting 
less for greater and greater for less; and therefore, the same conclusion is true, 
namely, d= a£. 

Proposition 8. Inductive Principle 3. Second Law of Motion. When any force acts 
upon a body in motion, the motion which the force would produce in the body at 
rest is compounded with the previous motion of the body. 


The facts which the Induction includes are, in the first place, such as the 
following 


(1). A stone dropped by a person in motion, is soon left behind him. .; 


From (1) it was inferred that if the earth were in motion, bodies dropt or thrown 
would be left behind. 


But if appeared that the stone was not left behind while it was moving in free 
space, and was only stopt when it came to the ground. Again, it was found by 
experiment, 


(2). That a stone dropt by a person in motion describes such a path that 
relatively to him, it falls vertically. 


(3). A man throwing objects and catching them again uses the same effort 
whether he be at rest or in motion. 


Again, such facts as the following were considered: 


(1). A stone thrown horizontally or obliquely describes a bent path and comes 
to the ground. 


It was at first supposed that the stone does not fall to the ground till the original 
velocity is expended. But when the First Law of Motion was understood, it was 
seen that the gravity of the stone must, from the first, produce a change in the 
motion, and deflect the stone from the line in which it was thrown. And by more 
exact examination it appeared that (making allowance for the resistance of the 
air),—(5) the stone falls below the line of projection by exactly, the distance through 
which gravity in the same time would draw it from rest. 


These facts were distinctly explained and rigorously deduced by introducing 
the Definition of Composition of Motions;—that two motions are compounded when 
each produces its separate effect in a direction parallel to itself; 

And the Principle, that when a force acts upon a body in motion, the motion 
which the force would produce in the body at rest is compounded with the- 
previous motion of the body. 

The Proposition is confirmed by shewing that its results, deduced by 
demonstration, agree with the facts. 

Definition 5. Two motions are compounded when each produces its separate 
effect in a direction parallel to itself. 


Proposition 9. If a body be projected in any direction 
and acted upon by gravity, in any time it will describe a 
curve line of which, the tangent intercepted by the vertical 
line, and the vertical distance from the tangent, are 
respectively the distances due to the original velocity and 
to the action of gravity in that time. 


Let AR be the direction of projection; and in any time, 
let AR be the distance which the body would have 
described with the velocity of projection in that time, and 
AM the distance through which the body would have 
fallen in the same time. Then, completing the 
parallelogram AMPR, the body will, by the Second Law of 
Motion (Proposition 8) be found at P, and RP is equal to 
AM. Also AR is a tangent to the curve at A, because at A 
the body is moving in the direction AR. Therefore, etc. Q. 
E. D. 


N 


Corollary: If P, Q be the points at which the projectile 
is found, at any two times t, T from its being at A, and if PR, QS be vertical lines, 
meeting the tangent at A in P, then 


PR: QS:: AR? : AF. 
For PR: QS :: e : T? by Corollary: to Proposition 5. 
But t: T:: AR: AS; whence 
C: T? : AR? : AF. 

Therefore PR: QS :: AR? : AQ. 

Proposition 10. A body is projected from a given point in a given direction; to 
find the range upon a horizontal plane, and the time of flight. 

The range is the distance from the point of projection to the point where the 
projectile (or body projected) again strikes a plane passing through the point of 
projection. 

Let a body be projected in a direction AK, such that, 

AH, HK being horizontal and vertical, AH: HK :: m: n. 


Hence 
AH m AK? AH? m? n2+ m? 
mehe Ume e g 
HK n AH m HK m K 
AK - n2 + m? We n AK = n2 + m2 
Let v be the velocity of projection, AQ the path A H 


described, QS vertical; and let the time of describing AQ 

be t. Therefore, by the last Proposition, AS, the distance described with velocity v 
in the time t, will be vt. Also SQ, the distance fallen by gravity in the time t, will be 
2 gÊ, by Proposition 6, Corollary: 2. 


SQ HK , | 'AgP n 
And 46 = AK! that is, UL Kee 


gt ^ n EU ME Se ee ; 
2b c RU t- g x Am n which is the time of flight, 


AQ AH AQ m - Hi. op 2 mis rs 
Also AS AR OT vt yma re A97 UU Ta ena AQ gr up. qp Which 
is the range. 


Proposition 11. If any particles, moving in parallel directions, and acted upon 
each by a certain force in the direction of its motion, move with velocities which 
are equal for all the particles at every instant, the motions of the particles will be 
the same if we suppose them to be connected so as to form a single rigid body, and 
the forces to be added together so as to form a single force. 


Let A, B, C, be any particles acted upon by any forces, and moving in parallel 
directions with velocities which are equal at every 
instant. Since the velocities at every instant are equal, 
the distances described in the same time are equal for all 
the particles, by Axiom 3. b 


c 


Let Aa, Bb, Cc be the distances described in any time, 
which are therefore equal and parallel. Therefore, ab is 
equal and parallel to AB, and bc to BC, and so on. Therefore, the relative positions 
and distances of the particles A, B, C are not altered by their motion into the places 
a, b, c. 

Therefore, by Axiom 4, if we suppose the particles A, B, C to be rigidly 
connected, their motions will not be altered that is, the motions will not be altered 
if A, B, C are supposed to be particles of a single rigid body. 


[^ 


Also, by Axiom 5, if we suppose the forces which act upon the particles, A, B, 
C, to be added together so as to form a single force, the motion will not be altered. 


Therefore, etc. Q. E. D. 


Proposition 12. If, on two bodies, two pressures act, which are proportional to 
the quantities of matter in the two bodies, the velocities produced, in equal times 
in the two bodies are equal. 

Let P, Q, be two pressures, and m, n two bodies, measured by the number of 
units of quantity of matter which each contains; and let P: Q: m: n. 


B 
Let the pressure P be divided into m parts, each of which will be m and let 


each of these parts of the force act upon a separate one of the m units into which 
the body m can be divided, and let it produce in a time t a velocity v. Each of the 


P 
pressures ;. will produce in the unit upon which it acts for the time an equal 


velocity v, in a direction parallel to P. Therefore, if all the m pressures act for the 
same time t upon the m units of the body respectively, all the units will move with 
velocities which are equal at every instant. Therefore, by Proposition 11, if we 


suppose the m units to be connected so as to form one rigid body m, and the forces 
to be added so as to form a single force P, the motion will still be the same. That 
is, the pressure P acting upon the body m, will produce the velocity v in the time t. 


In the same manner it may be shown that the pressure Q acting upon the body 


n will produce the same velocity which a pressure £ produces in a body 1. But 


Q 


since P: Q:: m:n, a £ therefore 2 acting upon a body 1 will produce a velocity 
vin a time t. Therefore, Q acting on n will produce a velocity vin a time t; the same 
which P produces in m. Q. E. D. 

Proposition 13. Inductive Principle 4. The Third Law of Motion. When pressure 
generates (or cancels out) motion in a given body, the accelerating force is as the 
pressure. 

The facts included in this Induction are such as the following:— 

(1). When pressure produces motion, the velocity produced is greater when the 
pressure is greater. 

In order to determine in what proportion, the velocity increases with the 
pressure, further consideration and inquiry are necessary. 

It appeared that, 

(2). On an inclined plane the velocity acquired by falling down the plane is the 
same as that acquired by falling freely down the vertical height of the plane 
(Galileo's experiment). 

(3). When two bodies P, Q* hang over a fixed pulley, the heavier P descends, 
and the velocity generated in a given time is as P - Q directly, and as P * Qinversely 
(Atwood's Machine). 

(4). The small oscillations of pendulums are performed in times which are as 
the square roots of the lengths of the pendulums. 

(5). In the impacts of bodies, the momentum gained by the one body is equal 
to the momentum lost by the other (Newton's Experiments). 

(6). In the mutual attractions of bodies the center of gravity remains at rest. 

These results are distinctly Explained and rigorously deduced by introducing 
the Definition of uniform Accelerating Force;—that it is as the velocity generated 
(or canceled out) in a given time; 

And the Principle that the Accelerating Force for a given body is as the pressure. 

Most of these consequences will be proved in the succeeding Propositions, (14, 
15, 16, 17, 18), and thus this Inductive Proposition is confirmed. 

Definition 6. Uniform Accelerating Force is measured by the velocity generated 
in a unit of matter in a unit of time. 

Hence in the formula in Proposition 4 and 5, a represents the Accelerating 
Force. 


* See figure to Prop. 17. 


Axiom 8. If two bodies move so that their velocities at every instant are equal, 
the Accelerating Forces of the two bodies at every instant are equal; and conversely. 


Axiom 9. If two bodies move so that their Accelerating Forces at every instant 
are in a constant ratio, and are in the direction of the motion, the velocities added 
or subtracted in any time are in the ratio of the Accelerating Forces. 


Proposition 14. In different bodies, the Accelerating Force is as the pressure 
which produces motion directly, and as the quantity of matter moved inversely. 


Let two pressures P, Q, produce motion in two bodies of which the quantities 
of matter are M, N. Let M: N:: P: X; therefore, by Proposition 12, the force X would, 
in a given time, produce in N the same velocity which P would produce in M; that 
is, the Accelerating Force on M arising from the pressure P, is equal to the 
Accelerating Force on N arising from the pressure X. 


But by the Third Law of Motion (Proposition 13) the Accelerating Force on N 
arising from the pressure X is to the Accelerating Force on the same body N arising 
from the pressure Q as X is to Q. 


Therefore, the Accelerating Force on M arising from P is to the Accelerating 
Force on N arising from Q as X is to Q. 


PN PN 
But M: N:: P: X; therefore X = W and therefore, X is to Q, as M is to Q, or as 
Q 


PQ 
MÌN 

. P Q 
Therefore, the Accelerating Forces of P on M and of Q on N are as M and N 2: 


E. D. 


Proposition 15. On the inclined plane, the time of falling down the plane is to 
the time of falling freely down the vertical height of the plane as the length of the 
plane to its height. 


Let L be the length of the plane, H its height. The pressure which urges a body 
down an inclined plane is equal to the pressure which would support it acting in 
the opposite direction; but this pressure : W, the weight of the body :: H : L (Book 
1. Proposition 20.) Therefore, the pressure which produces motion on the plane is 
WH 

LC 

The quantity of matter of the body is as W. 

Hence, since by the last Proposition the Accelerating Force on the inclined 
plane is as the pressure directly and the quantity of matter inversely; therefore 
Accelerating Force on Inclined Plane : Accelerating Force of body falling freely :: 
WH Ws. 

WL W” H: L. 

Now the force on the inclined plane is a uniform accelerating force, and 
therefore, the velocity acquired in a unit of time measures it, by Definition 6. 
Therefore, if La be the velocity acquired in a unit of time by a body falling freely, 
Ha will be the velocity acquired in a unit of time down the. inclined plane. And the 


rule of Proposition 5 is applicable. Therefore, if t and t' be the times of falling down 
L, and of falling vertically down H, 
L:H: e Hať: %2 Lat'2; 
or LP: HÆ :: 2:192 
onL HE tit 

Proposition 16. On the inclined plane, the velocity acquired by falling down the 
inclined plane is equal to the velocity acquired by falling freely down the vertical 
height of the plane. 

As before, the accelerating force on the plane is to the accelerating force of a 
body falling freely 

SH:L 

Also, s = !^ vt, by Proposition 6; whence as before, v' being the velocity acquired 
by falling freely down H, 

L: H: %2 vt: 2 v't: DET, 

But H : L :: t': t by Proposition 15. 

Therefore 1: 1: v: v3 

Whence v = v5 the velocity acquired down the plane is equal to the velocity 
acquired down the vertical height, Q. E. D. 

Proposition 17. When two bodies P, Q hang over a fixed pulley, and move by 
their own weight merely', the heavier P descends, and the lighter Q ascends, by 
P-Q 
P+Q A 

The string which connects P and Q exerts an equal pressure in 
opposite directions upon P and upon Q, (Axiom 6). Let this pressure be 
X. Then since Pis urged downwards by a force Pand upwards by a force 
it is on the whole urged downwards by a force P - X. And the quantity of 
matter is P. Therefore, by Proposition 14, the Accelerating Force upon P Q 


the action of an accelerating force which is as 
o 


: pL 1 
downwards is as Pc In the same manner, since X acts upwards upon 


Q and the weight of Q acts downwards, the accelerating force upon Q 


X 
upwards is as Q Ọ ` But the accelerating force upon Q upwards and 


upon P downwards must be equal, because they move at every point with equal 
velocities, by Axiom 8. 


X-Q. -X 

Therefore Q is equal to P^ 
that i Zai lt ee 
at is, 6 is equal to P 


* That is, neglecting the effect of the matter in the pulley and the string. 


X X. 
or o * pis equal to 2. 


P 
A(P * Q) 
PQ 


and X is equal to 


Therefore is equal to 2; 


PQ 
P 


2 PQ P - PQ 


Hence P- Xis P- P+ Ọ or PO’ and the accelerating force upon P, which 
f PX. P-Q 
isas "p ¿isas p} Ọ Q 


P-Q 
P+ Q 

Definition 7. The momentum of a body is the product of the numbers which 
express its velocity and its quantity of matter. 


And, in like manner, the accelerating force upon Q is as 


Definition 8. Elastic bodies are those which separate-when one impinges upon 
another; inelastic bodies are those which do not separate after impact. 


Definition 9. The impact of two bodies is direct, when the bodies, before impact, 
either moving in the same direction or one of them being at rest, the pressure 
which each exerts upon the other is in the direction of the motion. 


Proposition 18. In the direct impact of two bodies the momenta gained and lost 
are equal. 


Let P impinge upon Q directly, and let X be the pressure which each exerts 
upon the other at any instant. Therefore, the accelerating forces which act upon P 
X X 
and Q in opposite directions are as P and Q and are therefore at every instant in 
1 1 
the constant ratio of P to Q or of Q to P. Therefore, by Axiom 9, the velocities 
generated in Q and canceled in P, in any time, are in the same constant ratio of Q 
to P. And the quantities of matter are as P and Q. Therefore, by Definition 7, the 


momentum generated in Q and the momentum canceled in P, in any time, are as 
PQ to PQ; that is, they are equal, Q. E. D. 


Corollary: 1. If Pand Q are elastic, they will separate after the impact; and the 
momenta generated and canceled in Q and P by the elasticity will still be equal, for 
the same reasons as before. 


Corollary: 2. The velocity canceled in P, according to Corollary: 1, may be 
greater than its whole velocity. In this case, P will, after the impact, move in the 
opposite direction with a velocity which is the excess of the velocity lost over the 
original velocity. 

Corollary: 3. Before the impact, Q may move in a direction opposite to P. In this 
case the velocity gained by Q is to be understood as including the velocity in the 
opposite direction, which is canceled. 


Corollary: 4. If two bodies P and Q, move in opposite directions with velocities 
which are in the ratio of Q to P, they will be at rest after impact if they are inelastic, 
For since they are inelastic, they will not separate after impact: therefore they will 
either be at rest or move on together. But if they move in the direction of P's motion, 
Phas lost less than its whole velocity, and Q has gained more than its own velocity. 
But this is impossible, for the velocities lost and gained are in the ratio of Q to P; 
that is, in the ratio of P's velocity to Q's velocity. Therefore, the bodies do not move 
in the direction of P's motion. And, in like manner, it may be shown that they do 
not move in the direction of Q's motion. Therefore, they remain at rest. 


Proposition 19. The mutual pressure, attraction, or repulsion, or direct impact 
of two bodies, cannot put in motion their center of gravity. 


Lot two bodies P, Q, act upon each other by pressure, attraction, or repulsion, 
the force which each exerts upon the other (Axiom 6) being X. Therefore 


X X 
(Proposition 14) the accelerating forces which, act on P and Q are as |G and 5 


P Q 
respectively, or in the constant ratio of Q to P. Therefore, the velocities acquired by 
Pand Qin any equal times are in this ratio by Axiom 9, and therefore the distances 
are in the same ratio by Axiom 3. 


Let P, Q, be any two bodies of which the center of gravity is C, which is p at 
first at rest. Therefore, by Book 1, Proposition 24, Q: 


P 
P:: CP: CQ, and CQ = 55 CP. And if Pp, Qq be any Ee 7 9 


distances described in equal times, by the mutual 
pressure, attraction, or repulsion of the bodies, it has been proved that Q : P :: Pp 


P P 
:Qq; and therefore Qq = Q Pp. Hence, subtracting, it follows that Cq = Q Cp, or Q: 


P :: Cp: Cq. And therefore, C is still the center of gravity of the bodies P, Q, when 
they are come into the positions p, q; that is, the center of gravity has not been put 
in motion. 


Also, if the two bodies P, Q, not attracting or repelling each other, move towards 
each other with uniform velocities which are in the ratio of Q to P, and impinge; 
the distance described in any time (as Pp, Qq) will be in the same ratio of Q to P, 
and, as above, the center of gravity will be at rest. And when the bodies impinge 
on each other, the velocities of each will either be canceled, or canceled and 
generated in an opposite direction; and in either case, since the mutual pressure 
is equal on both, the accelerating forces which cancel and generate velocity, will be 
in the ratio of Q to P, as in Proposition 17. Therefore, the velocities canceled and 
generated are in the same ratio as the original velocities. Therefore, if the whole 
velocity of one body is canceled, the whole velocity of the other body also is 
canceled, and the bodies are both at rest, and their center of gravity is still at rest 
after impact. 

But if the velocities be canceled, and velocities generated in an opposite 
direction, these new velocities will also be in the ratio of the original velocities, 
because the accelerating forces at every instant are so, (Axiom 9); and therefore, 


the distances described in any time by the new velocities will be in the same ratio; 
and therefore, as before, it may be shown that C is still the center of gravity of P, 
Q. 

Therefore, under all the circumstances stated, the center of gravity remains at 
rest, Q. E. D. 


Examples to Propositions 4, 5, 6, 7; 10, 17, 18. 

By means of these Propositions, we can solve such Examples as the following:— 

When body falls freely by the action of gravity, the quantity a in Proposition 4 
is 32 feet, the unit; of time being one second, and v - gt, also (Proposition 6, 
Corollary: 2) v = %2 ge. 

Example. 1. To find the velocity acquired by a body which falls by gravity for 
30 seconds. 

v = gt = 32 x 30 = 960 feet per second. 


2. To find the distance fallen through in the same tune, s = % gt? = 16 x 30? 
- 14400 feet. 


3. To find in what time a body falls through 1024 feet. 
1024 = 16 x 8,0? = 64, t= 8 seconds. 

4. To find the velocity acquired in the same distance, v = gt = 32 x 8 = 256 feet 
per second. 

5. A body is projected directly upwards, with a velocity of 1000 feet a second; 
how high with it go? 

By Proposition 7, the height will be that through which a body must fall to 
acquire the same velocity. 


Now since 
1000 125,,,,, 
v= gt, 1000 = 32t, t= 32 ^ 4 317A". 
16 (125)? 
s=%g?= Io. (125)? = 15625 feet. 


6. A body is projected with a velocity of 32 feet a second in a direction which 
makes with the horizon half a right angle: to find the flight and the range. 


In this case m = n; therefore, by Proposition 10, 
n 1 2v 1 2x32 | 2x 1600 


Jem fa g o 32xJ2 °° 32 
= A2 = 1.4 seconds; 


22 mn 2x (32)? 1 - 
the range = g Gadan 085 o 32 feet. 
7. A cannon ball is projected with a velocity of 1600 feet a second, in a direction 


which rises 3 feet in 4 feet horizontal: find the time of flight and the range. 
3 , 2x1600 3 


——— — T À x $275 d 
ntm do-16 5*7 32 ^5 > Seconds 


2v2 , nm _ 2(1600)2 x 12 
g m+n 32 25 
8. An inelastic body A impinges directly on another inelastic body B at rest, 
with a velocity of 10 feet a second; A being 3 and B 2 ounces, find the velocity after 
impact. 


the range = = 76800 feet. 


If x be the velocity of both after impact, the velocity lost by A is 10 - x, and the 
velocity gained by B is x. Hence the momentum lost by A is 3 x (10 - x); and that 
gained by B is 2 x x; and these are equal by Proposition 18; therefore 

3(10 - x) = 2x, 30 = 3x * x7 6. 

9. The bodies being perfectly elastic, find the motions after impact. 

In perfectly elastic bodies, the velocity lost by A and the velocity gained by Bin 
the restitution of the figure are equal to the velocity lost by A and gained by Bin 
the compression. 

Now the velocity lost by AIn the compression is 10 - 6 or 4; therefore the whole 
velocity lost by A is 8, and its remaining velocity 2. 

And the velocity gained by B in the compression is 6, and therefore the whole 
velocity gained by B is 12, which is B's velocity after impact. 

10. A body A (3 ounces) draws B (2 ounces) over a fixed pulley: find the distance 
described in one second from rest. 


3= 2 : 
By Proposition 17, the accelerating force is as 342 that is, it is % of gravity; 


and the distance in a second is as the force: therefore, the distance described in 


16 
one second is 5» OF 3% feet: 


Remarks On Mathematical Reasoning, 


and on 
The Logic of Induction. 
Section 1. On the Grounds of Mathematical Reasoning. 


1. The study of a science, treated according to a rigorous system of 
mathematical reasoning, is useful, not only on account the positive knowledge 
which may be acquired on the subjects which belong to the science, but also on 
account of the collateral effects and general bearings of such a study as a discipline 
of the mind and an illustration of philosophical principles. 


Considering the study of the mathematical sciences with reference to these 
latter objects, we may note two ways in which it may promote them;—by 
habituating the mind to strict reasoning,—and by affording an occasion of 
contemplating some of the most important mental processes and some of the most 


distinct forms of truth. Thus, mathematical studies may be useful in teaching 
practical logic and theoretical metaphysics. We shall make a few remarks on each 
of these topics. 


2. The study of Mathematics teaches strict reasoning—by bringing under the 
student's notice prominent and clear examples of trains of demonstration;— by 
exercising him in the habits of attentive and connected thought which are requisite 
in order to follow these trains;—and by familiarizing him with the peculiar and 
distinctive conviction which demonstration produces, and with the rigorous 
exclusion of all considerations which do not enter into the demonstration. 


3. Logic is a system of doctrine which lays down rules for determining in what 
cases pretended reasonings are and are not demonstrative. And accordingly, the 
teaching of strict reasoning by means of the study of logic is often recommended 
and practiced. But in order to show the superiority of the study of mathematics for 
this purpose, we may consider,—that reasoning, as a practical process, must be 
learnt by practice, in the same manner as any other practical art, fort example. 
riding, or fencing;—that we are not secured from committing fallacies by such a 
classification of fallacies as logic supplies, as a rider would not be secured from 
falls by a classification of them;—and that the habit of attending to our mental 
processes while we are reasoning, rather interferes with than assists our reasoning 
well, as the horseman would ride worse rather than better, if he were to fix his 
attention upon his muscles when he is using them. 


4. To this it may be added, that the peculiar habits which enable anyone to 
follow a chain of reasoning are excellently taught by mathematical study, and are 
hardly at all taught by logic. These habits consist in not only apprehending 
distinctly the demonstration of a single proposition when it is proved, but in 
retaining all the propositions thus proved, and using them in the ulterior steps of 
the argument with the same clear conviction, readiness, and familiarity, as if they 
were self-evident principles. Writers on Logic seldom give examples of reasoning in 
which several syllogisms follow each other; and they never give examples in which 
this progressive reasoning is so exemplified as to make the process familiar. Their 
chains generally consist only of two or three links. In Mathematics, on the contrary, 
every theorem is an example of such a chain; every proof consists of a series of 
assertions, of which each depends on the preceding, but of which the last 
inferences are no less evident or less easily applied than the simplest first 
principles. The language contains a constant succession of short and rapid 
references to what has been proved already; and it is justly assumed that each of 
these brief movements helps the reasoner forwards in a course of infallible 
certainty and security. Each of these hasty glances must possess the clearness of 
intuitive evidence, and the certainty of mature reflection; and yet must leave the 
reasoner's mind entirely free to turn instantly to the next point of his progress. The 
faculty of performing such mental processes well and readily is of great value, and 
is in no way fostered by the study of logic. 


5. It is sometimes objected to the study of Mathematics as a discipline of 
reasoning, that it tends to render men insensible to all reasoning which is not 


mathematical, and leads them to demand, in other subjects, proofs such as the 
subject does not admit of, or such as are not appropriate to the matter. 


To this it may be replied, that these evil results, so far as they occur, arise 
either from the student pursuing too exclusively one particular line of 
mathematical study, or from erroneous notions of the nature of demonstration. 


The present volume is intended to assist, in some measure, in remedying the 
too exclusive pursuit of one particular line of Mathematics, by shewing that the 
same simplicity and evidence which are seen in the Elements of Geometry may be 
introduced into the treatment of another subject of a kind very different; and it is 
hoped that we may thus bring the subject within the reach of those who cultivate 
the study of Mathematics as a discipline only. The remarks now offered to the 
reader are intended to aid him in forming a just judgment of the analogy between 
mathematical and other proof; which is to be done by pointing out the true grounds 
of the evidence of Geometry, and by exhibiting the views which are suggested by 
the extension of mathematical reasoning to sciences concerned about physical 
facts. 


6. We shall therefore now proceed to make some remarks on the nature and 
principles of reasoning, especially as far as they are illustrated by the mathematical 
sciences. 


Some of the leading principles which bear upon this subject are brought into 
view by the consideration of the question, “What is the foundation of the certainty 
arising from mathematical demonstration?" and in this question it is implied that 
mathematical demonstration is recognized as a kind of reasoning possessing a 
peculiar character and evidence, which make it a definite and instructive subject 
of consideration. 


7. Perhaps the most obvious answer to the question respecting the 
conclusiveness of mathematical demonstration is this; —that the certainty of such 
demonstration arises from its being founded upon Axioms; and, conducted by 
steps, of which each might, if required, be stated as a rigorous Syllogism. 


This answer might give rise to the further questions, What is the foundation of 
the conclusiveness of a Syllogism? and, What is the foundation of the certainty of 
an Axiom? And if we suppose the former enquiry to be left to Logic, as being the 
subject of that science, the latter question still remains to be considered. We may 
also remark upon this answer, that mathematical demonstration appears to 
depend upon Definitions, at least as much as upon Axioms. And thus, we are led 
to these questions: — Whether mathematical demonstration is founded upon 
Definitions, or upon Axioms, or upon both? and, What is the real nature of 
Definitions and of Axioms? 

8. The question, What is the foundation of mathematical demonstration? was 
discussed at considerable length by Dugald Stewart'; and the opinion at which he 
arrived was, that the certainty of mathematical reasoning arises from its depending 
upon definitions. He expresses this further, by declaring that mathematical truth 
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is hypothetical, and must be understood as asserting only, that if the definitions 
are assumed, the conclusion follows. The same opinion has, I think, prevailed 
widely among other modern speculators on the same subject, especially among 
mathematicians themselves. 


9. In opposition to this opinion, I urge, in the first place, that no one has yet 
been able to construct a system of mathematical truth by means of definitions 
alone, to the exclusion of axioms; although attempts having this tendency have 
been made constantly and earnestly. It is, for instance, well known to most readers, 
that many mathematicians have endeavored to get rid of Euclid's *Axioms" 
respecting straight lines and parallel lines; but that none of these essays has been 
generally considered satisfactory. If these axioms could be superseded, by 
definition or otherwise, it was conceived that the whole structure of Elementary 
Geometry would rest merely upon definitions; and it. was held by those who made 
such essays, that this would render the science more pure, simple, and 
homogeneous. If these attempts had succeeded, Stewart's doctrine might have 
required a further consideration; but it appears strange to assert that Geometry is 
supported by definitions, and not by axioms, when she cannot stir four steps 
without resting her foot upon an axiom. 


10. But let us consider further the nature of these attempts to supersede the 
axioms above mentioned. They have usually consisted in endeavors so to frame 
the definitions, that these might hold the place which the axioms hold in Euclid's 
reasoning. Thus, the axiom, that “two straight lines cannot enclose a space," would 
be superfluous, if we were to take the following definition:—“A line is said to be 
straight, when two such lines cannot coincide in two points without coinciding 
altogether" 


But when such a method of treating the subject is proposed, we are 
unavoidably led to ask,—whether it is allowable to lay down such a definition? It 
cannot be maintained that we may propound any form of words whatever as a 
definition, without any consideration whether or not it suggests to the mind any 
intelligible or possible conception. What would be said, for instance, if we were to 
state the following as a definition, “A line is said to be straight (or any other term) 
when two such lines cannot coincide in one point without coinciding altogether?" 
It would inevitably be remarked, that no such lines exist; or that such a property 
of lines cannot hold good without other conditions than those which this definition 
expresses; or, more generally, that the definition does not correspond to any 
conception which we can call up in our minds, and therefore can be of no use in 
our reasonings. And thus, it would appear, that a definition, to be admissible, must 
necessarily refer to and agree with some conception which we can distinctly frame 
in our thoughts. 


11. This is obvious, also, by considering that the definition of a straight line 
could not be of any use, except we were entitled to apply it in the cases to which 
our geometrical propositions refer. No definition of straight lines could be employed 
in Geometry, unless it were in some way certain that the lines so defined are those 
by which angles are contained, those by which triangles are bounded, those of 
which parallelism may be predicated, and the like. 


12. The same necessity for some general conception of such lines 
accompanying the definition, is implied in the terms of the definition above 
suggested. For what is there meant by *such lines?" Apparently, lines having some 
general character in which the property is necessarily involved. But how does it 
appear that lines may have such a character? And if it be self-evident that there 
may be such lines, this evidence is a necessary condition of this (or any equivalent) 
definition. And since this self-evident truth is the ground on which the course of 
reasoning must proceed, the simple and obvious method is, to state the property 
as a self-evident truth; that is, as an axiom. Similar remarks would apply to the 
other axiom above mentioned; and to any others which could be proposed on any 
subject of rigorous demonstration. 


13. If it be conceded that such a conception accompanying the definition is 
necessary to justify it, we shall have made a step in our investigation of the grounds 
of mathematical evidence. But such an admission does not appear to be commonly 
contemplated by those who maintain that the conclusiveness of mathematical 
proof results from it depending on definitions. They generally appear to understand 
their tenet as if it implied arbitrary definitions. And something like this seems to 
be held by Stewart, when he says that mathematical truths are true hypothetically. 
Fur we understand by an hypothesis a supposition, not only which we may make, 
but may abstain from making, or may replace by a different supposition. 


14. That the fundamental conceptions of Geometry are not arbitrary 
definitions, or selected hypotheses, will, I think, be clear to anyone who reasons 
geometrically at all. It is impossible to follow the steps of any single proposition of 
Geometry without conceiving a straight line and its properties, whether or not such 
a line be defined, and whether or not its properties be stated. That a straight line 
should be distinguished from all other lines, and that the axiom respecting it 
should be seen to be true, are circumstances indispensable to any clear thought 
on the subject of lines. Nor would it be possible to frame any coherent scheme of 
Geometry in which straight lines should be excluded, or their properties changed. 
Anyone who should make the attempt, would betray, in his first propositions, to 
all men who can reason geometrically, a reference to straight lines. 


15. If, therefore, we say that Geometry depends on definitions, we must add, 
that they are necessary, not arbitrary definitions,—such definitions as we must 
have in our minds, so far as we have elements of reasoning at all. And the 
elementary hypotheses of Geometry, if they are to be so termed, are not hypotheses 
which are requisite to enable it to reach this or that conclusion; but hypotheses 
which are requisite for any exercise of our thoughts on such subjects. 


16. Before I notice the bearing of this remark on the question of the necessity 
of axioms, I may observe that Stewart's disposition to consider definitions, and not 
axioms, as the true foundation of Geometry, appears to have resulted, in part, from 
an arbitrary selection of certain axioms, as specimens of all. He takes, as his 
examples, the axioms, “that if equals be added to equals the wholes are equal,” 
that ‘the whole is greater than its part;" and the like. If he had, instead of these, 
considered the more properly geometrical axioms,—such as those which I have 
mentioned; “that two straight lines cannot enclose a space;" or any of the axioms 


which have been made the basis of the doctrine of parallels; for instance, Playfair's 
axiom, “that two straight lines which intersect each other cannot both of them be 
parallel to a third straight line;" it would have been impossible for him to have 
considered axioms as holding a different place from definitions in geometrical 
reasoning. For the properties of triangles are proved from the axiom respecting 
straight lines, as distinctly and directly, as the properties of angles are proved from 
the definition of a right angle. Of the many attempts made to prove the doctrine of 
parallels, almost all professedly, all really, assume some axiom or axioms which 
are the basis of the reasoning. 


17. It is therefore very surprising that Stewart should so exclusively have fixed 
his attention upon the more general axioms, as to assert, following Locke, “that 
from [mathematical] Axioms it is not possible for human ingenuity to draw a single 
inference;" and even to make this the ground of a contrast between geometrical 
Axioms and Definitions. The slightest examination of any treatise of Geometry 
might have shown him that there is no sense in which this can be asserted of 
Axioms, in which it is not equally true of Definitions; or rather, that while Euclid's 
Definition of a straight line leads to no truth whatever, his Axiom respecting 
straight lines is the foundation of the whole of Geometry; and that, though we can 
draw some inferences from the Definition of parallel straight lines, we strive in vain 
to complete the geometrical doctrine of such lines, without assuming some Axiom 
which enables us to prove the converse of our first propositions. Thus, that, which 
Stewart proposes as the distinctive character of Axioms, fails altogether; and with 
it, as I conceive, the whole of his doctrine respecting mathematical evidence. 


18. That Geometry (and other Sciences when treated in a method equally 
rigorous) depends upon axioms as well as definitions, is supposed by the form in 
which it is commonly presented. And after what we have said, we shall assume 
this form to be a just representation of the real foundations of such sciences, till 
we can find a tenable distinction between axioms and definitions, in their nature, 
and in their use; and till we have before us a satisfactory system of Geometry 
without Axioms. And this system, we may remark, ought to include the Higher as 
well as the Elementary Geometry, before it can be held to prove that axioms are 
needless; for it will hardly be maintained, that the properties of circles depend 
upon definitions and hypotheses only, while those of ellipses require some 
additional foundation: that the comparison of curve lines requires axioms, while 
the relations of straight lines are independent of such principles. 


19. Having then, I trust, cleared away the assertion, that mathematical 
reasoning rests ultimately upon definitions only, and that this is the ground of its 
peculiar cogency, I have to examine the real evidence of the truth of such axioms 
as are employed in the exact Mathematical Sciences. And we are, I think, already 
brought within view of the answer to this question. For if the definitions of 
Mathematics are not arbitrary, but necessary, and must, in order to be applicable 
in reasoning, be accompanied by a conception of the mind through which this 
necessity is seen; it is clear that this apprehension of the necessity of the properties 


* Elements of the Philosophy of the Human Mind Vol. 11. p. 38. 


which we contemplate, is really the ground of our reasonings and the source of 
their irresistible evidence. And where clearly apprehend such necessary relations, 
it can make no difference whatever in the nature of our reasoning, whether we 
express them by means of definitions or of axioms. We define a straight line 
vaguely;—that it is that line which lies evenly between two, points: but we forthwith 
remedy this vagueness, by the axiom respecting straight lines: and thus we express 
our conception of a straight line, So far as is necessary for reasoning upon it. We 
might, in like manner, begin by defining a right-angle to be the angle made by a 
line which stands evenly between the two portions of another line; and we might 
add an axiom, that all right angles are equal. Instead of this, we define a right angle 
to be that which a line makes with another when the two angles on the two sides 
of it are equal. But in all these cases, we express our conception of a necessary 
relation of lines; and whether this be done in the form of definitions or axioms, is 
a matter of no importance. 


20. But it may be asked, if it be thus unimportant whether we state our 
fundamental principles as axioms or definitions, why not reduce them all to 
definitions, and thus give to our system that aspect of independence which many 
would admire, and with which none need be displeased? And to this we answer, 
that if such a mode of treating the subject were attempted, our definitions would 
be so complex, and so obviously dependent on something not expressed, that they 
would be admired by none. We should have to put into each definition, as 
conditions, all the axioms which refer to the things defined. For instance, who 
would think it a gain to escape the difficulties of the doctrine of parallels by such 
a definition as this: “Parallel straight lines are those which being produced 
indefinitely both Ways do not meet; and which are such that if a straight line 
intersects one of them it must somewhere meet the other?" And in other cases, the 
accumulation of necessary properties would be still more cumbersome and more 
manifestly heterogeneous. 


21. The reason of this difficulty is, that our fundamental conceptions of lines 
and other relations of space, are capable of being contemplated under several 
various aspects, and more than one of these aspects are needed in our reasonings.. 
We may take one such aspect of the conception for a definition; and then we must 
introduce the others by means of axioms. We may define parallels by their not 
meeting; but we must have some positive property, besides this negative one, in 
order to complete our reasonings respecting such lines. We have, in fact, our choice 
of several such self-evident properties, any of which we may employ for our 
purpose, as geometers well know; but with our naked definition, as they also know; 
we cannot proceed to the end. And in other cases, in like manner, our fundamental 
conception gives rise to various elementary truths, the connection of which is the 
basis of our reasonings: but this connection resides in our thoughts, and cannot 
be made to follow, as a logical result, from any assumed form of words, presented 
as a definition. 

22. If it be further demanded, What is the nature of this bond in our thoughts 
by which various properties of lines are connected? perhaps the simplest answer 
is to say, that it resides in the idea of space. We cannot conceive things in space 


without being led to consider them as determined and related in some way or other 
to straight lines, right angles, and the like; and we cannot contemplate these 
determinations and relations distinctly, without assuming those properties of 
straight lines, of right angles, and of the rest, which are the basis of our Geometry. 
We cannot conceive or perceive objects at all, except as existing in space; we cannot 
contemplate them geometrically, without conceiving them in space which is 
subjected to geometrical conditions; and this mode of contemplation is, by 
language, analyzed into definitions, axioms, or both. 


23. The truths thus seen and known, may be said to be known by intuition. In 
English writers this term has, of late, been vaguely used, to express all convictions 
which are arrived at without conscious reasoning, whether referring to relations 
among our primary perceptions, or to conceptions of the most derivative and 
complex nature. But if we were allowed to restrict the use of this term, we might 
conveniently confine it to those cases in which we necessarily apprehend relations 
of things truly, as soon as we conceive the objects distinctly. In this sense axioms 
may be said to be known by intuition; but this phraseology is not essential to our 
purpose. 

24. It appears, then, that the evidence of the axioms of Geometry depends upon 
a distinct possession of the idea of space. These axioms are stated in the beginning 
of our Treatises, not as something which the reader is to learn, but as something 
which he already knows. No proof is offered of them; for they are the beginning not 
the end of demonstrations. The student's clear apprehension of the truth of these 
is a condition of the possibility of his pursuing the reasonings on which he is 
invited to enter.” Without this mental capacity, and the power of referring to it, in 
the reader, the writer's assertions and arguments are empty and unmeaning 
words; but then, this capacity and power are what all rational creatures alike 
possess, though habit may have developed it in very various degrees in different 
persons. 


25. It has been common in the school of metaphysicians of which I have 
spoken, to describe some of the elementary convictions of our minds as 


“In this statement respecting the nature of Axioms, I find myself agreeing with 
the acute author of “Sematology.” See the “Sequel to Sematology,* p. 103. “An 
Axiom does not account for an intellection; it does but describe the requisite 
competency for it." It appears to me that this view is not familiar among English 
metaphysicians. I may here quote what I said at a former period, "However we may 
define force, it is necessary, in order to understand the elementary reasonings of 
this portion of science, that we should conceive it distinctly. Do we wish for a test 
of the distinctness of our conceptions? The test is, our being able to see the 
necessary truth of the Axioms on which our reasonings rest... These principles (the 
Axioms of Statics) are all perfectly evident as soon as we have formed the general 
conception of pressure but without that act of thought, they can have no evidence 
whatever given them by any form of words, or reference to other truths;—by 
definitions, or by illustrations from other kinds of quantity,—" Thoughts on the 
Study of Mathematics, p. 25. 


fundamental laws of belief; and it appears to have been considered that this might 
be taken as a final and sufficient account of such convictions. I do not know 
whether any persons would be tempted to apply this formula, as a solution of our 
question rejecting the nature of axioms. If this were proposed, I should observe, 
that this form of expression seems to me, in such a case, highly unsatisfactory. 
For laws require and enjoin a conjunction of things which can be contemplated 
separately, and which would be disjoined if the law did not exist. It is a law of 
nature that terrestrial bodies, when free-fall downwards; for we can easily conceive 
such bodies divested of such a property. But we cannot say, in the same sense, 
that the impossibility of two straight lines inclosing a space arises from a law; for 
if they are straight lines, they need no law to compel this result. We cannot conceive 
straight lines exempt from such a law. To speak of this property as imposed by a 
law, is to convey an inadequate and erroneous notion of the close necessity, 
inviolable even in thought, by which the truth clings to the conception of the lines. 


26. This expression of "laws of belief," appears to have found favor, on this 
account among others, that it recognizes a kind of analogy between the grounds of 
our reasoning on very abstract subjects, and the principles to which we have 
recourse in other cases when we manifestly derive our fundamental truths from 
facts, and when it is supposed to be the ultimate and satisfactory account of them 
to say, that they are laws of nature learnt by observation. But such an analogy can 
hardly be considered as a real recommendation by the metaphysician; since it 
consists in taking a case in which our knowledge is obviously imperfect and its 
grounds obscure, and in ending this case into an authority which shall direct the 
process and control the enquiry of a much more profound and penetrating kind of 
speculation. It cannot be doubted that we are likely to see the true grounds and 
evidence of our doctrines much more clearly in the case of Geometry and other 
rigorous systems of reasoning, than in collections of mere empirical knowledge, or 
of what is supposed to be such. It is both an unphilosophical and an indolent 
proceeding, to take the latter cases as a standard for the former. 


27. I shall therefore consider it as Established, that in Geometry our reasoning 
depends upon axioms as well as definitions,—that the evidence of the truth of the 
axioms and of the propriety of the definitions resides in the idea of space,—and 
that the distinct possession of this idea, and the consequent apprehension of the 
Truth of the axioms which are its various aspects, is supposed in the student who 
is to pursue the path of geometrical reasoning. This being understood, I have little 
further to observe on the subject of Geometry. I will only remark—that all the 
conclusions which occur in the science follow purely from those first principles of 
which we have spoken;—that each proposition is rigorously proved from those 
which have been proved previously from such principles;—that this process of 
successive proof is termed Deduction;—and that the rules which secure the 
rigorous conclusiveness of each step are the rules of Logic, which I need not here 
dwell upon. 


28. But I now proceed to consider some other questions to which our 
examination of the evidence of Geometry was intended to be preparatory;—How far 
do the statements hitherto made apply to other sciences? for instance, to such 


sciences as are treated of in the present volume, Mechanics and Hydrostatic. To 
this I reply, that some such sciences at least, as for example the science of Statics, 
appear to me to rest on foundations exactly similar to Geometry:—that is to say, 
that they depend upon axioms,—self-evident principles, not derived in any 
immediate manner from experiment, but involved in the very nature of the 
conceptions which we must possess, in order to reason upon such subjects at all. 
The proof of this doctrine must consist of several steps, which I shall take in order. 


29. In the first place, I say that the axioms of Statics are self-evidently true. In 
the beginning of the preceding Treatise, I have stated these barely as axioms, 
without addition or explanation, as the axioms of Geometry are stated in treatises 
on that subject. And such is the proper and orderly mode of exhibiting axioms; for, 
as has been said, they are to be understood as an expression of the condition of 
conception of the student. They are not to be learnt from without, but from within. 
They necessarily and immediately flow from the distinct possession of that idea, 
which if the student does not possess distinctly, all conclusive reasoning on the 
subject under notice is impossible. It is not the business of the deductive reasoner 
to communicate the apprehension of these truths, but to deduce others from them. 


30. But though it may not be the author's business to elucidate the truth of 
the axioms as a deductive reasoner, it may still be desirable that he should do so 
as a philosophical teacher; and though it may not be possible to add anything to 
their evidence in the mind of him who possesses distinctly the idea from which 
they flow, it may be in our power to the beginner in obtaining distinct possession 
of this idea and unfolding it into its consequences. Accordingly, I have made some 
Remarks of this kind, tending to illustrate the self-evident nature of the *Axioms " 
of Statics and of Hydrostatics; and have inserted them in Book 1. and Book 2. 
respectively. 


31. Some of the Axioms which are stated in Book 3, on the Laws of Motion, give 
occasion to remarks similar to those already made. "Thus Axiom 4, which asserts 
that if particles move in such a manner as always to preserve the same relative 
distances and positions, their motions will not be altered by supposing them rigidly 
connected, is evident by the same considerations as the Axioms concerning flexible 
and fluid bodies, already noticed in Book II. For the forces of rigidity are forces 
which would prevent a change of the distances and relative positions of the 
particles if there were a tendency to any such change; and if there be no such 
tendency, it makes no difference whether the potential resistance to be present or 
absent. 


32. The 5th Axiom of Book in. which asserts that forces producing parallel and 
equal velocities at the same time, may be conceived to be, added; and the 6th 
Axiom, which asserts that in systems in motion the action and re-action are equal 
and opposite, are applications of what is stated in the second sentence of this third 
Book;—that the Definitions and Axioms of Statics are adopted and assumed in the 
case of bodies in motion. In the third Book, as in the first, forces are conceived as 
capable of addition, and matter is conceived as that which can resist force, and 
transmit it unaltered; 


The 3:14, 8th, and 9th Axioms of Book III, like the 7th of Book II, are introduced 
to avoid the reasoning which depends on Limits. 


33. In the case of Mechanics, as in the case of Geometry, the distinctness of 
the idea is necessary to a full apprehension of the truth of the axioms; and in the 
case of mechanical notions, it is far more common than in Geometry, that the 
axioms are imperfectly comprehended, in consequence of the want of distinctness 
and exactness in men's ideas. Indeed, this indistinctness of mechanical notions 
has not only prevailed in many individuals at all periods, but we can point out 
whole centuries, in which it has been, so far as we can trace, universal. And the 
consequence of this was, that the science of Statics, after being once established 
upon clear and sound principles, again fell into confusion, and was not understood 
as an exact science for two thousand years, from the time of Archimedes to that of 
Galileo and Stevinus. 


34. In order ‘to illustrate this indistinctness of mechanical ideas, I shall take 
from an ancient Greek writer an attempt to solve a mechanical problem; namely, 
the Problem of the Inclined Plane. The following is the mode in which Pappus 
professes' to answer this question:—"To find the force which will support a given 
weight A upon an inclined plane." 


Let HK be the plane; let the weight A be formed into a sphere: let this 
sphere be placed in contact with the plane HK touching 
it in the point L, and let E be its center. Let EG be a 
horizontal radius, and LF a vertical line which meets it. 
Take a weight B which is to A as EF to FG. Then if A and 
B be suspended at E and G to the lever EFG of which 
the center of motion is F, they will balance; being 
supported, as it were, by the fulcrum LF. And the 
sphere, which is equal to the weight A, may be 
supposed to be collected at its center. If therefore B act 
at G, the weight A will be supported. 


It may be observed that in this, attempt, the 
confusion of ideas is such, that the author assumes a weight which acts at G, 
perpendicularly on the lever EFG, and which is therefore a vertical force, as 
identical with a force which acts at G, to support the body in the inclined plane, 
and which is parallel to the plane. 


35. When this kind of confusion was remedied, and when men again acquired 
distinct notions of pressure, and of the transmission of pressure from one point to 
another, the science of Statics was formed by Stevinus, Galileo, and their 
successors." 


* Pappus, B. viii. Prop. ix. I purposely omit the confusion produced by this 
author's mode of treating the question, which he inquires the force which will draw 
a body up the inclined plane. 

* See History of, the Inductive Sciences, B, vi. chap. I. sect. 2, On, the Revival 
of the Scientific Idea of Pressure. 


The fundamental idea of Mechanics being thus acquired, and the requisite 
consequences of them stated in axioms, our reasonings proceed by the same 1 
rigorous line of demonstration, and under the same logical rules as the reasonings 
of Geometry; and we have a science of Statics which is, like Geometry, an exact 
deductive science. 


Section 2. On the Logic of Induction. 


36. There are other portions of Mechanics which require to be considered in 
another manner; for in these there occur principles which are derived directly and 
professedly from experiment and observation. The derivation of principles by 
reasoning from facts is performed by a process which is termed Induction, which 
is very different from the process of Deduction already noticed, and of which we 
shall attempt to point out the character and method. 


It has been usual to say of any general truths, established by the consideration 
and comparison of several facts, that they are obtained by Induction; but the 
distinctive character of this process has not been well pointed out, nor have any 
rules been laid down which may prescribe the form and ensure the validity of the 
process, as has been done for Deductive reasoning by common Logic. The Logic of 
Induction has not yet been constructed; a few remarks on this subject are all that 
can be offered here. 


37. The Inductive Propositions, to which we shall here principally refer as 
examples of their class, are those elementary principles which occur in considering 
the motion of bodies, and of which some are called the Laws of Motion." They are 
such as these;—a body not acted on by any force will move on forever uniformly in 
a straight line;—gravity is a uniform force;— if a body in motion be acted upon by 
any force, the effect of the force will be compounded with the previous motion;— 
when a body communicates motion to another directly, the momentum lost by the 
first body is equal to the momentum gained by the second. And I remark, in the 
first place, that in collecting such propositions from facts, there occurs a step 
corresponding to the term “Induction” (ézayoy inductio. Some notion is 
superinduced upon the observed facts. In each inductive process, there is some 
general idea introduced, which is given, not by the phenomena, but by the mind. 
The conclusion is not contained in the premises, but includes them by the 
introduction of a new generality. In order to obtain our inference, we travel beyond 
the cases we have before us; we consider them as exemplifications of, or deviations 
from, some ideal case in which the relations are complete and intelligible. We take 
a standard, and measure the facts by it; and this standard is created by us, not 
offered by Nature. Thus, we assert, that a body left to itself will move on with 
unaltered velocity, not because our senses ever disclosed to us a body doing this, 
but because (taking this as our ideal case) we find that all actual cases are 
intelligible and explicable by mean of the notion of forces which cause change of 


* Inductive Propositions in this work are, Book II. Propositions 25,26 32, 36, 
37; Book III. Prop. 2, 3, 8,13. 


motion, and which are exerted by surrounding bodies. In like manner, we see 
bodies striking each other, and thus moving, accelerating, retarding, and stopping 
each other; but in all this, we do not, by our senses, perceive that abstract quantity, 
momentum, which is always lost by one as it is gained by another. This momentum 
is a creation of the mind, brought in among the facts, in order to convert their 
apparent confusion into order, their seeming chance into certainty, their 
perplexing variety into simplicity. This the idea of momentum gained and lost does; 
and, in like manner in any other case in which inductive truths are established, 
some idea is introduced, as the means of passing from the facts to the truth. 


38. The process of mind of which we here speak can only be described by 
suggestion and comparison. One of the most common of such comparisons, 
especially since the time of Bacon, is that which speaks of induction as the 
interpretation of facts. Such an expression is appropriate; and it may easily be seen 
that it includes the circumstance which we are now noticing;—the superinduction 
of an idea upon the facts by the interpreting mind. For when we read a page, we 
have before our eyes only black and white, form and color; but by an act of the 
mind, we transform these perceptions into thought and emotion. The letters are 
nothing of themselves; they contain no truth, if the mind does not contribute its 
share: for instance, if we do not know the language in which the words are written. 
And if we are imperfectly acquainted with the language, we become very clearly 
aware how much a certain activity of the mind is requisite in order to convert the 
words into propositions, by the extreme effort which the business of interpretation 
requires. Induction, then, may be conveniently described as the interpretation of 
phenomena. 


39. But I observe further, that in thus inferring truths from facts, it is not only 
necessary that the mind should contribute to the task its own idea, but, in order 
that the propositions thus obtained may have any exact import and scientific value, 
it is requisite that the idea be perfectly distinct and precise. If it be possible to 
obtain some vague apprehension of truths, while the ideas in which they are 
expressed remain indistinct and ill-defined, such knowledge cannot he available 
for the purposes we here contemplate. In order to construct a science, all our 
fundamental ideas must be distinct; and among them, those which Induction 
introduces. 


40. This necessity for distinctness in the ideas which we employ in Induction, 
makes it proper to define, in a precise and exact manner, each idea when it is thus 
brought forwards. Thus, in establishing the propositions which we have stated as 
our examples in these cases, we have to define force in general; uniform force; 
compounding of motions; momentum. The construction of these definitions is an 
essential part of the process of Induction, no less than the assertion of the 
inductive truth itself. 


41. But in order to justify and establish the inference which we make, the ideas 
which we introduce must not only be distinct, but also appropriate. They, must be 
exactly and closely applicable to the facts; so that when the idea is in our 
possession, and the facts under our notice, we perceive that the former includes 
and takes up the latter. The idea is only a more precise mode of apprehending the 


facts, and it is empty and unmeaning if it be anything else; but if it be thus 
applicable, the proposition which is asserted by means of it is true, precisely 
because the facts are facts. When we have defined force to be the cause of change 
of motion, we see that, as we remove external forces, we do, in actual experiments, 
remove all the change of motion; and therefore the, proposition that there is in 
bodies no internal cause of change of motion, is true. When we have defined 
momentum to be the product of the velocity and quantity of matter, we see that in 
the actions of bodies, the effect increases as the momentum increases; and by 
measurement, we find that the effect may consistently be measured by the 
momentum. The ideas here employed are not only distinct in the mind, but 
applicable in the world; they are the elements, not only of relations of thought, but 
of laws of nature. 


42. Thus an inductive inference requires an idea from within, facts from 
without, and a coincidence of the two. The idea must be distinct, otherwise we 
obtain no scientific truth; it must be appropriate, otherwise the facts cannot be 
steadily contemplated by means of it; and when they are so contemplated, the 
Inductive Proposition must be seen to be verified by the evidence of sense. 


It appears from what has been said, that in establishing a proposition by 
Induction, the definition of the idea and the assertion of the truth, are not only both 
requisite, but they are correlative. Each of the two steps contains the verification 
and justification of the other. The proposition derives its meaning from the 
definition; the definition derives its reality from the proposition. If they are 
separated, the definition is arbitrary or empty, the proposition is vague or verbal. 


43, Hence we gather, that in the Inductive Sciences, our Definitions and our 
Elementary Inductive Truths ought to be introduced together. There is no value or 
meaning in definitions, except with reference to the truths which they are to 
express. Discussions about the definitions of any science, taken separately, cannot 
therefore be profitable, if the discussion do not refer, tacitly or expressly, to the 
fundamental truths of the science; and in all such discussions, it should be stated 
what are taken as the fundamental truths. With such a reference to Elementary 
Inductive Truths clearly understood, the discussion of Definitions may be the best 
method of arriving at that clearness of thought, and that arrangement of facts, 
which Induction requires. 


I wil now note some of the differences which exist between Inductive and 
Deductive Reasoning, in the modes in which they are presented, 


44. One leading difference in these two kinds of reasoning is, that in Deduction 
we infer particular from general truths; in Induction, on the contrary, we infer 
general from particular. Deductive proof consists of many steps, in each of which 
we apply known general propositions in particular cases;—“all triangles have their 
angles equal to two right angles, therefore this triangle has; therefore, etc." In 
Induction, on the other hand, we have a single step in which we pass from many 
particular Propositions to-one general proposition; "This stone falls downwards; 
so, do those others;—all stones fall downwards." And the former inference flows 
necessarily from the relation of general and particular; but the latter, as we have 


seen, derives its power of convincing from the introduction of a new idea, which is 
distinct and appropriate, and which supplies that generality which the particulars 
cannot themselves offer. 


45. I observe also that this difference of process in inductive and deductive 
proofs, may be most properly marked by a difference in the form in which they are 
stated. In Deduction, the Definition stands at the beginning of the proposition; in 
Induction, it may most suitably stand at or near the end. Thus, the definition of a 
uniform force is introduced in the course of the proposition that gravity is a 
uniform force. And this arrangement represents truly the real order of proof; for, 
historically speaking, it was taken for granted that gravity was a uniform force; but 
the question remained, what was the right definition of a uniform force. And in the 
establishment of other inductive principles, in like manner, definitions cannot be 
laid down for any useful purpose, till we know the propositions in which they are 
to be used. They may therefore properly come each at the conclusion of its 
corresponding proposition. 


46. The ideas and definitions to which we are thus led by our inductive process, 
may bring with them Axioms. Such Axioms may be self-evident as soon as the 
inductive idea has been distinctly apprehended, in the same manner as was 
explained respecting the fundamental ideas of Geometry and Statics. And thus 
Axioms, as well as Definitions, may come at the end of our Inductive, Propositions; 
and they thus assume their proper place at the beginning of the deductive 
propositions which follow them, and are proved from them. Thus, in Book 3, 
Axioms 8 and 9, come after the definition of Accelerating Force, and stand between 
Propositions 13 and 14. 


47. Another peculiarity in inductive reasoning may be noticed. In a deductive 
demonstration, the reference is always to what has been already proved; in 
establishing an Inductive Principle, it is most convenient that the reference should 
be to subsequent propositions. For the proof of the Inductive Principle consists in 
this;—that the principle being adopted, consequences follow which agree with fact; 
but the demonstration of these consequences may require many steps, and several 
special propositions. Thus, the Inductive Principle, that gravity is a uniform force, 
is established by shewing that the law of descent, which falling bodies follow in 
fact, is explained by means of this principle; namely, the law that the distance is 
as the square of the time from the beginning of the motion. But the proof of such 
a property, from the definition of a uniform force, requires many steps, as may be 
seen in the preceding Treatise, Book 3. Proposition 5: and this proof must be 
referred to, along with several others, in order to establish the truth, that gravity 
is a uniform force. 


48. It may be suggested, that, this being the case, the propositions might be 
transposed, so that the inductive proof might come after those propositions to 
which it refers. But if this were done, all the propositions which depend upon the 
laws of motion must be proved hypothetically only. For instance, we must say, “If, 
in the communication of motion, the momentum lost and gained be equal, the 
velocity acquired by a body falling down an inclined plane, will be equal to that 
acquired by falling down the height." This would be inconvenient, and even if it 


were done, that completeness in the line of demonstration which is the object of 
the change, could not be obtained; for the transition from the particular cases to 
the general truth, which must occur in the Inductive Proposition, could not be in 
any way justified according to rules of Deductive Logic. 


I have, therefore, in the preceding pages, placed the Inductive Principle first in 
each line of reasoning, and have ranged after it the Deductions from it, which 
justify and establish it, as their first office, but which are more important as its 
consequences and applications, after, it is supposed to be established. 


49. I have used one common formula in presenting the proof of each of the 
Inductive Principles which I have introduced; namely, after stating or exemplifying 
the facts which the induction includes, I have added *These results can be clearly 
explained and rigorously deduced by introducing the Idea or the Definition" which 
belongs to each case, “and the Principle" which expresses the inductive truth. I do 
not mean to assert that this formula is the only right one, or even the best; but it 
appears to me to bring under notice the main circumstances which render an 
induction systematic and valid. 


50. It may be observed, however, that this formula does not express the full 
cogency of the proof. It declares only that the results can be clearly explained and 
rigorously deduced by the employment of a certain definition and a certain 
proposition. But in order to make the conclusion demonstrative, we ought to be 
able to declare that the results can be clearly explained and rigorously deduced 
only by the definition and proposition which we adopt. And, in reality, the 
mathematician's conviction of the truth of the Laws of Motion does depend upon 
his seeing that they (or laws equivalent to them) afford the only means of clearly 
expressing and deducing the actual facts. But this conviction, that no other law 
than those proposed can account for the known facts, finds its place in the mind 
gradually, as the contemplation of the consequences of the law and the various 
relations of the facts becomes steady and familiar. I have therefore not thought it 
proper to require such a conviction along with the first assent to the inductive 
truths which I have here stated. 


51. The propositions established by Induction are termed Principles, because 
they are the starting points of trains of deductive reasoning. In the system of 
deduction, they occupy the same place as axioms; and accordingly, they are termed 
so by Newton—‘Axiomata sive leges motus." Stewart objects strongly to this 
expression:' and it would be difficult to justify it; although to draw the line between 
Axioms and inductive principles may be a harder task than at first appears. 


52. But from the consideration that our Inductive Propositions are the 
principles or beginnings of our deductive reasoning, and so far at least stand in 
the place of axioms, we may gather this lesson,—that they are not to be multiplied 
without necessity. For instance, if in a treatise on Hydrostatics, we should state as 
separate propositions, that “air has weight; and that “the mercury in the 
barometer by the weight of the air:” and should prove both the one and the other 
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by reference to experiment; we should offend against the maxims of Logic. These 
propositions are connected; the latter may be demonstrated deductively from the 
former; the former may be inferred inductively from the facts which prove the latter. 
One of these two courses ought to be adopted; we ought not to have two ends of 
our reasoning up-wards, or two beginnings of our reasoning downwards. 


53. I shall not now extend these Remarks further. They may appear to many 
barren and unprofitable speculations; but those who are familiar with such 
subjects, will perhaps find in them something which, if well founded, is not without 
some novelty for the English reader. Such will, I think, be the case, if I have 
satisfied him,—that mathematical truth depends on Axioms as well as 
Definitions,—that the evidence of geometrical Axions is to be found only in the 
distinct possession of the Idea of Space,—that other branches of mathematics also 
depend on Axioms,—and that the evidence of these Axioms is to be sought in some 
appropriate Idea;—that the evidence of the Axioms of Statics, for instance, resides 
in the Ideas of Force and Matter that in the process of Induction the mind must 
supply an Idea in addition to the Facts apprehended by the senses;—that in each 
such process we must introduce one or more Definitions, as well as a 
Proposition;—that the Definition and the Proposition are correlative, neither being 
useful or valid without the other;—and that the Formula of inductive reasoning 
must be in many respects the reverse of the common logical formulae of deduction. 


THE END 
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PREFACE. 


By calling this little work The Mechanical Euclid, 
I mean to imply, that I have aimed at making it such 
a coherent system of exact reasoning, as that for which 
Euclid's name is become a synonym. Such a system of 
Mechanics, when once constructed, can hardly fail to 
be of use in that disciplinal employment of Mathematics 
in which Euclid's Elements of Geometry have hitherto 
most deservedly held their place without a rival, And 
such an application of the elementary portions of Me- 
chanics and Hydrostatics having been resolved upon 
by the University of Cambridge, and having been 
appointed as an essential part of the examinations 
for the usual degrees, I have very gladly made my 
attempt to produce such a Manual as this occasion 
seems to require. It is proper to state, however, that 
though I had the honour to be one of the members 
of the Syndicate which drew up the Report recom- 
mending this change in the University examinations, 
(a recommendation adopted by the Senate), I am not 
in any degree authorized to put forth this book in 
any public capacity. The responsibility for every- 
thing which it contains, both as to plan and execu- 
tion, rests upon me as an individual. The Treatise 
has no claim to adoption except what depends upon 
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its own merits, and its consistency with the decrees 
and usages of the University in respect to examina- 
tions. 

Although the work is now published with imme. 
diate reference to the new scheme of examination, 
it will easily be seen that it does not refer solely to 
that object. I have introduced many propositions 
into my series, which do not occur in the list of 
Propositions published by the the University as re- 
quisite for a degree. This I have done, partly in 
order to make the proofs rigorous and the proposi- 
tions of more convenient length and form; and partly 
in order to afford the means of extending this line of 
examination hereafter, if it should be thought desir. 
able to do so. For the latter purpose I have also 
added to the two Books on Statics and on Hydro. 
statics, a third Book on the Laws of Motion. 

The cases in Mechanics in which fundamental 
principles are proved by reference to facts, appeared 
to me to afford a favourable opportunity of giving, 
if possible, greater precision to the phrase, so com- 
monly employed, of Reasoning by Induction. In 
order to mark as distinctly as I could the nature of this 
reasoning, I have reduced all the proofs of this kind 
which occur in the resent work, to one common shape 
or formula. And in the Remarks at the end of the 
work, I have endeavoured to point out the generai 
applicability of this formula, the conditions on which 
its conclusiveness depends, and the lessons which it 
suggests. If this attempt to draw the outline of c 
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system of Inductive Logic, different from the com- 
mon Syllogistic or Deductive Logic, be in any degree 
successful, it must, I think, be considered as an ap- 
proximation to the solution of a very prominent and 
important problem. 

The Remarks to which I have just referred 
contain moreover some reflections upon the use of 
Mathematics, especially mired Mathematics, as an 
instrument of education; and also some observations 
upon the grounds of Mathematical Reasoning. These 
observations are closely connected with the views here 
presented respecting the peculiarities cf Inductive 
Reasoning. I should wish the remarks now offered 
to be taken in connexion with those which I published 
a little while ago, under the title of ** Thoughts on 
the Study of Mathematics, as a Part of a Liberal 
Education;" a pamphlet in which I recommended a 
change in the examinations of the University, such as 
has now been adopted. The whole subject of the 
grounds of tbe truth of our mechanical doctrines 
will, I hope, be found to derive much illustration 
from the History of Mechanics contained in my 
* History of the Inductive Sciences." 


In my remarks on Mathematical Reasoning, I 
have not hesitated to dissent from the views pro- 
pounded by the late Professor Dugald Stewart, and 
I have stated my dissent and the reasons for it with- 
out ceremony. I am persuaded that no one who is 
solicitous about truth in such matters, will see in 
“this course any want of respect for that amiable and 
instructive writer. 
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The wish to put the elementary portions of Me- 
chanics in a form in which they might be extensively 
studied in Universities, led me, a few years ago, to 
publish a little work under the title of ‘ The First 
Principles of Mechanics, with Historical and Practical 
Illustrations.” But the effect of mixed Mathematics 
as a discipline is, I conceive, likely to be far better 
answered by the more rigorous scheme of Mechanics 
which the University has sanctioned, than by such a 
treatment of the subject as was then presented; and 
the Historical Illustrations, which appeared to excite 
some interest in the public, are given much more 
completely in the History to which I have just re- 
ferred. I shall therefore consider these ** First Prin- 
ciples” as now superseded, and shall not republish 
the work. The Practical Illustrations may be per- 
haps incorporated in some future publication in an 
improved form. ; 

I have prefixed to the Mechanical part of the 
present volume an Introduction, in which I have given 
those propositions of Pure Mathematics which are 
requisite in the course of my reasoning. The Alge- 
braical part of this Introduction is taken, with little 
alteration, from the well-established Treatise of Dr 
Wood, by the kind permission of the Author. 

The Propositions fixed upon by the University 
as requisite for the degree of Bachelor of Arts are 
marked with an asterisk, thus, * Pror. II. 
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INTRODUCTION. 


ELEMENTARY PURE MATHEMATICS. 


ALGEBRA. 
*(1.) To define and explain Algebraical Signs. 


Art. 1. Tue method of representing the rela- 
tion of abstract quantities by letters and characters, 
which are made the signs of such quantities and their 
relations, is called ALGEBRA. 

Known or determined quantities are usually repre- 
sented by the first letters of the alphabet a, b, c, d, &c. 
and unknown or undetermined quantities by the last 
Y, V, W, &c. 

The following signs are made use of to express 
the relations which the quantities bear to each other. 


2. + Plus, signifies that the quantity to which 
it is prefixed must be added. Thus a + b signifies 
that the quantity represented by b is to be added to 
the quantity represented by a; if a represent 5, and 
b, 7, then a +b represents 12. 

If no sign be placed before a quantity, the sign 
+ is understood. Thus a signifies + a. Such quan- 
tities are called positive quantities. 


3. — Minus, signifies that the quantity to which 
it is prefixed must be subtracted. Thus, a — b sig- 
nifies that b must be taken from a; if a be 7, and b, 5, 
a — b expresses 7 diminished by 5, or 2. 

Quantities to which the sign — is prefixed are 
called negative quantities. 

A 
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4. x Into, signifies that the quantities between 
which it stands are to be multiplied together. Thus 
a x b signifies that the quantity represented by a is 
to be multiplied by the quantity represented by b*. 

This sign is frequently omitted ; thus abe signi- 
fies a x b x c, or a full point is used instead of it; 
thus 1x 2x3, and 1.2.7 signify the same thing. 


5. If in multiplication the same quantity be 
repeated any number of times, the product is usually 
expressed by placing above the quantity the number 
which represents how often it is repeated ; thus a, 
axa,axaxu,axuaxaxa, and a',«c,«,a', have 
respectively the same signification. These quantities 
are called powers; thus a', is called the first power 
of a; @, the second power, or square of a; a?, the 
third power, or cube of a; a', the fourth power, or 
biquadrate of a. The succeeding powers have no names 
in common use except those which are expressed by 
means of number; thus a’ is the serenth power of a. 
or a to the seventh power; and a" is a to the n™ power. 

The numbers 1, 2, 3, &c. are called the indices of 
a; or exponents of the powers of a. 


6. -- Divided by, signifies that the former of 
the quantities between which it is placed is to bc 
divided by the latter. Thus, a + b signifies that 
the quantity a is to be divided by b. 

The division of one quantity by another is frc- 
quently represented by placing the dividend over the 
divisor with a line betwecn them, in which case the 


: i . LESE 
expression is called a fraction. Thus, i signifies « 


* By quantities, we understand such magnitudes as can be repre- 
sented by numbers; we may therefore without impropriety speak of the 
multiplication, division, &c. of quantities by each other. 
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divided by 5; and a is the mE and b the deno- 
a+b+e 
e+fte 
a, b, and c added together, are to is divided by e, 
f; and g added together. 


minator of the fraction; also ————— Bi Bpnides that 


7. A quantity in the denominator of a fraction is 
also expressed by placing it in the numerator, and 
prefixing the negative sign to its index; thus a-', 
a^" signify a at, Lm A respectively ; 

a` a* a’ a^ 
these are called the negative powers of a. 


a 595 


8. The reciprocal of a fraction is the fraction 
: b. , a *- 
inverted. Thus — is the reciprocal of i aud - is 
a a 
the reciprocal of a. 


9. A line drawn over several quantities signifies 
that they are to be taken collectively, and it is called 
a vinculum. Thus a-b- cx d —e signifies that 
the quantity represented by a — b +c is to be^multi- 
plied by the quantity represented by d — e. Let a 
stand for 6; b, 5; e, 4; d, 3; and e, 1; thena—b+e 
is 6—5 +4, or5; and d—e is 3— 1, or 2; therefore 
a-b+exd—-—eis5x2, or10. ab—cd x ab—cd 
or ab — cd] signifies that the quantity represented by 
ab — cd is to be multiplied by itself. 

Instead of a line, brackets are sometimes used. 
as (ab —cd)’, ja- b +c}. íd - e]. 


10. = Equal to, signifies that the quantities be- 
tween which it is placed are equal to each other, thus 
av —by = cd + ad, signifies that the quantity aw — by 
is equal to the quantity cd + ad. 
A2 
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11. The square root of any proposed quantity is 
that quantity whose square, or second power, gives the 
proposed quantity. "The cube roof, is that quantity 
whose cube gives the proposed quantity, &c. 

The signs 4/, or ¥/, \/, 4/, &c. are used to 
express the square, cube, biquadrate, &c. roots of the 
quantities before which they are placed. 


aè <a, / a =a, / a! = a, &e. 


These roots are all represented by the fractions 3, 4, 4, 
&c. placed a little above the quantities, to the right. 
Thus al, at, al, ai, represent the square, cube, 
fourth and n™ root of a, respectively ; at, a», aè, re- 
present the square root of the fifth power, the cube 
root of the seventh power, the fifth root of the cube 
of a. 


12. If these roots cannot be exactly determined, 
the quantities are called irrational or surds. 


13. Points are made use of to denote proportion, 
thus a : b :: c : d, signifies that a bears the same 
proportion to b that c bears to d. 


14. 'The number prefixed to any quantity, and 
which shews how often it is to be taken, is called its 
coefficient. Thus, in the quantities 7a«, 6by, and 
3dz, 7, 6, and 3 are called the coefficients of ax, by, 
and dz respectively. 

When no number is prefixed, the quantity is to 
be taken once, or the coefficient 1 is understood. 

These numbers are sometimes represented by 
letters, which are called coefficients. 


15. Similar, or like algebraical quantities are 
such as differ only in their coefficients; 4a, 6ab, 9a*, 
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Sa*be, are respectively similar to 15a, 3ab, 12a’, 
15a*bc, &c. 

Unlike quantities are different combinations of 
letters; thus, ab, a*b, ab*, abe, &c. are unlike. 


16. A quantity is said to be a multiple of an- 
other, when it contains it a certain number of times 
exactly: thus 16a is a multiple of 4a, as it contains 
it exactly four times. 


17. A quantity is called a measure of another, 
when the former is contained in the latter a certain 
number of times exactly; thus, 4a is a measure 


of 16a. 
18. When two numbers have no common measure 
but unity, they are said to be prime to each other. 


19. <A simple algebraical quantity is one which 
consists of a single term, as a*bc. 


20. <A binomial is a quantity consisting of two 
terms, as a +b, or 2a — 3bx. A trinomial is a quan- 
tity consisting of three terms, as 2a + bd + 3c. 


21. The following examples will serve to illus- 
trate the method of representing quantities alge- 
braically :— 

Let 428, b=7, c=6, d=5 and e=1; then 

3a —2b + 4c -—e= 24 — 144 24—1 = 33. 
ab + ce—bd = 56+ 6 — 35 = 27 

a+b 3b—-2c 847 21-12 

c-e a-d 6-1. 8-5 


d'xa—-c-8ce! +d =25x%2—18 + 125 
= 50 — 18 + 125 = 157. 
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*(2.) To add and subtract simple Algebraical 
Quantities. 


22. The addition of algebraical quantities is 
performed by connecting those that are unlike with 
their proper signs, and collecting those that are similar 
into one sum. 


Examples : 
Add Add 
cT 5ac 
3c -azr 
7a by 
-248 — ey 
Sum 7w + 5a Sum 4av + by -cy 
a+2ba-y? a+ 3b 
b= be +8y’ a+n—4b 
Sum a 4 b 4 bz 4 23 Sum 2a 4 n — 1b 


23. Subtraction, or the taking away of one 
quantity from another, is performed by changing the 
sign of the quantity to be subtracted, and then 
adding it to the other by the rules laid down in 


Art. 22. 


From Tv From Tæ + 3a 

Subtract E Subtract 5a — c 

Dif. 7v«-cor6z Diff. Tæ + x+ 5a — 3u 
or 8x + 2a 


From 4? + 5ar- y! 
Subtract 3a? — 3aæx+ y* 


Diff. ax + 13az -— 2y 
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*(3. To multiply simple Algebraical Quantities. 


24. The multiplication of simple algebraical 
quantities must be represented according to the no- 
tation pointed out in Art, 4 and 5. Thus, a x b, or 
ab, represents the product of a multiplied by b; 
a bc, the product of the three quantities a, b, and c. 

It is also indifferent in what order they are placed, 
axb and b x a being equal. 


25. If the quantities to be multiplied have co- 
efficients, these must be multiplied together as in com- 
mon arithmetic; the literal product being determined 
by the preceding rules. 

Thus, 3a x 5b 2 15ab; because 

3xax5xb-23x5xaxbz-i15ab. 


26. 'The powers of the same quantity are multi- 
plied together by adding the indices: thus, a’ x à? a^; 
foraaxaaa=aaaaa. In the same manner, 

a" x a= a"*"; and 3a 2 x 5ary’ 
= 5a y, 

27. If the multiplier or multiplicand consist of 
several terms, each term of the latter must be mul- 
tiplied by every term of the former, and the sum of 
all the products taken, for the whole product of the 
two quantities. 

*(4.) To divide simple Algebraical Quantities. 

28. To divide one quantity by another, is to 
determine how often the latter is contained in the 
former, or what quantity multiplied by the latter will 
produce the former. 

Thus, to divide ab by a is to determine how 
often a must be taken to make up ab; that is, what 
quantity multiplied by a will give ab; which we know 
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is b. From this consideration are derived all the rules 
for the division of algebraical quantities. 

If only a part of the product which forms the 
divisor be contained in the dividend, the division 
must be represented according to the direction in 
Art. 6, and the quantities contained both in the 
divisor and dividend expunged. 

15a*b^c 


Thus 15a'b'c divided by 3a*b» is ——— PO which 


5b wee 
is equal to —; expunging from the dividend and 
from the divisor the quantities 3, a°, and b. 


*(5.) To reduce Fractions to others of equal value 
which have a common denominator. 

29. Fractions are changed to others of equal value 
with a common denominator, by multiplying each nu- 
merator by every denominator except its own, for the 
new numerator; and all the denominators together for 
the common denominator. 


Let Po m ? be the proposed fractions; then 
adf cbf edb 


ZTA bay” bf” are fractions of the same value with 

the former, having the common denominator bd f. 
adf a cbf c edb 

For baf” z? bdf^ d and bdf - (Art. 98); 

the numerator and denominator of each fraction having 

been multiplied by the same quantity viz.—the pro- 

duct of the denominators of all the other fractions. 


30. When the denominators of the proposed frac- 
tions are not prime to each other, find their greatest 
common measure; multiply both the numerator and 
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denominator of each fraction by the denominators of 
all the rest, divided respectively by their greatest com- 
mon measure; and the fractions will be reduced to a 
common denominator in lower terms* than they would 
have been by proceeding according to the former rule. 


a b c 
Thus —, —, —, reduced to a common de- 
mo my ms 


À ayx bax cary 
nominator are ; LL; 


RC TSR.) » z 
maoys mays MLYL 


* (6). To add together simple Algebraical Fractions. 
31. If the fractions to be added have a common 
denominator their sum is found by adding the nume- 


rators together and retaining the common denominator. 
Thus, 


2a a 3a 

Pid eds 
a+ a-—m-c 2a 
Em E Hu 


DINDg Ry m 2v-—4y 


a a a 


32. If the fractions have not a common de- 
nominator, they must be transformed to others of the 
same value which have a common denominator, (by 
Art. 29), and then the addition may take place as 
before. Thus, 


a a 5a 8a 8a 
34057 a quo qs 
a a ax ab ax+ab 
Bigs ur s 6.0 


* To obtain them in the lowest terms, each must be reduced to an- 
other of equal value, with the denominator which is the least common 
multiple of all the denominators. 


A5 
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ug b a+b 
b EL I F 
a 6v—a 
p 
Sa 3x 


*(7.) To multiply simple Algebraical Fractions. 


33. To multiply a fraction by any quantity, 
multiply the numerator by that quantity and retain 
the denominator. 

a ac : : 

Thus a For if the quantity to be 
divided be c times as great as before, and the divisor 
the same, the quotient must be c times as great. 


34. 'The product of two fractions is found by 
multiplying the numerators together for a new nu- 
merator, and the denominators for a new denominator. 

c ac 


a e a 
~ and -be the two fractions: then 2 x — = —. 
Let z an i e the two e P3 23 


For if PT v, and IT by multiplying the equal 


quantities z and v» by 4, a = bæ (Art. 28), in the 


same manner c = dy; therefore, by the same axiom, 
ac=hda«y; dividing these equal quantities, ac and 
ac a c 


bdvy by bd, we have ji 7." ug 


*(8). To divide simple Algebraical Fractions. 


35. To divide a fraction by any quantity, mul- 
tiply the denominator by that quantity, and retain 
the numerator. 
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The fraction : divided by c, is E Because 


a ac ee cee 4a . 
Pis and a c™ part of this is Pe the quantity to 


be divided being a c™ part of what it was before, and 
the divisor the same. 


36. To divide a quantity by any fraction, multiply 
the quantity by the reciprocal of the fraction. (Art. 8.) 


b 
If we divide e by ; we obtain Z. For if 
29 Cee d _ be 
C= p CS dE ud dide 


* (9). Algebraical definition of Proportion. 

37. Four quantities are said to be proportionals, 
when the first is the same multiple, part, or parts of 
the second, that the third is of the fourth. 

Thus the four quantities 8, 12, 6, 9, are propor- 
tionals; for 8 is $ of 12, and 6 is $ of 9. 

In this case 4$; = $; and generally a, b, c, d are 


proportionals if : - 5. This is usually expressed by 


saying a is to b, as c to d; and thus represented, 
a:bzc:d. 

The terms a and d are called the extremes, and 
b and c the means. 


The fraction i is called the ratio of a to b. 


*(10). <Algebratcal consequences of Proportion. 
38. When ; = 5, if a be equal to b, c is equal 
to d, and if a be less than b, c is less than d, and if 
a be greater than b, c is greater than d. 
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39. When four quantities are proportionals, the 


product of: the extremes is equal to the product of the 
means. 


Let a, b, c, d be the four quantities; then, since 


they are proportionals, s= ; and by multiplying 
both sides by bd, ad = bc. 
Any three terms in a proportion a:b: e: d 


being given, the fourth may be determined from the 
equation ad = be. 


c 
d 


40. If the first be to the second as the second to 
the third, the product of the extremes is equal to the 
square of the mean. 


For (Art. 39) if a : » :: x: b, abe x. 


41. If the product of two quantities be equal to 
the product of two others, the four are proportionals, 
making the terms of one product the means, and the 
terms of the other the extremes. 


, 


Let xy = ab, then dividing by ay, nie 
a 


or, r: a:b: y. 


, therefore 


e a 
f 2 
d bre: 
43. If four quantities be proportionals, they are 
also proportionals when taken inversely. 


If a:b: ec: d, then b:a:d:c. For 


-5> and dividing unity by each of these equal 


SIR 
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; s : : b d 
quantities; or taking their reciprocals, Phere. (Art. 36) 


that is, b: a s: d: ec. 


44. If four quantities be proportionals they are 
proportionals when taken alternately. 


If a: b: ec: d, thena:c s: b: d. 


Because the quantities are proportionals, 


and multiplying by A -u A ora: € b : d. 

45. Unless the four quantities are of the same 
kind, the alternation cannot take place, because this 
operation supposes the first to be some multiple, part 
or parts, of the third. 

One line may have to another line the same ratio 
that one weight bas to another weight, but a line has 
no relation in respect of magnitude to a weight. In 
cases of this kind, if the four quantities be represented 
by numbers or other quantities which are similar, the 
alternation may take place, and the conclusions drawn 
from it will be just. 


46. If a: b:: c : d, then componendo, 
6:6: ct+d:d. 


; therefore pelea ts 
c+d 
d H 
therefore a+b: b :: ecd : d. 
47. Also dividendo, a-b: b: c—-d : d. 


a4 
therefore 


For Dy therefore 10-25-14 
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therefore = S EN d 


o oq 
therefore a-b : b :: e-d : d. 


18. Also convertendo, a : a — b 


xe: ed. 
a c b d 
For - = m therefore - = -; 
b d a c 
b d 
therefore 1—--1--—-; 
a c 


a- e-d 
therefore 


; therefore a=b : a :: c-d : e: 


and by Art. 43, a: a-b: e: e-d. 


49. If we have any number of sets of propor- 
tionals, and if the corresponding terms be multiplied 
together, the products are proportionals. 


1a:b:ce:d, and p:q x r:s 
and w: 0: $2: yy 
then apu : bav :: era: dey. 


apu Cre : 
bqe dsy’ 
therefore apu : bqv :: evo : 


and multiplying together equals 


50. If the same quantities occur in the antece- 
dents of one set of proportionals and the consequents 


of another set, the resulting proportionals will be 
reduced. 


If 4: b : e: dj and b : e :: d : f. 
then a : e : c : f. 
ab cd 


d 
f ; therefore Pi TA 
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a c 
and - «-; wherefore a : e :: c : f. 
e 


f 


If a: b :: :y, and b:cz s:«, 
and e: d z: s : £, 
then a : d:: s* : ty. 


For de c and sc 
b y c 


abc «zs 
therefore —— = — ; 
bcd — yat 
and expunging common factors in the numerators and 
denominators 


*(11. Of Variation. 


5]. Quantities of the same kind assume different 
values under constant conditions, and when these dif- 
ferent values are compared, the quantities are spoken 
of as variable, and the proportion of the different 
values may be expressed by two terms of a proportion 
instead of four. 

Thus if a man travel with a constant velocity 
(for example 4 miles an hour,) the space travelled over 
in any one time is to the space travelled over in any 
other time as the first time is to the second time; and 
this may be expressed by saying that the space varies 
as the time, or is as the time. 


52. One quantity is said to vary directly as an- 
other when the two quantities depend wholly upon each 
other, in such a manner that if the one be changed the 
other is changed in the same proportion. 
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If the altitude of a triangle be invariable, the area 
varies as the base. For if the base be increased or 
diminished in any proportion, the area is increased or 
diminished in the same proportion. (Euc. vr. 1.) 


53. One quantity is said to vary inversely as 
another, when the former cannot be changed in any 
manner, but the reciprocal of the latter is changed in 
the same manner. 

If the area of a triangle be given the base varies 
as the perpendicular altitude. 

If A, a represent the altitudes, B, b the bases of 
two triangles, since a triangle is half the rectangle on 
the same base and of the same altitude, and the tri- 
angles are equal, 3.4B — 1ab. (See Geometry.) 


Therefore 
1 I 


A:a: 6: B, OPA ae ag. 

54. One quantity is said to vary as others jointly, 
if, when the former is changed in any manner, the pro- 
duct of the others is changed in the same proportion. 

The area of a triangle varies as its altitude and 
base jointly. 

Let 4, B, a, b be the altitudes and bases of two 
triangles as before, and S, s the arcas; then 

S-L1AB,s-lab and S : s :: AB: ab. 
55. In the same manner A: a :: = i zt and 
B b 
A varies as S directly and B inversely. 


56. The symbol o is often used for variation. 
Thus the above variations may be expressed 


1 S 
Ax, Soc AB, Axa. 
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57. When the increase or decrease of one quan- 
tity depends upon the increase or decrease of two 
others, and it appears that if either of these latter be 
constant, the first varies as the other, when they both 
vary, the first varies as their product. 

Thus, if V be the velocity of a body moving 
uniformly, 7" the time of motion, and S the space 
described; if T be constant Soc V; if V be constant 
S oc T; but if neither be constant S 2c TV. 


Let s, v, ¢ be any other velocity, space and time; 
and let X be the space described with the velocity v 
in the time 7’: then 

S: X :: V: v, because T is the same in both, 
A: s T: t, because v is the same in both. 
"Therefore (Art. 50.) 


I$: 8 5 TV: tv; that is, S oc TV. 


(12.) Of Arithmetical Progression. 


58. Quantities are said to be in arithmetical 
progression, when they increase or decrease by a com- 
mon difference. 


Thus 1, 3, 5, 7, 9, &c., where the increase is by the 
difference 2; 


a, a+b, a+2b, a + 3b, &c. where the increase 
is by the difference b; 
9a 4-72, 8a4+ 67, 7a + 5v, &c. where the de- 
crease is by the difference a + c; 
are in arithmetical progression. 


59. To find any term of an arithmetical pro- 
gression, multiply the difference by the number of the 
term minus one, and add the product to the first term, 
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if the progression be an increasing one, or subtract the 


product, if a decreasing one. 
Thus the 10 term of 1, 3, 5, &c. is 1 +9 x 2 = 19. 


The n term of a, a +b, a + 2b, &c. is a +n — 15. 
The 6" term of 9a 4 70, 8a + 62, &c. is 
9a4-79—5(n*27)-29ar1v—5a—5vr 2 tas a. 
60. ‘To find the sum of an arithmetical pro- 
gression, multiply the sum of the first and last terms 


by half the number of terms. 
'Thus the sum of 10 terms of 1, 3, 5, &c. is 


(1 + 19) x 5 = 100. 
to 19 (10 terms) = s, 


to 1(10 terms) =s; 
to 20 (10 terms) = 2s, 


For if 14 3+ 5+ &c. 
19 4-17 + 15 + &c. 
90 + 90 + 20 + &c. 


therefore 
20 x 10 = 2s, or 20x 5 — 8. 


or 
Also z terms of a, a+b, a+ 2b, &c. 


p n 
-(2a4n-10);. 


For if a + (a +b) + (a + 25) + &c. 
to a +n —1b(n terms) = 8 
(a+ n — 15) + (a n — 2b) + &c. 
to a(n terms) 2 5; 
therefore (2a +n — 15) + (2a + n-1 b) + &e. 
(n terms) = 25; 


therefore (Qa +n — 15) xn 22s 


---— ? 
and (2a +n — 15) x 2 — s. 
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(13.) Of Geometrical Progression. 


61. Quantities are said to be in geometrical pro- 
gression, or continual proportion, when the first is to 
the second as the second to the third, and as the third 
to the fourth, &c. 

Or when every succeeding term is a certain mul- 
tiple or part of the preceding term. 

Thus 8, 12, 18, 27 are in continued proportion or 
in geometric progression. In this case the terms are 


3 3 € 3 3 3 
8, 8x-, 8x-x-, 8x-xX-X-, 
9 2 do T tee. 


3 3\ 7 3S 
or 8, 8*x-, ax (2). 8 x (2). 
2 2 2 


In like manner a, ar, a7?, ar are in geometric 
progression. 


62. Tbe multiplier by which each term is ob- 


tained from the preceding is called the common ratio. 


63. To find any term of a geometrical progression, 
multiply the first term by that power of the common 
difference which has for its exponent the number of 
the term minus oue. 

Thus the 5th term of the progression 8, 12, 18, 
&c. is, 


And the n™ term of a, ar, af, &c. is ar-*. 


64. To find the sum of an increasing geometrical 
progression, multiply the last term by the common 
ratio, subtract from the product the first term, and 
divide the remainder by the excess of the common 
ratio above unity. 
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Thus the sum of 5 terms of 8, 12, 18, &c. is 


81 3 
—x--8 
2079 243 -32 1 210 2 
- —— +> = — = 1054. 
3 4 2 2 
sl 


And the sum of n terms of a, ar, ar*, &c. is 


ar'-'xr-a ar-a 


r-i pel 
For if a+ar+ar* + kc. 
+ ar"-! (n terms) = s, 
multiplying by r, ar+ ar? + &c. 
parar! (n terms) = rs, 
and subtracting, ar^ —-a-rs—s«e(r—1)s&, 


ar'—a 
whence — — — = s. 
T—1 
GEOMETRY. 


Evements or Geometry. Evcin, Books *1, 
*11, *111, 1v. 


Book v. *Definition of Proportion. 


The first of four magnitudes is said to have the 
same ratio to the second which the third has to the 
fourth, when—any equi-multiples whatsoever of the 
Jirst and third being taken, and any equi-multiples 
whatsoever of the second and fourth,—if the multiple 
of the first be less than that of the second, the multiple 
of the third is also less than that of the fourth; or if 
the multiple of the first be equal to the multiple of the 
second, the multiple of the third is also equa! to that 
of the fourth ; or if the multiple of the first be greater 
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than that of the second, the multiple of the third is 
also greater than that of the fourth. 

Ratio is the relation of quantities in respect of pro- 
portion, so that if a, b, c, d be proportional, the ratio 
of a to b is equal to the ratio of c to d. 


*Lemma 1. If magnitudes be proportionals accord- 
ing to the algebraical definition of proportion, they 
are also proportionals according to the geometrical 
definition. 

If magnitudes a, b, c, d be proportionals alge- 
braically, ; = j therefore € - a f 
mc are any equi-multiples of a, c, and nb, nd, any 
equi-multiples of b, d; and if ma be less than 
nb, mc is less than md; and if equal, equal; and if 
greater, greater. (Art. 38.) Therefore the magnitudes 
a, b, c, d are proportionals according to the geome- 
trical definition. 


where ma, 


Lemma 2. If magnitudes be proportionals ac- 
cording to the geometrical definition, they are also 
proportionals according to the algebraical definition. 

If a : b :: c: d according to the geometrical defini- 
tion, suppose, first, a to be any multiple, part, or parts 


n 
of b, so that a = be therefore ma = nb, therefore 


n 
by the definition me — nd; therefore - ae also 
z= = 5 therefore = 

Hence : - 5» whenever a is any multiple, part, 


or parts of b. But when the quantities a, b, c, d are 
determined by any geometrical conditions, the fractions 
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a Ps. : 
5 and d will be equal or unequal according to those 


conditions, and the algebraical equation will express the 
results of these conditions generally, without regard to 
magnitude. Therefore the equality cannot depend 
upon that particular magnitude of a or b, which makes 
a some multiple, part, or parts of b. Therefore, since, 
for those magnitudes of « and b for which « is a mul- 


: a. c t 
tiple, part, or parts of b, ; is equal to 7 these fractions 
must be equal without any such restriction, and we 

a c 
shall have in all cases ~ =-. 

i bd 

Hence when quantities have been proved to be 
geometrically proportional, we may apply to them all 


those results of algebraical proportion which have been 
already proved, in Arts. 38 to 50. 


EUCLID, Boox VI. 


DEriNiTIoN 1. The altitude of any figure is the 
straight line drawn from the vertex perpendicular to 
the base. 


Der. 2. Similar rectilincal figures are those which 
have their several angles respectively equal, and the 
sides about the equal angles respectively proportion- 
als. 


*Pnor. 1. ‘Triangles and parallelograms of the 
same altitude are to one another as their bases. 


*Pnor. 11. If a straight line be drawn parallel 
to one of the sides of a triangle, it shall cut the 
other sides, or those produced, proportionally; and 
if the sides, or the sides produced, be cut propor- 
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tionally, the straight line which joins the points of 
section shall be parallel to the remaining side of the 
triangle. 


*Prop. m1. If the angle of a triangle be divided 
by a straight line cutting the base, the segments of 
the base shall have the same ratio as the other side 
of the triangle; and if the segments of the base are 
to each other as the other sides of the triangle, the 
straight line drawn from the vertex to the point of 
section, bisects the vertical angle. 


Pror. A. If the exterior angle of a triangle, 
made by producing one of its sides, be bisected by 
a straight linc, which also cuts the base produced ; 
the segments between the dividing line and the extre- 
mities of the base are to cach other as the other sides 
of the triangle; and if the segments of the base pro- 
duced are to each other as the other sides of the 
triangle, the straight line drawn from the vertex to 
the point of section divides the exterior angle of the 
triangle into two cqual angles. 


*Pnor. iv. The sides about the equal angles 
of equiangular triangles are proportionals ; and those 
which are opposite to the equal angles are homologous 
sides; that is, are the antecedents or conscquents of 
the ratios. 


‘on. to Prop. rv. Since it has been shewn 
(Lemma 2) that when quantities are proportionals 
geometrically, they are proportionals algebraically : 
all the consequences which are proved of algebraical 
proportion (Arts. 37 to 50) may be asserted of the 
proportionals in Props. 1, 11, 111, A, IV of this Book vr. 
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EUCLID, Boox XI. 


Der. 1. A straight line is perpendicular or at 
right angles to a plane, when it makes right angles 
with every straight line meeting it in that plane. 

Der. 2, A plane is parallel to another plane when 
they do not meet, though both are indefinitely pro- 
duced. 

Der. 3. A plane is parallel to a straight line when 
they do not meet, though both are indefinitely 
produced. 


Der. 4. A prism is a solid figure contained by 
two parallel planes, and by a number of other planes | 
all parallel to one straight line, and cutting the first 
two planes so as to form polygons. 

The first two planes are called the ends or 
bases of the prism, and the straight line to which 
all the other planes are parallel is the length of the 
prism. 

The following Lemmas wil be taken for 
granted : 


Lemma 3. The arcs which subtend equal angles 
at the centers of two circles are as the radii of the 
circles. 

Let the two circles be placed so m p 
that their centers coincide at C: S 
and so that one of the lines C. A 
containing the angle ACa in one 
of the circles coincides with the 
corresponding line CB in the 
other circle. Then since the angles 
at the center in the two circles are equal; the other 
lines containing the angles, namely Ca, Cb, will 
coincide. And it will be true that da: Bb :: CA 
: CB. 
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Lemma 4. The area of a rectangle is equal to 
the product of the two sides. 

If A, B be the two sides, the rectangle is = 4 x B. 

Cor. If B be the base and 4 the altitude of a 
triangle, the area of the triangle is = À 4 x B. 


Lemma 5. If a prism be cut by planes perpen- 
dicular to its length at different points, the areas of the 
sections are all similar and equal. 


Lemma 6. The solid content of a prism is equal 
to the product of its length and of the area of a section 
perpendicular to the length. 

If 4 be the area of the section and H the length, 
the solid content is = 4x H. In this case, solid con- 
tents are measured by the number of times they con- 
tain a unit of solid content. 


Cor. In a uniform prism the weight is as the 
solid content; hence the weight of any portion of a 
uniform prism is proportional to its length. 

Lemma 7. Ifa prism be cut by two planes pass- 
ing through any point , 
of its length, one of the 
planes being perpendi- M 
cular to the length and 
the other oblique to it ; 
and if a line be drawn at the point, perpendicular to the 
oblique section and intercepted by a line perpendicular 
tothe length; the oblique section is to the perpendicular 
section as the portion of the perpendicular line inter- 
cepted is to the portion of the length intercepted. 

Let Li, LM be the perpendicular and the oblique 
section of the prism, of which the length is QL; LK per- 
pendicular to the section LM, and KH perpendicular to 
the length QL. Then area LM: area Ll :: KL: HL. 

B 
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MECHANICS. 


BOOK I. STATICS. 


DEFINITIONS AND FUNDAMENTAL NOTIONS. 


1. MtkzcaaAwNIcs is the science which treats of the 
laws of the motion and rest of bodies. 

2. Any cause which moves or tends to move a 
body, or which changes or tends to change its motion, 
is called Force. 

3. Bopv or MATTER is anything extended, and 
possessing the power of resisting the action of force. 

A rigid body is one in which the force applied at 
one part of the body is transferred to another part, the 


relative positions of the parts of the body not being 
capable of any change. 


4. All bodies within our observation fall or tend 
to fall to the earth: and the force which they exert in 
consequence of this tendency, is called their wxicnr. 


5. Forces may produce either rest or motion in 
bodies. When forces produce rest, they balance each 
other; they are in equilibrium ; they destroy each 
other's effects. 

6. Statics is the science which treats of the laws 
of forces in equilibrium. 

7. Two directly opposite forces which balance 
each other are equal. 

Forces are directly opposite when they act in the 
same straight line in opposite directions. 
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8. Forces are capable of addition. Thus, when 
two men pull at a string in the same direction, their 
forces are added; and when two heavy bodies are put 
in the same vessel suspended by a string, their weights 
are added, and are supported by the string. 


9. A force is twice as great as a given force, when 
it is the sum of two others, each equal to the given 
force; a force is fhree times as great, when it is the 
sum of three such forces; and so on. 


10. Forces (in Statics) may be measured by the 
weights which they would support. 


11. The Quantities of Matter of bodies are mea- 
sured by the proportion of their mechanical effect. 


19. The quantities of matter of two bodies are 
as their weights at the same place. 


13. The Density of a body is measured by the 
quantity of matter contained in a given space. 


14. A Lever is a rigid rod, moveable, in one 
plane, about a point, which is called the fulcrum or 
center of motion, by means of forces which tend to 
turn it round the fulcrum. 


15. "The portions of the rod between the fulcrum 
and the points where the forces are applied, are called 
the arms. 


16. When the arms are two portions of the same 
straight line, the lever is called a straight lever; 
otherwise it is called a bent lever. 

17. The lever is supposed to be without weight, 
unless the contrary be expressed. 

B2 
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AXIOMS. 

l. Inasystem which is in equilibrium, there is at 

every point a reaction equal and opposite to the action. 

2. Iftwoequalforces act perpendicularly at the ex- 

tremities of equal arms of a straight lever to turn it op- 
posite ways, they will keep each other in equilibrium. 

If AC = BC, and P and Q be two equal forces 


acting perpendicularly on CA and 
CB at A and B, they will balance 
each other. Q 


3. If forces keep each other in equilibrium, and 
if any force be added to one of them, it will pre- 
ponderate. 

4. If two equal weights balance each other upon 
a horizontal straight lever, the pressure upon the ful- 
crum is equal to the sum of the weights, whatever be 
the length of the lever. 

If P,Q be two equal weights which balance each 


other upon the horizontal lever 
AB, the pressure upon C is | à | 
P4 Q. 2 


5. If two equal weights be supported upon a 


straight lever on two fulcrums 

at equal distances from the i 

weights, the pressures upon the Q 
I 


two fulcrums are together equal 
to the sum of the weights. 

If P,Q be two equal weights which are sup- 
ported upon the line 4B on two fulcrums C, D, so that 
AC, BD are equal; the pressures upon C,D are toge- 
ther equal to the sum of the weights P + Q. 

6. On the same suppositions, the pressures on the 
two fulerums are equal. 
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T. If a force act perpendicularly on the straight 
arm of a bent lever at its extremity, the effect to turn 
the lever round the fulcrum will be the same, whatever 
be the angle which the arm makes with the other arm, 
so long as the length is the same. 


If a force Q act perpendicularly on CB at its 
extremity B, C being the fulcrum, 
and an equal force R act perpen- 
dicularly on an equal arm CD, at 
its extremity, the effect to turn 
the lever round C in the two 
cases is equal. 


8. When a force acts upon a rigid body it will 
produce the same effect to urge the body in the line 
of its own direction, at whatever point of the direction 
it acts. 


9. Ifa body which is moveable about an axis 
be acted upon by two equal forces, in two planes per- 
pendicular to the axis, the forces being perpendicular at 
the extremities of two straight arms of equal length from 
the axis; the two forces will produce equal effects to 
turn the body, at whatever points the arms meet 
the axis. 


10. Ifa string pass freely round a fixed body, 
so that the direction of the string is altered, any force 
exerted at one extremity of the string will produce at 
the other extremity the same effect as if the force had 
acted directly. 


11. Ifinasystem which is in equilibrium, there 
be substituted for the force acting at any point, an im- 
moveable fulerum at that point, the equilibrium will 
not be disturbed. 
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19. If ina system which is in equilibrium there 
be substituted for an immoveable point or fulcrum the 
force which the fulerum exerts, the equilibrium will 
not be disturbed. 


183. A perfectly hard and smooth surface, acted 
on at any point by any force, exerts a reaction which 
is perpendicular to the surface at that point; and if 
the surface be supposed to be immoveable, the force will 
be supported, whatever be its magnitude. 


14. A heavy material straight line, prism, or 
cylinder, of uniform density, may be supposed to be 
composed of a row of heavy points of equal weight, 
uniformly distributed along the line. 


15. A heavy material plane of uniform density 
may be supposed to be composed of a collection of 
parallel straight lines of equal density, uniformly dis- 
tributed along the plane. 


16. A heavy solid body of uniform density may 
be supposed to be composed of a collection of particles, 
the weight of each of which is as the portion of the 
body which it occupies, and which may be considered 
as heavy points. 


POSTULATES. 


1. A prism or cylinder of uniform density, and 
of given length, may be taken, which is equal to any 
given weight. 


2. A force may be taken equal to the excess of a 
greater given force over a less. 


3. A force may be taken in a given ratio to a 
given force. 
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PROPOSITION I. If a weight be supported 
on a horizontal rod by two forces acting vertically 
at equal distances from the weight, the forces 
are equal to each other, and their sum is equal 
to the weight. 

Let the two forces P, Q act perpendicularly at the 


extremities of the equal arms CA, 
CB of the horizontal lever AB; 
and let them balance each other. 
The forces P,Q, will be equal ; R 
for if not, let one of them, as P, be the less, and 
by Post. 2 take X, the force which is the excess of Q 
above P, so that P + X is equal to Q; therefore, by 
Ax. 2, P+ X will balance Q. But since P balances Q, 
if we add to P the force X it will preponderate, by Ax. 3; 
which is absurd. Therefore P is not less than Q; 
and in the same manner it may be shewn that Q is 
not less than P. Therefore P and Q are equal. 
Hence, since P and Q are equal, by Ax. 5, the 
pressure on the fulcrum C is equal to the sum of the 
two forces P,Q. Hence, by Ax. 12, if, instead of a 
fulcrum, there be a force R, acting at C perpendicu- 
larly to the lever, and equal to the sum of P and Q, 
this force will balance the pressure at C, just as the 
fulcrum does, and there will be an equilibrium; that 
is, a vertical force or weight R will be supported by 
two forces P,Q, acting vertically at equal distances 
CA, CB; and these forces will be equal; and the 
weight R is equal to the sum of P and Q. Q.E.D. 


* Prop. II. A horizontal prism or cylinder of 
uniform density will produce the same effect by 
its weight as if it were collected at its middle 
point. 


32 MECHANICS. 


Let AB be the prism or cylinder, and C its middle 
point. Let P,R be any : 0 BG 
points in 4C, and let RA-PR —C— 89-Bf 
CQ be taken equal to ! 

CP, and CS equal to APER © S G QB 
C R. 

The half 4C of the prism may (by Ax. 14) be sup- 
posed to be made up of small equal weights, distri- 
buted along the whole of the line AC, as at P, R; 
and the half BC may in like manner be conceived to 
be made up of small equal weights distributed along 
BC; as at Q, S; of which the weight at Q is equal to 
the weight at P, that at S to that at R, and so on. 

Let F be a fulcrum about which the prism 4B 
tends to turn by its weight. In CB, produced if ne- 
cessary, take CG equal to CF, and suppose a fulcrum 
placed at G. 

Let the weights at P,Q,R,S be denoted by 
P, Q, R,S. 

The two weights P and Q produce upon the ful- 
crums F and G pressures which together are equal to 
the sum of the weights P +Q, (Ax. 5,) or to the double 
of P, since P and Q are equal. But the pressure upon 
each of these fulcrums is equal, (Ax. 6,) hence the 
pressure upon each of them is P; therefore the pres- 
sure upon the fulcrum G, arising from the two weights 
P and Q, is P; in like manner the pressure upon the 
fulcrum G, arising from R and S, is R; and so of the 
rest: and the whole pressure on G, arising from the 
whole prism AB, is the sum of all the weights P, R 
&c. from A to C; that is, it is half the weight of 
the prism. 

But if the whole prism be collected in its middle 
point C, the pressure upon the two fulerums F and 
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G will be the whole weight of the prism, and the 
pressures on the two fulcrums are equal, by Prop. 1. 
Therefore, in this case also, the pressure on the 
fulcrum G is equal to half the weight of the prism. 
Therefore the prism, when collected at its middle 
point, produces the same pressure on the fulcrum G 
as it did before. 

Therefore, when a uniform prism is collected at 
its middle point, it produces the same effect by its 
weight as it did before. Q.E.D. 


Cor. 1. A uniform prism or cylinder will balance 
itself upon its middle point. 


Cor. 2. When a prism or cylinder thus balances 
upon its middle point, the pressure upon the fulcrum is 
equal to the weight of the prism. 


* Pnor. III. If two weights, acting perpen- 
dicularly on a straight lever on opposite sides of 
the fulerum, are inversely as their distances from 
the fulcrum, they will balance each other; and the 
pressure on the fulcrum will be equal to their sum. 


Let P, Q be the two weights, MCN the lever, 
Let NC be the less of the two N 
NC, CM. Take MD and MA P 
each equal to NC, and NB equal to ND. Let there be 
a uniform prism of the length 4B, equal in weight to 
P4 Q (Post. 1). Since MD is equal to CN, adding 
CD to both, MC is equal to DN. Therefore AD, 
which is double of MD, is double of CN; and BD 
which is double of DN, is double of CM. There- 
fore AD : BD :: CN : CM; and by supposition, 
CN : CM : P: Q; therefore AD : BD: P: Q, 
and componendo AD + BD: AD :: P+ Q: P. But 

B5 
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AD + BD or AB is equal in weight to P+ Q; and 
the prism 4B is uniform; therefore, by Cor. to Lemma 
6, AD is equal in weight to P: in like manner BD is 
equal in weight to Q. 

Now since 4M is equal to CN, and MC to NB, 
the sum AC is equal to the sum CB; and the prism 
AB will balance upon its middle point C. (Prop. 2; 
Cor. 1.) 

But by Prop. 2. if the prism AD be collected at 
its middle point M, and the prism BD at its middle 
point N, the effect will be the same as before; there- 
fore, in this case also, the weights will balance upon C ; 
that is, the weight P at M, and Q at N, vill balance 
upon C. 

Therefore if the weights P, Q be inversely as their 
distances C.M, CN, they will balance each other. Q.E.D. 

Also the pressure of the prism 4B upon the ful- 
erum C is equal to the weight of the prism, that is, 
to the weight P+ Q. (Prop.2, Cor. 2.) And by Prop.?, 
when AD is collected at M and BD at N, the pressure 
on C is not altered ; that is, when P is at M and Q at 
N, the pressure upon C is P+Q, the sum of the 
weights. Q.E.D. 


* Pnor. IV. If two weights acting perpen- 
dicularly on a straight lever on opposite sides of 
the fulerum balance each other, they are inversely 
as their distances from the fulerum. 


Let P, Q, be two weights which balance each other 
on the lever MCN; then 


M N 

NC: CM: P: @ ce ne 

If not, let NC : CM :: P : Y, and first, let Y 

be less than Q; so that Q- Y 4 E. By Prop. 3, 
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P and Y will balance each other. And therefore when 
E is added to Y, by Axiom 4, Y+ E or Q will prepon- 
derate against P; but by hypothesis, P and Q balance, 
which is absurd: therefore Y is not less than Q. 

Nor is it greater; for if so, let NC: CM: X : Q, 
and since NC: CM :: P: Y, we have P: Y: X: Q; 
and since F is greater than Q, P is greater than X: let 
P=X+D. Then, since NC: CM: X :Q, by 
Prop. 3, X and Q will balance each other. And there- 
fore when D is added to X, by Axiom 3, X + Dor P 
will preponderate against Q; but by hypothesis, P and 
Q balance, which is absurd ; therefore Y is not greater 
than Q. 

Therefore we cannot have NC: CM: P:Y,Y 
being a quantity less or greater than Q. Therefore, 
if P and Q balance, NC: CM :: P: Q. «r.p. 


* Pror. V. If two forces, acting perpendicu- 
larly on a straight lever in opposite directions 
and on the same side of the fulerum, are inversely 
as their distances from the fulcrum, they will 
balance each other, and the pressure on the ful- 
crum will be equal to the difference of the forces. 

Let MCN be the lever on which two forces P, Q 


balance each other, the fulcrum p R 
being at C. Let M NC be sup- * [ 
posed to be a lever on which two N 
forces P, R, acting perpendicu- 

larly at M, C, on opposite sides of Q 


the fulcrum N, balance each other. Then by Prop. 4, 
R: P: MN: NC; and therefore R+ P: P 
=: MN+NC: NC, that i; R4 P: P: MC 
: NC. But (by Prop.3) the pressure upon the fulcrum 
Nis equal to R + P, and is in a direction opposite to the 
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forces P and R. If therefore a force Q equal to R + P, 
act perpendicularly to the lever MC at N in the direc- 
tion opposite to P and R, it will supply the place of 
the fulcrum, and the forces will still balance each other, 
by Ax.12. But if we place an immoveable fulcrum 
at C, it will supply the place of the force R, and the 
forces P, Q will still balance each other, by Ax. 11. That 
is, if Q: P :: MC: NC, the forces P,Q will balance 
each other on the lever MCN, of which the fulcrum 
is at C. 

Also the pressure on the fulcrum C is equal to 
the force R, which is the difference of P + R and P, 
that is, of Q and P. Q.E.D. 


Cor. In nearly the same manner, by means of 
Prop.4, we may prove the converse proposition; that 
if two forces, acting perpendicularly on a straight 
lever, in opposite directions and on the same side of 
the fulcrum, balance each other, they are inversely as 
their distances from the fulcrum. 


* Prop. VI. To explain the different kinds 
of levers. 


When material levers are used, the two forces 
which have been spoken of, as balancing each other 
upon the lever, are exemplified by the weight to be 
raised or the resistance to be overcome, as the one 
force, and the pressure, weight, or force of any kind, 
employed for the purpose, as the other force. The 
former of these forces is called the Weight, the latter 
is called the Power. 

The preceding Propositions give the proportion 
of the Power and Weight in the case of equilibrium, 
that is, when the weight is not raised, but only sup- 
ported ; or when the resistance is not overcome, but 
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only neutralized. But knowing the Power which 
will produce equilibrium with the Weight, we know 
that any additional force will make the Power pre- 
ponderate. (Ax. 3.) 

Straight levers are divided into three kinds, ac- 
cording to the position of the Power and Weight. 


1. The Lever of the First kind is that in which 
the Power and Weight are on opposite sides of the Ful- 
crum, as in Propositions 3 and 4. 

We have an example of a lever of this kind, 
when a bar is used to raise a heavy stone by pressing 
down one end of the bar with the hand, so as to raise 
the stone with the other end: the Power is the force 
of the hand, the Fulcrum is the obstacle on which the 
bar rests, the Weight is the weight of the stone. 

We have an example of a double lever of this 
kind in a pair of pincers used for holding or cutting; 
the Power is the force of the hand or hands at the 
handle, the Weight is the resistance overcome by the 
pinching edges of the instrument, the Fulcrum is the 
pin on which the two pieces of the instrument move. 


2. The Lever of the Second kind is that in which 
the Power and the Weight are on the same side of the 
Fulcrum, the Weight being the nearer to the Fulcrum. 

We have an example of a lever of this kind, 
when a bar is used to raise a heavy stone by raising 
one end of the bar with the hand, while the other end 
rests on the ground, and the stone is raised by an 
intermediate part of the bar. The Fulcrum is the 
ground, the Power is the force exerted by the hand, 
the Weight is the weight of the stone. 

We have an example of a double lever of this 
kind in a pair of nutcrackers. The Power is the 
force of the hand exerted at the handles; the Weight 
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is the force with which the nut resists crushing ; 
the Fulcrum is the pin which connects the two pieces 
of the instrument. 

8. The Lever of the Third kind is that in which 
the Power and the Weight are on the same side of the ful- 
crum, and the Weight is the further from the fulcrum. 

In this kind of lever, the Power must be greater 
than the weight in order to produce equilibrium, by 
Prop.5. Therefore by the use of such a lever, force 
is lost. The advantage gained by the lever is, that 
the force exerted produces its effect at an increased 
distance from the fulcrum. 

We have an example of a lever of this kind in the 
anatomy of the fore-arm of a man, when he raises a 
load with it, turning at the elbow. The elbow is the 
Fulcrum, the Power is the force of the muscle which, 
coming from the upper arm is inserted into the fore- 
arm near the elbow, the Weight is the load raised. 

We have an example of a double lever of this 
kind in a pair of tongs used to hold a coal. The 
Fulerum is the pin on which the two parts of the 
instrument turn, the Power is the force of the fin- 
gers, the Weight is the pressure exerted by the coal 
upon the ends of the tongs. 


* Prop. VII. If two forces acting perpendi- 
cularly at the extremities of the straight arms of 
a bent lever are inversely as the arms, they will 
balance each other. 

Let MCN be any lever: let P, Q act perpen- 
dicularly on the arms CM, CN, and let P: Q :: CN 
: CM; Pand Q will balance. 

Produce NC to O, taking CO equal to CM; and 
at O let a force R equal to P act perpendicularly on the 
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lever N C O, to turn it in the same direction as P. Then 
since P: Q:: CN: CM, 
and that R is equal to P, and 
CO to C M, we shall have 
R:Q: CN: CO. There- 
fore, by Prop. 3, the force R 
will balance the force Q. 

But since CM is equal to 
CO, and the force P to the t 
force R, both acting perpen- Q 
dicularly to the arms, by Axiom 7, P and R will pro- 
duce the same effect to turn the lever round the ful- 
crum C; and therefore since R balances Q, P also will 
balance Q. Q.E.D. 

Cor. Conversely, if the forces P and Q balance 
each other, they are inversely as the arms. For, 
making the same construction, the force R produces 
the same effect as the force P ; therefore R balances 
Q. And hence, by Prop. 4, NC: CO: Q: R, 
that is, NC : CM :: Q: P. 


r 


x 
© 


* Pror. VIII. If two forces, acting at any 
angles on the arms of any lever, are inversely as 
the perpendiculars drawn from the fulcrum to 
the directions in which the forces act, they will 
balance each other. 

Let P, Q be two forces, acting at any angles on 
AC,BC, the arms of the lever ACB; and let CM, 
CN be perpendiculars on the directions A P, BQ (pro- 
duced if necessary) in which the forces act: if CM 
: CN :: Q : P, the forces P, Q will balance each other. 

The lever 4C B is supposed to be rigid, so that 
AC, BC cannot alter their relative position. Hence 
we may suppose the plane ACB to be a rigid in- 
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definite plane, moveable about the point C, and AC, 
BC to be lines in this 
plane. Therefore the forces 
P, Q, which act at the points 
A, B, will, by Axiom 8, pro- 
duce the same effect as if 
they act at the points M, N 
respectively. But if they 
act at these points they will 
balance each other, by Prop. M c 

7. Therefore the forces P, Q P 

acting at the points.4, B will balance each other. Q.E.D. 

Con. 1. In the same manner it may be proved 
by means of the Corollary to Prop. 7, that if the 
forces P,Q balance each other, then wil P: Q 
= GN : CM. 

Cor.2. If P,Q, CM, CN, be expressed in 
numbers, Px CM = Q x CN. 

Cor. 3. If X be any force acting on the lever 
ACB, and CO the perpendicular upon its direc- 
tion, and if X x CO = P x CM, the force X will 
produce upon the lever the same effect as P. For 
XxCO=QxCN; therefore X will balance Q; 
which is what P does. 

Cor. 4. If the two forces P, Q act at the same 
point D, the proposition is still true. 


* Pror. IX. If two weights balance each 
other on a straight lever when it is horizontal, 
they will balance each other in every position 
of the lever. 


Let it be supposed that the weights P, Q, acting 
at A, B, balance each other upon the lever when it is 
in the horizontal position ACB; the weights P, Q will 
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balance each other upon the same lever in any other 
position, as DC E. 

Draw DM, CN vertical, i 
meeting the horizontal line ACB. AR 
Then, in the triangles DC M, 

ECN, the vertical angles DCM, p 

ECN are equal; and DMC, 

ENC are equal, being right angles; therefore the 
remaining angles of the triangles are equal, and the 
triangles are equiangular and similar. Therefore DC 
: CM :: EC : CN, and alternately DC : EC :: CM 
: CN. But since P, Q balance each other on AB, 
Q: P: AC: CB; and AC is equal to DC, 
and EC to BC, because ACB and DCE are the 
same lever; therefore Q : P :: DC : EC; therefore 
by what precedes, Q : P :: CM: CN; therefore, 
by Prop. 8, the weights P, Q acting at the points 
D, E will balance each other. Q.E.D. 

Cor. The pressure upon the fulcrum C in every 
position of the lever DE is equal to the sum of the 
weights P and Q. For in every position the effect of 
the weights P, Q is the same as if they acted at M, N, 
by Axiom 8. But in this case, by Prop. 3, the pres- 
sure on the fulcrum C is the sum of the weights. 

Der. If lines be expressed by numbers, the pro- 
duct of a force acting on a lever, by the perpendicu- 
lar drawn from the axis of motion upon its direction, 
is called its moment. 


Pror. X. Ifany number of forces act upon 
a lever, and tend to turn it opposite ways, and if 
the sum of the moments of the forces which tend 
to turn the lever one way be equal to the sum 
of the moments of the forces which tend to 
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turn it the other way, the forces will balance 
each other. 


Let the forces P, Q, R, tend to turn the lever 
one way, and let CM, CN, a 
CO be the perpendiculars 
on their directions; and let 
the forces p, g, tend top 
turn the lever the other 
way, and let Cm, Cn be 
the perpendiculars on their 
directions; and let Px CM BP 
+QxCN+RxCO be equal to px Cm+qx Cn; 
the forces will balance each other. 

Let any two lines CO, Co be taken, and let forces 
act at O and o, perpendicularly to CO, Co, to turn 
the lever opposite ways, namely, at O, a force X, 
such that CO: CM :: PX, by Post. 2, that is, such 
that . Yx CO- Px CM; and also a force Y, such that 
YxCO=Qx CN, and a force R; and also at o, a 
force v, such that v x Co =p x Cm, and a force y, 
such that y x Co=q x Cm. 

Then, by Cor. 3 to Prop. 8, the force X will pro- 
duce the same effect as the force P, and the force Y 
will produce the same effect as the force Q; and there- 
fore the forces P, Q, R will produce the same effect as 
.Y,Y,HR acting at O. In like manner the forces p, 
q will produce the same effect as a, y, acting at o. 

But the forces X, Y, R, acting at O, will balance 
the forces v, y, acting at o, if (X + Y+ R) x CO be 
equal to (z--y)x Co, by Prop. 8; that is, if 
XxCO+Y¥xCO+RxCO be equal to zx Co 
+y x Co; that is, by the construction, if P x CM 
-QxCN-C-RxCO be equal to p x Cm qx Cn. 
Therefore, &c. Q.E.D. 
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Cox. 1. If the forces be weights acting on a 
straight horizontal lever, the same is true, putting for 
the perpendiculars on the directions of the forces, the 
portions of the lever CM, CN, &c. intercepted between 
the fulcrum and the weights. (See next figure). 

Cor. 2. The converse of this Proposition and of 
Cor, 1. are true. 


Pror. XI. If any number of forces acting 
perpendicularly wpon a lever balance each other, 
they may be separated, so that, retaining their po- 
sitions, they form pairs, each of which pairs would 
balance on the fulcrum separately. 


Let P, Q, R, p, q be any forces which balance 
each other on the lever OM g m n 
NCmn. If each force on one { | 1 A Y Y 
side of the fulcrum has its mo- ® P ° s 
ment equal to that of a corresponding force on the 
other side, it is clear that each force will balance the 
corresponding one on the other side, and the forces 
are already in such pairs as are mentioned in the 
Proposition. But if not, let any moment on one side, 
as Px CM, be less than a moment on the other 
side, aspx Cm. Assume u such that Cm: CM :: P: u, 
by Post. 2: therefore Px CM = u x Cm; therefore 
u x Cm is less than p x Cm, and u is less than p; let 
p=u+a. Then if p be separated into u and v, 
the pair P and u will balance each other separately, 
because their moments are equal. 

In the same manner, of the forces Q, R, 2, q, 
take any other as Q, of which the moment Qx CN 
is less than the moment of q x Cn of a force q on 
the other side of the fulcrum. Assume v such, that 
Cn: CN :: Q: v, therefore Qx CN =v x Cn; and, 
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let q= v+y. Then if q be separated into v and y, 
the pair Q and v will balance each other separately, 
for the same reason as before. 

And of the forces R, v, y, the moment w x Cm 
must be less than Rx CO. Assume Xx CO-« 
x Cm; and let R= X + Y. The pair X, v will ba- 
lance each other separately, as before. 

But because the forces P,Q, R, p,q balance on the 
lever, it follows (by Cor. 2 to Prop. 10) that 


PxCM+QxCN+RxCO=pxCm+qxCn: 
and hence, since 
R = X + Y, and p=u +a, and q=v +y, 
PxCM+QxCN+XxCO+YxCO 
auxCm+auxCm+o0xCn+yx Cn; 
and it has been supposed that 
PxCM=ux Cm, and QxCN=0x Cn, 
and Xx CO-vzxCm; 
hence the remainder 
YxCOis2yxCn; 
and the pairs F,y will balance each other. 
Therefore the forces have been separated into pairs, 
P,u; Q,0; X,«; Y,y; 
which balance each other separately. Q.E.D. 
Also it is plain that the same proof may be applied 
in any case; for at each step the number of forces 
which are not in pairs is diminished by one; and 


therefore the reduction may always be effected by as 
many steps as there are forces, wanting one. 
Con. If any forces act perpendicularly upon a 


lever, the pressure upon the fulcrum is equal to the 
sum of the forces. For the pressure upon the fulcrum 
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arising from each pair is equal to the sum of the two 
forces of that pair; therefore the whole pressure is 
equal to the sum of all the pairs, that is, to the sum 
of all the forces. 


* Der. When two forces act at the same point, 
they produce the same statical effect as a certain single 
force, acting at that point. This single force is called 
the resultant of the two; they are called its com- 
ponents. The two forces produce the single force by 
being compounded, and it may be resolved into the 
two. 

Straight lines may represent forces in direction and 
magnitude when they are taken in the direction of the 
forces and proportional to their magnitude. When 
forces are so represented, if 4B represent any force, 
BA represents an equal and opposite force. A force 
represented by any line, as AB, is often called the 
force AB. 


* Prop. XII. Ifthe adjacent sides of a paral- 
lelogram represent the component forces in di- 
rection and magnitude, the diagonal will represent 
the resultant force in direction. 


Let Ap, Aq represent in mag- a 
nitude and direction the forces 
P, Q, acting at 4; complete the 
parallelogram Ap Cq; and draw 
AC; draw also CM,CN perpen- N 
dicular upon Ap, Aq. Q 
‘ "The triangles CpM, CqN 
have right angles at M and N, 
and the angles MpC, CqN equal, P 
each being equal to MAN; therefore the triangles 
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Cp M, Cq.N are equiangular and similar. Therefore 
CM : CN :: Cp: Cq; that is, CM: CN :: Aq: Ap. 
But Ap, Aq represent the forces P, Q in magni- 
tude; therefore. CM : CN :: Q: P. Therefore, by 
Prop. 8, if the forces P, Q act on the plane PAQ, 
supposed to be moveable about the point C, they 
will balance each other, producing a pressure on the 
fulcrum C. 

Therefore the single force which produces the 
same effect as P,Q will produce a pressure upon the 
point C, but will not turn the plane about C. But 
this cannot be the case except the single force act in 
the line 4C; for if it acted in any other direction, 
a perpendicular might be drawn from C upon the 
direction, and the force would produce motion, by 
Axiom 3. Therefore the resultant acts in the di- 
rection AC. — Q.k.p. 

Cor. 1. If a point, acted upon by two forces 
Ap, Aq, be kept at rest by a third force, this force 
must act in the direction CA. For otherwise it 
would not balance the force in the direction 4C, to 
which the forces Ap, Aq are equivalent. 


Cor.2. Hence if three forces act on a point, and 
keep each other in equilibrium, each of them is in 
the direction of the diagonal of the parallelogram 
whose sides represent the other two. 


* Prop. XIII. If the adjacent sides of a 
parallelogram represent the component forces 
in direction and magnitude, the diagonal 
will represent the resultant force in magni- 
tude. 
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Let Ap, Aq represent the component forces in 
direction and magnitude. 


Complete the parallelo- 

gram ApCq; then by r 

Prop. 12, Cor. 1, the two 

forces Ap, Aq will be 

kept in equilibrium by a 

force in the direction C A. 

Let Ar represent this force 

in magnitude. 'Therefore 

the three forces Ap, dq, Ar 

keep each other in equili- 

brium. Complete the pa- 

rallelogram 4p Dr, and c 
draw its diagonal D4. 

By Prop. 12, Cor. 2, the F 

force 4q is in the direction DA, and therefore D Aq 
is a straight line. 

Hence in the triangles C49, DAr, the vertical 
angles CAq, DAr are equal, and Cq, Dr are parallel to 
each other, because Cg and Dr are both parallel to 
Ap, and Cr meets them, therefore the angle qC.À4 
is equal to the alternate angle Dr. Therefore 
the triangles CAg,DAr are equiangular. Also Cq 
and Dr are equal, for each is equal to Ap, being 
opposite sides of parallelograms pq, pr. Therefore 
(Euc. vr. 8) the other sides of the triangles C4q, DAr 
are equal; therefore CA is equal to Ar. But Ar 
represents in magnitude the force which keeps in equili- 
brium Ap, q; and since Ar acting in the opposite 
direction would balance Ær, the force which produces 
the same effect as Ap, Aq, is Ar acting in the opposite 
direction. Therefore AC, which is equal to Ar, repre- 
sents in magnitude the force which produces the same 


effect as Ap, dq; that is, the resultant of Ap, Ag. 
Q.E.D. 
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Cor. If the components be represented in mag- 
nitude and direction by the sides of a parallelogram, 
the resultant is represented in magnitude and direction 
by the diagonal of the parallelogram. 

Der. Forces may be represented by lines parallel to 
them in direction and proportional to them in magnitude. 


* Pror. XIV. If three forces, represented in 
magnitude and direction by the sides of a triangle 
taken in order, act on a point, they will keep it in 


equilibrium. 

Let three forces, represented in magnitude and 
direction by the three lines 4B, B 
BC, CA, act on the point A, 
they will keep it in equilibrium. c 


Completethe parallelogram 4 BC D, 
then the force which is repre- 
sented by BC is also represented 
by AD, and acts at the point 4. 
And the resultant of the forces 4B, AD is represented 
in magnitude and direction by AC (Prop. 13, Cor.) ; 
therefore the forces 4B, BC produce the same effect 
as AC ; and therefore the forces 4B, BC, C4 produce 
the same effect as AC,CA; that is, they will keep the 
point 4 in equilibrium. 

Cor. 1. If three forces which keep a point in equi- 
librium be in the direction of three lines forming a 
triangle, they are proportional to those lines. 


Coz.2. Any two forces 4B, BC, which act at a 
point 4, are equivalent to a force AC. 

Prop. XV. If any number of forces, repre- 
sented in magnitude and direction by the sides of 
a polygon taken in order, act on a point, they will 
keep it in equilibrium. 
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Let forces AB, BC, CD, DE, EA act upon a point 
A; they will keep it in equili- c 
brium. By Prop. 14, Cor. 2, the 
forces 4 B, BC are equivalent to a 
force AC; therefore the forces D 
4B, BC,CD are equivalent to the 
forces AC,CD; that is, by the 
same corollary, to a force AD. Therefore again, the 
forces 4B, BC, CD, DE are equivalent to the forces 
AD, DE; that is, again by the same corollary, to a 
force AE. Therefore, finally, the forces AB, BE, 
CD, DE, EA are equivalent to forces AE, EA, and 
therefore will keep the point A in equilibrium. 

* Der. The Wheel and Axle is a rigid machine, 
which is moveable about an axis, and on which two 
forces, tending to turn it opposite ways, act in two 
planes perpendicular to the axis; the one force (the 
Power) acting by means of a string wrapt on the cir- 
cumference of a cirele perpendicular to the axis, called 
the Wheel; the other force (the Weight) acting by 
means of a string wrapt on the surface of a cylinder 
having the axis of motion for its axis, and called 
the Azle. 


* Pror. XVI. There is an equilibrium upon 
the wheel and axle, when the power is to the 
weight as the radius of the axle to the radius 
of the wheel. 


Let AB be the wheel, and DEB the axle, the 
whole being moveable about the axis HCDK; the 
power P, acting at 4, perpendicular to C 4, the radius of 
the wheel; and the weight W, acting at B, perpendi- 
cular to DE, the radius of the axle. Also let P: W 
: DE : CA; then there will be an equilibrium. 

c 
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In the plane of the wheel 4B, let CB be drawn 
from the axis, equal to DE 
the radius of the axle; and 
let a force Q, equal to W, 
act at B perpendicular to 
CB. Then, by Axiom 9, 
the two forces Q, W pro- 
duce equal effects in turn- 
ing the machine. But the 
force Q will balance P, by Y 
Prop. 7, because P: W 0 w 
: DE : CA, and therefore P : Q :: CB: CA, Q being 
equal to W, and CB to DE: therefore W will ba- 
lance P, and there will be an equilibrium. Q.£.D. 


Cor 1. On the wheel and axle when there is 
equilibrium, the moments of the power and weight 
are equal. 


Cor. 2. Ifthe power and weight do not act per- 
pendicularly to the radii of the wheel and axle, it will 
appear, by the reasoning of Prop. 8, that there will 
still be an equilibrium if their moments are equal. 


Con. 3. If several forces acting upon a body 
moveable about a fixed axis, and acting in planes per- 
pendicular to the axis, tend to turn it opposite ways, 
there will be an equilibrium when the sum of the mo- 
ments of the forces which tend to turn the body one 
way is equal to the sum of the moments of the forces 
which tend to turn the body the other way. This may 
be proved by reasoning similar to that of Prop. 10. 


Cor. 4. If a heavy body be moveable about a 
horizontal axis, it will be in equilibrium when the 
moments of the weights of the two parts into which it 
is divided by a vertical plane passing through the 
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axis, are equal: for these two parts will tend to turn it 
opposite ways, by Axiom 8. 

In this case, the moment of each particle of the 
body is known by drawing from the particle a vertical 
line meeting the horizontal plane which passes through 
the axis. The perpendicular drawn to the axis from 
the point where the vertical line meets the horizontal 
plane, multiplied into the weight of the particle, is 
the moment of the particle. 

Cor. 5. Conversely, if these moments are not 
equal, there cannot be equilibrium. 

* Der. A Pully is a machine in which one part, 
(the Block) being stationary, a string can pass freely 
round another part, (the Sheave). 

A pully is fixed when the block is fixed, and move- 
able when the block is moveable. 

The Power is the force which acts at the string ; 
the Weight, is the weight supported. 


* Pnor. XVII. In the single moveable pully, 
where the strings are parallel, there is an equili- 
brium when the power is to the weight as 1 to 2. 


Let ABC represent a pully in which B is the 
block, AC the sheave, and in which the strings H 
PA, HC are parallel: there is an equilibrium 
when P: W:: 1: 2. 

By Axiom 10, since the string passes 
freely round the sheave AC, the force P, 
which is exerted on the string PA, is equal 
to that which the string CH exerts on the © 2 
fixed point H; and therefore the reaction B 
which the fixed point H exerts by means of 
the string HC, is also equal to P. And the W 
two forces, each equal to P, which act by means of the 

c2 
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parallel strings AP, CH, may be considered as balanc- 
ing each other upon a lever AC, the fulcrum of which 
is in the point of the block B, by which the weight W 
is supported. Therefore, by Prop. 3, the pressure on 
the fulcrum is the sum of thesc forces, that is, it is the 
double of P; and this pressure on the fulcrum of the 
block B is balanced by the pressure or weight of W 
upon the block in the opposite direction, in the case of 
equilibrium: therefore, in the case of equilibrium, 
W is double of P, or P: Ws: 1:2. 


* Pnor. XVIII. In a system in which the 
same string passes round any number of pulleys, 
and the parts of it between the pulleys are pa- 
rallel, there is an equilibrium when power 
(P) : weight (W) :: 1 : the number of strings 
at the lower block. 

Let AC represent the system of pulleys; the 
string ABCDEFGHK passing round all the 
pulleys, and the portions CB, DE, GF, 
Hk, being all parallel. By Axiom 10, 
the forces exerted by all these strings will 
he equal to P; therefore the forces which 
they exert upon the lower block will each 
be cqual to P. And these forces may be 
considered as acting upon a lever, the ful- 
crum of which is in the point of the block 
Z, by which the weight W is supported. 
Therefore by Prop. 11, Cor. the pressure 
upon this fulerum is equal to the sum of 
the forces of the strings, that is, it is as 
many times P as there are strings at the lower block. 
And this pressure on the fulcrum in the lower block is 
balanced by the pressure or weight of W in the 
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opposite direction in the case of equilibrium ; there- 
fore in the case of equilibrium, P : W :: 1 : num- 
ber of strings in the lower block. 


* Pnor. XIX. In a system in which each 
pully hangs by a separate string, and the strings 
are parallel, there is an equilibrium when P 
: W :: 1 : that power of 2 whose index is the 
number of moveable pulleys. 


Let AL represent the system of pulleys; each pully 
d, C, E hanging by a separate string, and | X 
, the strings being all parallel. It appears || | 
^ by the reasoning of Prop. 17, that 

P : force of string BC :: 1:2; 
force of string BC : force of string DE 


ups :-293 
force of string DE : force of string FW 
3 2: 2. 


And there will be as many such propor- 
tions as there are moveable pulleys 4, C, E. 
Also in compounding these propor- : 
tions, the proportion compounded of the 
former ratios in each proportion will be 
P : force of string FW; and the propor- 
tion compounded of the latter ratios in W 
each proportion will be 1 : 2 raised to that power 
whose index is the number of ratios. "Therefore 
P : force of string FW :: 1 : 2 raised to that 
power. And the force of the string FW is equal 
to the weight W, because it supports it in the case 
of equilibrium. Therefcre, &c. Q. E. D. 


Der. The Inclined Plane, when spoken of as 
a mechanical power, is a plane supposed to be per- 
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fectly smooth and hard. It is represented by a line 
drawn in a vertical plane, and is supposed to pass 
through this line and to be perpendicular to the ver- 
tical plane. A vertical line is supposed to be drawn 
in the vertical plane from the upper extremity of 
the inclined plane; and both this vertical line, and 
the line which represents the inclined plane, are cut 
by a horizontal line or base, drawn in the same ver- 
tical plane. The portion of the inclined line and 
of the vertical line intercepted between the upper 
point of the plane and its horizontal base, are the 
length and the height of the inclined plane respect- 
ively. 


* Prop. XX. The weight (W) being on an 
inclined plane, and the force (P) acting parallel 
to the plane, there is an equilibrium when 


P: W x the height of the plane : its length. 


Let AC be an inclined plane of which AC is the 
length, and let W be a P 
weight on the inclined plane, P—e 
supported by a force P, 
acting in the direction EF 
parallel to AC. e HN 

The force of the weight P ^ G d 
W acts in a vertical direction; draw EG vertical 
to represent this force. Also draw EH perpendicu- 
lar and G parallel to the plane AC. 

The force EG is equivalent to the two forces 
EH, HG, (Prop. 13. Cor. 2) ; of these the force 
EH is balanced by the reaction of the plane AC, 
which will balance any force perpendicular to AC, 
by Axiom 13; and the weight W will be kept at 
rest if the force HG be counteracted by an equal 
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and opposite force P, acting in the direction EF. 
Therefore there will be equilibrium if P be repre- 
sented by GH, when W is represented by EG; that 
is, P: W:: GH: EG. 

But since EH is perpendicular and GH parallel 
to the plane AC, EHG is a right angle and therefore 
equal to ABC. Also the angle EGH is, by parallels, 
equal to GED, that is, to DFD, that is, to BCA. 
Therefore the two triangles ABC, EHG, have two 
angles equal, each to each, and are therefore equi- 
angular, and therefore also similar. Hence GH : EG 
: BC : AC, and therefore, by what has been proved 
already, P: W :: BC : AC, that is, P : W :: height 
of plane : length of plane. Q. E. p. 


* Der. If two points pass each through a certain 
space in the same time, the Velocities of the two 


points are to each other in the proportion of these 
two spaces. 


* Pror. XXI. If P and JF balance each other 
on the wheel and axle, and the whole be put in 
motion, P: W:: W’s velocity : P’s velocity. 

The construction being the same as in Prop. 16, 
let the machine turn 
round its axle CD 
through an angle 4Ca, 
or EDe; so that the 
radius of the wheel z 
at which the power 
actcd, moves out of 
the position Ca into 
the position C.4 ; and 
so that the radius of 
the axle at which the 


56 MECHANICS. 


power acted, moves out of the position De into the 
position DE. Then the string by which the power 
P acts will be unwrapt from the portion aA of the 
circumference of the wheel, and therefore P will move 
through a space equal to ad. Also in the same time 
the string at which JV acts will be wrapt upon the 
axle by a space equal to e£, and therefore W will 
move through a space equal to eE. Therefore by 
the definition of velocity a4, eE are as the velo- 
cities of P and W. 

But since the wheel and axle is a rigid body, 
turning about the axis CD, all the parts move in 
planes perpendicular to the axis, and turn through the 
same angle; and since the plane of the wheel Ca, 
and of the axle EDe are both perpendicular to the 
axis, the angles 4Ca, EDe are the angles through 
which the radii CA, DE turn. Therefore the angles 
ACa, EDe, at the centers of the circles 4Ca, EDe 
are equal ; and therefore, by the Lemma 3, DE : C4 
s Ee: Aa. 

But by Prop. 16, DE : CA: P: W; and by 
what has been just shewn, Ee : Aa :: W's velocity 
: P's velocity; therefore P: W :: W's velocity 
: P's velocity. Q.E.D. 


* Pror. XXII. If P and /7 balance each 
other in the systems of pulleys described in 
Propositions 17, 18, and 19, and the whole 
be put in motion, P: W : W's velocity 
: P's velocity. 

In Prop. 17, if W be raised through any space, 
as one inch, the string on each side of the pully A 
will be liberated for one inch, and therefore P will 
be at liberty to descend two inches: therefore W's 
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velccity : P's velocity :: 1 : 2; and since by Prop. 17. 
P:W:1:2 P: Wee: W's velocity : Ps 
velocity. 

In Prop. 18, if W be raised through any space, 
as one inch, each string at the lower block will be 
liberated one inch, and therefore as many iuches of 
string will be liberated as there are strings at the 
lower block; and P will be at liberty to descend 
through a space equal to the whole of this. There- 
fore the space described by W : space described by 
Pos 1 : number of strings at the lower block; and 
hence by Prop. 18, and by the definition of velocity, 
P: W: W's velocity : P's velocity. 

In Prop. 19, if W be raised through any space, 
as one inch, each of the two strings at the lowest 
pulp Æ will be liberated one inch; therefore the 
puly C will be liberated 2 inches, and will rise 
through 2 inches; therefore on each side the block 
C, 2 inches of string will be liberated ; therefore the 
pully A will be liberated 2 x 2 inches; therefore 
the string on each side the pully 4 will be liberated 
2x9 inches; therefore the string at which P acts 
will be liberated 2 x 2 x 2 inches, and since this hap- 
pens at the same time that JV is liberated one inch, 
W's velocity : P's velocity :: 1: 2x2 x2. And 
it is clear that the last term is that power of 2 whose 
index is the number of moveable pulleys. 

But by Prop. 19, P: W :: 1: 2x2 x2 as 
before; therefore, by what has been proved, P : W 
:: W's velocity : P’s velocity. 


* Pror. XXIIT. If P support W on the 
inclined plane, acting parallel to the plane by 
means of a string of constant length, and if 

c 5 
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the whole be put in motion, P : W : W's 
velocity in the direction of gravity : P's 
velocity. 

Let AC be the inclined plane, the weight W 
being supported by the 
force P acting parallel to 
the plane. Let W move to 
w, and P to p in the same 
time; and draw Wo hori- 
zontal and wv vertical. 
Then wv is the space 
through which W moves in the direction of gravity, 
while P moves through the space Pp, or Ww, which 
is equal to Pp, because the string wP is always of 
the same length. Therefore by the definition of 
velocity, Ws velocity in the direction of gravity; 
P's velocity :: wv : Ww. 

But since Wv is horizontal, or parallel to AB, 
and wv vertical, or parallel to CB, the triangle 
Wwov is similar to ACB. Therefore wo : Ww :: BC 
: AC, that is, wo : Ww :: height of the plane: 
length of the plane. But by Prop. 20, this pro- 
portion is that of P : W; therefore, by what has 
been proved P : W :: W's velocity in thc direction 
of gravity : P's velocity. 

Cor. If the string by which W is supported 
pass over a point C and hang vertically, as W CQ, and 
if Q balance W, Q will descend through a space Qq 
equal to Ww, when W descends through a space 
Ww; and we may prove, as before, Q : W :: W's 
velocity in the direction of gravity : P’s velocity. 

* Der. The Center of Gravity of any body or 
system of bodies is the point about which the body 
or the system will balance itself in all positions. 
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* Prop. XXIV. To find the center of gravity 
of two heavy points. 


Let 4, B, be the two heavy points; their weights 
being P and Q. Join AB; and 
take in AB a point C, such that 
P+Q:Q: AB: AC; C will é 
be the center of gravity of 4, B. 

Since P 4 Q : Q: AB: AC, 
by division P : Q :: BC : AC. A 
Therefore by Prop. 3, 4 and B will balance each other 
on the line AB in a horizontal position, because in 
that case the weights act perpendicularly to the lever. 
Therefore by Prop. 9, 4, B will balance each other 
on C in every other position of the line AB. There- 
fore by the definition of the center of gravity, C 
is the center of gravity of the heavy points 4, B. 

Con. The pressure upon the center C in every 
position is equal to P+ Q, by the Corollary to 
Prop. 9. 


P 
B 


* Pror. XXV. To find the center of gravity 
of any number of heavy points. 


Let 4, B, C, D be any number of heavy points; 
their weights being P, Q, 


BoQ 

R, S. Join AB, and 

take a point E in AB, EZ F » 
such that P-Q:Q T d c R 


AB : AE; join EC, and AY 
take a point F in EC, y 
such that P- QR : R D 

: EC : EF; join FD, S 

and take a point G in FD, such that P+ Q+R-+ S 
DS u FD: FG: G wil be the center of gravity 
of P, Q, R, S. 
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Since P4 Q : Q:: AB: AE, by Prop.24, E is 
the center of gravity of the points A, B, and in every 
position of AB the pressure upon E is equal to P+ Q. 
But since P+Q+ R: R: EC : EF, by division 
P-Q: R: CF: EF; therefore P+ Q at E and 
R at C wil balance upon F when EC is horizontal 
by Prop. 3, and when EC is iu any other position 
by Prop. 9; and the pressure upon F in any position 
will be P+ Q + R, by the Cor. to Prop. 9. There- 
fore in any position P, Q, R will balance upon F, 
and F is the center of gravity of P, Q, R. 

Again, since P Qa- RS: S : FD: FG, 
by division, P+ Q + R: S: DG: FG; and P- Q- R 
at F, and § at D, will balance in every position 
of FD, by Propositions 3 and 9. And the pres- 
sure upon G will, in every position of FD, be P + Q 
+ R + S, by Cor. to Prop. 9. 

Therefore in every position of FD, EC, and BA, 
the points 4, B, C, D will balance upon G; and 
therefore G is the center of gravity of 4, B, C, D. 


Con. i. It has been shewn that in every position 
of 4, B, C, D the pressure upon G, the center of 
gravity, is equal to the sum of the weights. 

Con. 2. Every system of heavy points has a 
center of gravity ; for the above construction is 
always possible. 


Prop. XXVI. Ifa straight line pass through 
the center of gravity of a body, the body will 
balance itself on this line in all positions. 

Since the body will balance itself in all positions 


upon the center of gravity, if this center be supported 
the body will be supported in all positions. But if 
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the line passing through the center of gravity be 
supported, the center will be supported; and there- 
fore if the liue passing through the center of gravity 
be supported, the body will be supported in all 
positions; therefore it will balance itself on this line 
in all positions. Q.E.D. 


* Prop. XXVII. If a system of heavy par- 
ticles balance upon a straight line in all posi- 
tions, the center of gravity is in that line. 

Let HK be a line on which the system balances 
itself in all positions; and 
since every system has a 
center of gravity (Prop. 


A F 


25, Cor. 2) if possible let XK D 

G, which is not in HK, be We 

the center of gravity. ay aaa hoe 
Let the system be turned n a 

round the line HK till the 


plane GHK is horizontal; and let GF be drawn 
parallel to HK; and let vertical lines be drawn from 
the particles, meeting the horizontal plane in points 
as 4, B. Draw ALM, BNO, perpendicular to HK 
or GF, and let P,Q be the weights of the particles 
from which the vertical lines fall at Æ and B on 
opposite sides of the lines GF, HK. 

Since the body balances on the line HK, the 
sum of all such moments as P x AM on the one side 
of the line HA must be equal to the sum of all such 
moments as Q x BN on the other side of the line 
by Prop. 16, Cor. 4. And since, by Prop. 26, the 
body balances on the line GF, the sum of all such 
moments as P x AL on the one side of the line 
GF must, for the same reason, be equal to the sum 
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of all such moments as Q x BO on the other side of 
the line GF. 

But when we take the moments of the particles 
of the body with respect to the line GF, instead of 
HK, each of the moments on the side 4, as P x AM, is 
diminished by P x L M, so as to become P x AL; aud 
each of the moments on the side B, as Q x BN, is in- 
creased by Q x NO, so as to become Q x BO: besides 
which there are particles, the vertical lines from which 
fall between the lines HK, GF, which are on the 
side A of the line HK, and on the side B of the 
line GF; and of which the moments still further 
diminish the sum of the moments on the side 4, and 
increase the sum oft the moments on. the side B, when 
we exchange the line "GF for the line HK. 

Therefore if the sums of the moments on the sides 
A and B of the lines HK be equal, the sums cannot 
be equal when we move the line into the position GF, 
and therefore by Prop. 16, Cor. 5, the equilibrium 
cannot subsist for this second line also. 

Therefore the point G, out of HK, cannot be the 
center of gravity ; and therefore the center of gravity 
must be in HX. 

* Pror. XXVIII. To find the center of gra- 
vity of a material straight line of uniform density. 

Let AB be the straight line; bisect it in C; C will 
be the centre of gravity. 8 

Take CM and CN equal, and the N^ 
line may be considered as composed 
of pairs of equal particles, placed € 
at as such as M, N, by Axiom d 
14. Dut the two particles at M, N^ 
balance each other upon the point C in all positions, 
by Prop. 3 and 9. And all the other pairs of particles 
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will balance for the like reasons. Therefore the whole 
line will balance upon C in all positions. Therefore 
the point C is the center of gravity of the whole line. 


* Pror. XXIX. To find the center of gravity 
of a material plane triangle. 


Let ABC be the triangle; A 
bisect BC in D and join 4D ; and "d 
bisect 4C in E, and join BE; 
let G be the point of intersection 
of AD, BE; G is the center of 
gravity of the triangle. A 

Draw any line PQ parallel to BC, meeting AD in 
O; it is easily seen that the triangles AOP, ADB 
are similar, as also 40Q, ADC. 

Hence OP : OA :: DB: DA; 
and OA: OQ :: DA : DC; 
therefore OP : OQ :: DB : DC. 
But DB is equal to DC, therefore OP is equal to OQ, 
and O bisects PQ. 

By Axiom 15, the triangle 4BC may be considered 
as made up of straight lines PQ parallel to BC. And 
the center of gravity of any one of these lines, as PQ 
is at O in the line 4D: therefore each of these lines 
will balance upon 4D in any position; therefore the 
whole triangle, which is made up of these lines, will 
balance upon 4D in any position, and therefore the 
center of gravity of the triangle is in the line 4D. 

In like manner, the triangle may be considered as 
made up of straight lines parallel to AC, and it may 
be proved by similar reasoning that the center of 
gravity of the triangle is in the line BE. 

Therefore the center of gravity of the triangle is 
at G, the intersection of AD and BC. aq. E. p. 
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Con. If we join DE, it is easily shewn that the 
triangles CBA, CDE are similar ; as also AGB, DGE; 
therefore DE : AB :: CD: CB; 
but by construction CD : CB: 1:2 
therefore DE : AB :: 1: 2. 
Again GD : AG :: DE : AB; 
therefore GD: AG :: 1:2; 
and by composition 4D : AG : 3: 2; 
4G is two-thirds of AD, and DG is one-third of AD. 
In like manner BG, and GE, are two-thirds and 
one-third of BC respectively. 


Pror. XXX. Any body will have the same 
effect in producing equilibrium about a horizontal 
line, as if it were collected at its center of gravity. 


Let EF be the horizontal line, and G the center 
of gravity of the system. 1 
Let a horizontal plane be | 
drawn through the line EF, 
and let GH be a vertical line 
meeting this plane in H, and 
PA, GB vertical lines from 
any particles P, Q of the body, 
meeting those planes in A, B, 
and let HK, AM, BN be drawn perpendicular to EF, 
and HL parallel to EF. 

The effect of the body in producing equilibrium 
depends upon the excess of the moments such as 
P x AM, on one side of the line EF, above the moments 
such as Q x BN, on the other side of the line; anid is 
the same so long as this excess is the same. This fol- 
lows from Prop. 16, Cor. 3. 

Now since G is in the center of gravity, the body 


Aun : p r 
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balances on the point G, and therefore on the line 
HL; for if HL be supported, G is supported. There- 
fore the sum of all the moments, such as P x AL, on the 
one side, is cqual to the sum of all the moments such as 
Q x BO, on the other side. And Q x BO is equal to 
QxBN -Qx NO. Therefore adding P x LM to both, 
the sum of moments such as Px AL--PxLM or 
P x AM, is equal to the sum of moments such as 
Qx BN -Qx NO Px LM. Therefore the excess 
of moments such as P x 4M over moments such as 
Q x BN is the sum of moments such as Qx NO 4. PX LM; 
that is, Q x HK + Px HK, or (Q+ P) x HK; because 
LM aud NO are each equal to HK. 


Now if all particles such as P and Q be trans- 
ferred to G, their effect in producing equilibrium 
depends upon sums of moments, such as (P+ Q) 
x HK; therefore it is the same as before. 

Hence if all the particles P, Q be transferred to 
the center of gravity G, the effect in producing equi- 
librium is the same as before. But the whole body 
may be considered as made up of such particles by 
Axiom 16. Therefore if a body be collected at its 
center of gravity, its effect in producing equilibrium 
will not be altered. 


Con. 1. In nearly the same manner it may be 
proved that any body will exert the same effect in 
producing equilibrium about any fixed line, as if it 
were collected at its center of gravity :—namely, by 
resolving the force arising from the weight of each 
particle into two component forces; one component 
force being parallel to the fixed line, and the second 
component force being perpendicular to the first. The 
former component forces will not produce any effect to 
turn the body about the fixed line; and the latter com- 
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ponent forces will produce the same effect as if the 
body were collected at the center of gravity, as will 
appear by comparing the moments in the two cases. 
Cox. 2. The effect of the body to disturb equi- 
librium about a line will be the same as if the body 
were collected at its center of gravity G. For the 
effect to disturb equilibrium is the effect to produce 
equilibrium when an adequate force is applied to 
counteract the tendency to disturb equilibrium. 
Con. 3. The effect of a body to produce or dis- 
turb equilibrium about a point is the same as if the 
body were collected at the center of gravity. For any 
line being drawn through the point, the effect is the 
same about this line by Cor. 2; and the equilibrium 
cannot be disturbed about a point, without being 
disturbed about some line passing through that point. 
Der. By the Base of a body is meant a side 
of it touching another body, and on which its direct 
pressure is supported. 
If the body fall over, it tends to turn round one 
edge of its base, whether the base slide or not. 


* Pnor. XXXI. When a body is placed upon 
a horizontal plane, it will stand or fall, accord- 
ing as the vertical line, drawn from its center 
of gravity, falls within or without its base. 

Let ABCD be the body, AB its base, G its center 
of gravity. First let —— 
GF, the vertical line G 
drawn from the center 
of gravity, fall upon 
the horizontal line BA 
without the base, as at ^ 
F. "Takein GF any line GH to represent the weight 
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of the body, and draw GK perpendicular to AG and 
HK parallel to AG. 

If the body fall over the edge A of the base, it 
will tend to turn round the edge A of the base, that 
is, to describe the arc GE of which the radius is AG. 
Now by Prop. 30, the effect of the body is the same 
as if it were collected at the point G. Therefore the 
force exerted to produce this effect may be represented 
by the vertical line GH. And the force GH is equi- 
valent to the forces GK, and KH, (acting at G). 
Of these the force KH acts in the line GA, passing 
through A, and therefore produces no tendency to 
motion about 4. But the force GX tends to make 
the body move in the direction GX, which is a tangent 
to the arc GE; and thus to make the base AB turn 
round the point 4, leaving the plane at B. And there 
is no force to counteract this tendency ; therefore the 
body will turn round the edge A, on the side on which 
the perpendicular GF falls. 


But if the perpendicular GH fall between A and 
B, as before, the effect may be represented by the 
vertical line GH, and the force GH is equivalent 
to the forces GK, KH. Of these KH (which acts 
at G) passes through A and does not tend to make 
the body turn round the edge 4; but the force GK, 
which is a tangent to the are GE, tends to make the 
body turn round 4 in the direction GE. But since 
the body is rigid, and 4B is in contact with the sup- 
porting plane, the body cannot turn round the point 
A in the direction GE, for the pressure thus pro- 
duced on the horizontal plane is resisted and sup- 
ported. In like manner the body cannot turn round 
the edge B by the action of the force GH ; there- 
fore in this case the body cannot fall. 
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* Prop. XXXII. When a body is suspended 
from a fixed point, it will rest only with its 
center of gravity in the vertical line passing 
through the point of suspension. 


Let AB be a body suspended from a fixed point 
C, and G its center of gravity. If CG be not ver- 
tical, draw GH vertical, and GA perpendicular to CG, 
and HK parallel to CG. The weight of the body will 
produce the same effect as if it were collected at 
the point G, and may be represented by the line 
GH. But the force GH is cquivalent to GK, KH; 
and of these, the force A (which " 
acts at G) is in the line CG, and is X 
supported by the fixed point at C ; 
and the force GX tends to make 
the body move in GA, which is a 
tangent to GE, the path in which the 
point G can move round the fixed 
point C; and thcre is no force to 
counteract this tendency, therefore 
the body will move in this path; and will not rest 
in the position 4B. 

But if CG be vertical, the weight will be sup- 
ported by the fixed point C, aud there will be no 
force to produce motion ; therefore the body will rest 
in that position. 

Therefore the body will rest only when CG is 


vertical. Q. E. D. 


Prop. XXXIII. If two forces tending to 
turn a body about a fixed point, and acting 
in a plane perpendicular to the axis of motion, 
balance each other, the pressure on the fixed 
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point is the same as it would be if the two forces 
were transferred to the point, retaining their di- 
rection and magnitude. 

Let P,Q, be two forces, acting to turn a body about 
a fixed point C. Draw CA 
parallel to the force P and CB 
parallel to the force Q; the 
pressure on C is the same as 
if the forces P, Q, acted in the 
lines AC, BC. 

Produce the directions of the 
forces to meet in D, and com- 
plete the parallelogram CADB. 
The force P, produces the same effect as if it acted at 
the point D in P's direction by Axiom 8; and similarly 
the force Q produces the same effect as if it acted at D. 
And if Dp, Dq represent the forces P, Q, and the 
parallelogram Dprq be completed, the diagonal Dr will 
represent the force at D to which P and Q are equiva- 
lent. But the direction of the force Dr must pass 
through the point C, as in Prop. 12, and will produce 
the same effect as if it acted at C; and the force Dr 
acting at C is equivalent to the forces qr, pr, acting in 
directions parallel to qr, pr, by Prop. 13; that is, the 
force Dr is equivalent to the forces Dp, Dq, acting in 
the lines AC, BC; that is, the forces P, Q, acting in 
the lines BP, AQ are equivalent to forces P,Q act- 
ing in 4C, BC. Therefore the pressure upon the 
fixed point C is the same as if the forces P,Q were 
transferred to that point. Q.E.D. 

Con. 1. If, instead of the fixed point at C, we 
substitute the pressure which that point exerts, there 
will be equilibrium by Axiom 12. Hence, if a body be 
acted upon by three forces in the same plane, of which 
one passes through the intersection of the other two, 
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and is equal to the resultant of the other two, the 
body will be in equilibrium. 

Cox. 2. Conversely if there be equilibrium, these 
conditions obtain. This follows from Axiom 3. 


Prop. XXXIV. If two forces tending to 
turn a body round a fixed axis, and acting in two 
planes perpendicular to the axis, balance each 
other, (as in the Wheel and Axle,) the pressures 
upon the points of the axis where the body is sup- 
ported, are the same as they would be, if the two 
forces, retaining their direction and magnitude, 
were transferred to the axis, at the points where 
the perpendicular planes meet it. 


Let P,Q, be two forces acting perpendicularly 
at the arms CA, DE, 
to turn a body round 
the axis HK, the 
planes CAP, DEQ 
being perpendicular 
to HK; and let the 
forces balance. Let 
X,Y be the press- 
ures exerted by the 
fulerums at H and 
K, which pressures 
balance the forces P, Q. Then X and Y are the 
same as if the forces P and Q, continuing parallel 
to themselves, were transferred to C and D. 

Let AC be produced to F, CF being equal to CA, 
and at F in the plane PAC, and perpendicular to DG, 
let two forces P', P", each equal to P, act in opposite 
directions. These forces will balance each other and 
be equivalent to no force; and therefore if the forces 


Suas 
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P', P" are added to the system, the equilibrium will 
not be disturbed. 

In like manner produce ED to G, DG being 
equal to ED, and at G, in the plane QED, and per- 
pendicular to DG, let two forces Q', Q", each equal 
to Q, act in opposite directions: these forces will 
not disturb the equilibrium. Therefore the six forces 
P, P', P", Q, Q', Q", acting in the manner described, 
will be supported by the forces X, Y; that is, the 
eight forces P, P', P", Q, Q', Q", X, Y, balance each 
other. 

The forces P",Q", are situated in exactly the 
same manner with regard to vertical lines and planes 
drawn upwards, as P, Q are, with regard to vertical 
lines and planes drawn downwards. ‘Therefore P”, 
Q", would balance each other on the axis HK, 
and would produce at H and K pressures equal and 
opposite to those which P, Q produce. But the forces 
X, Y are equal and opposite to the pressures which 
P, Q produce, for they balance those pressures. 
Therefore the forces P", Q” produce at H, K the 
pressures .X, Y. 

The forces P, P' are equivalent to a force double 
of P acting at C, parallel to P; and the forces Q, Q' are 
equivalent to a force at D double of Q, parallel to Q. 

Hence the six forces P, P', P", Q, Q', Q" are equi- 
valent to X, Y, at H, K, and to 2P,2Q at C, D. 
And the eight forces P,P', P", Q, Q, Q", X, Y are 
equivalent to 2.Y, 2?Y at H, K, and to 2P,2Q, at 
C, D. 

But these eight forces balance each other; there- 
fore 2.X, 2 Y, acting at H, K, balance 2 P, 2Q, acting at 
C, D: and therefore X, Y, which balance P, Q, acting 
at 4, E, would balance P, Q, acting at C, D. a... 
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DEFINITIONS AND FUNDAMENTAL NOTIONS. 


1l. Hyprostartics is the science which treats of 
the laws of equilibrium and pressure of fluids. 

*2. Fluids are bodies the parts of which are move- 
able amongst each other by very small forces, and 
which when pressed in one part transmit the pressurc 
to another part. 

*3. Some fluids are compressible and elastic ; that 
is, they are capable of being made to occupy a smaller 
space by pressure applied to the boundary within 
which they are contained, and when thus compressed, 
they resist the compressing forces and exert an effort 
to expand themselves into a larger space. Air is 
such a fluid. 

* 4. Other fluids are incompressible and inelastic ; 
not admitting of being pressed into a smaller space nor 
exerting any force to occupy a larger. Water is consi- 
dered as such a fluid in most hydrostatical reasonings. 

5. In all fluids which have weight, the weight of 
the whole is composed of the sum of the weights of all 
the parts. 

AXLOMS. 


1. If a fluid of which the parts have no weight 
be contained in a tube of 
which the two ends are 
similar and equal planes, two 
equal pressures applied per- 
pendicularly at the two ends 
will balance each other. D a 

Let ABCD be the tube, 

AB, CD its two cqual ends: c 
the equal forces P, Q, acting 
perpendicularly on these ends will balance each other. 


A 
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2. If a fluid be at rest in any vessel, and if any 
forces, acting on two portions of the boundary of the 
fluid, balance each other, they will also balance each 
other if any portions of the fluid become rigid with- 
out altering the magnitude, position, or weight of any 
of their parts. 

Thus if the two forces P, Q, acting on AB, CD, 
parts of the surface p 
of a vessel containing 
fluid, balance each 4 
other; they will also 
balance each other if 
the parts E and F of the fluid be supposed to 
become rigid, the magnitude, position and weight, 
of all the parts of E, F, remaining unaltered. 


3. Iftwo forces acting upon two portions of the 
boundary of a fluid balance each other, and if a force 
be added to one of them, it will prevail and drive 
out the fluid at the part of the surface acted on by 
the other force. 


4. Any surface pressed by a fluid may be di- 
vided into any number of particles, and the pressure 
on the whole is equal to the sum of the pressures 
on each of the particles. 


5. When a plane surface is pressed by a fluid, 
the pressure exerted on the surface, and the pressure 
of the surface on the fluid are perpendicular to the 
plane. 


6. We may reason concerning fluids, supposing 
them to be without weight: and we shall obtain the 
pressures which exist in heavy fluids, if we add, to 
the pressures which would take place if the fluids had 
no weight, the pressures which arise from the weight. 

p 
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7. When a finite mass of fluid is considered as 
consisting of small particles of any form or size, and 
when the consequences of our reasoning do not depend 
upon the magnitude of the particles, we may, in our 
reasoning, neglect the magnitude or weight of any 
single particle, and the consequences will still be true 
in a heavy fluid. 


Pror. I. If a fluid without weight be con- 
tained in a tube of which the two ends are similar 
and equal planes, and if two forces applied per- 
pendicularly at the two ends balance each other, 
the forces are equal. 

Let ABCD* be the tube, 4B, CD its two equal 
ends; P, Q the two forces. And if P be not equal to 
Q, let Q be the greater, and let Q be equal to P + X. 
By Axiom 1, the force P acting at AB would balance 
the force P acting at CD; add to the latter, the force 
X, and by Axiom 8, the force P+ X (that is, the 
force Q) acting at CD will prevail over the force P 
acting at AB. ‘Therefore the forces do not balance, 
which is against the hypothesis. Therefore Q is not 
the greater of the two P, Q; and in like manner it 
may be shewn that P is not the greater: therefore P 
is not unequal to Q, that is, P is equal to Q. a. E.D. 


* Prop. II. Ifa fluid at rest be contained in 
a close vessel, and if its parts have no weight, on 
every similar and equal plane portion of the sur- 
face of the vessel there will be exerted an equal 
pressure upon the fluid. 


* Sec figure to Axiom l. 
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Let LMN be the close vessel, 4B, CD, EF, GH 
similar and equal plane por- S 

tions of the surface of the 
vessel; let two forces P,Q 
acting on 4B, CD, portions 
of the boundary of the fluid, 
balance each other; and let 
a tube AC BD be imagined, 
passing from AB to CD. 
Let the portions of the i 

fluid, ACL, BDN become rigid; then, by Axiom 2, the 
forces P, Q still balance each other; but by Prop. 1, 
in this case the forces P, Q are equal. And in like 
manner it may be shewn that the forces P, R are 
equal, as also the forces P, S. And P,Q, R, S the 
forces which act on the boundary of the fluid and 
balance each other, are the pressures on similar and 
equal portions of the containing vessel. Therefore the 
pressures exerted on all such portions are equal. Q.E.D. 


* Pnor. III. In a fluid at rest, any particle 
is pressed equally in all directions upon similar 
and equal plane surfaces. 

Let 4 be any point in a fluid, and let 4M, AN be 
any two directions. Let 4B be a N 


plane perpendicular to AM, and œ 
AC a similar and equal plane per- 


pendicular to AN. Let the solid, 2 
of which the planes .4B, AC are A 
boundaries, be completed, and be P 
considered as a particle of the 

fluid. And let P, Q be the forces M 


which act on the planes AB, AC, and preserve the 
equilibrium. Let the whole of the fluid which sur- 
p 2 
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rounds the solid ABC be supposed to become rigid : 
therefore, by Axiom 2, the forces P, Q still balance 
each other. 

Let the portion BAC of fluid have no weight; there- 
fore, by Prop. 2, the forces P, Q are equal to each other. 

But by Axiom 7, since this consequence does not 
depend upon the magnitude of the particle 4BC, we 
may neglect the weight of the particle ABC, and the 
consequence will stil] be true. 

Therefore, in a fluid at rest the pressures P, Q, 
which act upon a particle in the two directions MA, 
NA, are equal. Q.E.D. 

Con. A particle of fluid is equally pressed on 
auy two equal and similar portions of its surface. 

Prop. IV. Ifa heavy fluid be at rest in a 
prismatic vessel of which the base is a polygon and 
the sides vertical, and if a collection of particles 
of the vertical sides be taken, bouuded by two 
horizontal planes; the pressure on the particles 
belonging to any part of each side is as the por- 


tion of the side. 

Let ABCDE, abcde be 
the two horizontal planes, 
and by Lemma 5, the two 
polygons 4BCDE, abcde, 
will each be similar and equal 
in all respects to the polygon 
which is the base of the ves- 
sel. Let AF, FG, GH, be 
equal portions of the line 
AB, so that the parallelo- 
grams Af, Fg, Gh are equal 
particles of the vertical side Ab; and let 4M, MN, be 
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portions of AE each equal to AF, so that Am, Mn, 
are equal particles of the side 4e, and Am equal to 
Af. 
4 Since Af, Fg, may be considered as two equal and 
similar portions of the surface of a particle, the press- 
ures upon Af and Fg are equal, by Cor. to Prop. 3; 
for the same reason the pressures upon the particles 
Fg, Gh, are equal. Therefore the pressures upon 
all the particles Af, Fg, Gh, are equal, and the whole 
pressure upon 4h is the same multiple of the press- 
ure upon Af, which AH is of AF. 

In like manner, the whole pressure upon An is the 
same multiple of the pressure upon 4m, which 4N 
is of AM. 

Therefore, 
AH : AF :: pressure upon AA : pressure upon AF; 
and 
AM : AN :: pressure upon Am : pressure upon An. 
But, by supposition, 4M is equal to AF, and by Cor. 
to Prop. 3, the pressure upon Af is equa) to the press- 
ure upon Am. 
Therefore, compounding the proportions, 
AH : AN :: pressure upon Ah : pressure upon Ax. 
And, in the same manner, we may shew that 
AB : AE :: pressure upon Ab : pressure upon de; 
and that 
AE : DE :: pressure upon Ae : pressure upon De. 


Therefore, compounding the last two proportions, 
AB: DE :: pressure upon Ab : pressure upon De. 


And, in the same manner, the proportions may be 
proved for any two of the sides, and for any portions 
of the sides. Q.E.D. 
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Also, if AH be not an exact multiple of AF, or 
AN of AM, we may, in the reasoning, neglect the last 
particle in 46, and Ae, and the consequence will still 
be true of a heavy fluid by Axiom 7. 


Pror. V. Ifa heavy fluid be at rest in a vessel 
of which the base is any horizontal polygon and 
the sides vertical, the pressures upon the sides 
of the polygon destroy each other. 


Let any collection of particles of the vertical sides 
„be taken, bounded by two horizontal planes, as in 
Prop. 4. Let ABC be one of the horizontal planes, 
and let any line CX be drawn in this plane. In one 
of the sides 4B take any portion LM, and draw lines 
LQ, MR, perpendicular to CX, and meeting the op- 
posite side of the vessel in Q, R. The pressures upon 
the series of particles of the vertical sides contained 
between the two horizontal planes, belonging to the 
lines LM, QR, are as LM, QR, by Prop. 4. Take 
KL perpendicular and equal to LM, to represent the 
pressure on. LM, and then PQ, perpendicular and 
equal to QR, will represent the pressure on QR. 
Produce LQ both ways, and draw on it perpendi- 
culars KH, PO. The c 
triangles KLH, LMN 
are equal; because 
KLM is a right angle, 
and therefore the sum 2 
of KLH, MLN is a P 
right angle; but the R 
sum of KLH, LKH is 
a right angle, because AHL is a right angle; there- 
fore MLN is equal to LKH; and the angles at H 
and at N are right angles. Therefore the triangles 
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have two angles of the one equal to two angles of the 
other; and the side KL is equal to LM. Therefore 
the triangles are equal, and AL is equal to MN; 
that is, to RS. In the same manner it may be shewn 
that OQ is equal to RS, that is, to HL. Now the 
force KL is equivalent to KH, HL, and the force PQ 
to PO, OQ. "Therefore the pressures of the two por- 
tions of the surface in the directions perpendicular to 
the line CX, are the forces OQ, HL. But OQ, HL 
have been proved to be equal. Therefore those two 
forces are equal and opposite, and destroy each other. 
And, in the same manner, if any other two opposite 
portions of the surface be cut off by lines perpendicu- 
lar to C.X, the pressures on these two portions, in a 
direction perpendicular to C.X, destroy each other. 
Therefore the whole of the pressures on the perimeter 
ABC, which are perpendicular to C.X, destroy each 
other. 

"Therefore the forces arising from the pressures of 
the vertical sides perpendicular to CY destroy each 
other. 

In like manner it may be shewn that the forces 
which arise from the pressure of the vertical sides, and 
are parallel to CX, destroy each other. 

Therefore the whole of the forces arising from 
the pressure of the vertical sides destroy each other. 
Q. E. D. 


SCHOLIUM. 


If the base of the figure be curvilinear, and the 
sides vertical, the same will stil] be true. For the 
curvilinear prism is the limit of a polygonal prism of a 
great number of sides. And what is true up to the 
limit is true of the limit. 


80 MECHANICS. 


* Prop. VI. Ifa vessel, the bottom of which 
is horizontal, and the sides vertical, contain a 
heavy fluid, the pressure upon the bottom is equal 
to the weight of the fluid. 


By last Proposition the pressures of the vertical 
sides destroy each other. Therefore the whole weight 
of the fluid will be sustained in the same manner as if 
there were no forces acting on the sides. Let the 
whole fluid become rigid. Then since it is now a solid 
body, the pressure upon the base is equal to the weight 
of the body. But by Axiom 2, the pressure is the 
same as before; therefore the pressure of the fluid on 
the base is equal to the weight.  q. E. D. 


* Pnor. VII. In a fluid of uniform density, 
the pressure upon a plane surface of any particle, 
arising from the weight of the fluid, is propor- 
tional to the surface pressed, and to its vertical 
depth below the upper surface of the fluid; pro- 
vided there is a vertical column of fluid reaching 
from the particle to the upper surface. 

CasE 1. When the surface pressed is horizontal. 

Let AB be the horizontal surface pressed, and 
ABCD the column reaching to the sur- 
face, the sides 4D, BC being vertical. 

Suppose the column ABCD to become 
rigid, the same forces as before still keep 
it at rest, by Ax. 2. But these forces are 
the weight of the column acting down- 
wards, and the pressurc at the plane 4B, / 
acting upwards. Therefore the pressure x 
at the plane AB is equal to the weight of the 
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column 4BCD; for, by Prop. 5, the pressure of the 
surrounding fluid does not increase or diminish the 
pressure downwards. But the weight of the column 
AB is, by Lemma 6 and its Corollary, as the base 
multiplied by the vertical height, that is, as 4Bx AD. 
Therefore the pressure which 4B exerts is as AB 
x 4D; and therefore the pressure exerted upon AB 
is also as ABx AD. Q.E.D. 


Case 2. When the surface pressed is not hori- 
zontal. 

Let A.X be another plane surface of the particle, 
equal to the plane 4B. By Prop. 3, the pressure upon 
AX is equal to the pressure upon 4B, and therefore 
is as 4B x AC, oras AX x AC. Q.E.D. 


* Prop. VII]. The assertion of the last 
Proposition is true, when there is not a vertical 
column reaching from the surface pressed to the 
upper surface of the fluid. 


Case 1. When the surface pressed is horizontal. 


Let 4B be the surface pressed, OP the surface 
of the fluid, OD horizontal P o C Dp 
and AD vertical. 

Draw AH vertical till it 
meets the side of the vessel ; 
take HE = AB, and draw 
EN horizontal till it meets 
the opposite side of the ves- 
sel; take NK = AB, and 
draw KO vertical ; and so on 
if necessary; we shall in this way arrive at the upper 
surface of the fluid. Draw HM, NP, so as to com- 

D5 
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plete the zigzag tube ABEMO which passes from 
the plane 4B to the upper surface of the fluid. Also 
the surfaces EF, FG, KL, LM, are all equal to AB. 

In the same manner as in Prop. 7, it appears that 
the pressure upon ML is as ML x LO, that is, as 
AB x LO. Therefore supposing the particle MK 
to be without weight, since KL is equal to LM, by 
Prop. 2, the pressure upon AL is also equal to 
AB x LO, and therefore, by Ax. 7, also in a heavy 
fluid. And since FGL is a horizontal column of 
fluid bounded by two equal plane surfaces FG, KL, 
the pressures exerted by the surrounding fluid on these 
surfaces are equal, by Prop. 4. Therefore the press- 
ure on FG is as AB x LO. And therefore, since 
GH is equal to FG, by Prop. 2, the pressure upon 
GH is as AB x LO; and therefore the pressure of 
GH downwards is as 4B x LO, or AB x GC. 

Now by Prop. 5, since AH, BG are vertical, the 
pressure of the column ABGH downwards is not 
affected by the surrounding fluid. Suppose 4BGH 
to become rigid, then its pressure downwards will be 
equal to its weight, together with the pressure on its 
upper surface GH; that is, it will be as 4B x AG 
+ AB x BC, or AB x AC. Q x.D. 


Case 2. When there is not a vertical column 
reaching from the surface pressed to the upper sur- 
face of the fluid, and the surface pressed is not 
horizontal. 

Let 4.X* be the plane surface pressed, equal to 
the plane 4B. By Prop. 3, the pressure upon AX is 
equal to the pressure upon AB, and therefore is as 
AB x AD, or as AX x AD. 


* See figure, p. Ul. 
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Cor. Hence in all cases the pressure upon a 
plane surface of any particle is as the surface pressed 
and as the depth of the particle below the upper 
surface of the fluid. Q.E.D. 


* Prop. IX. The upper surface of a heavy 
fluid of uniform density, and at rest, is hori- 
zontal. 


Let PQ be the upper surface of a heavy fluid. 
If possible, let P,Q not be in a horizontal plane. 
Let 4 be any point in the fluid, AX the plane sur- 
face of a particle. Draw PC, QD horizontal, and 
ACD vertical. 

By Prop. 8, the pressure upon AX arising from 
the weight of the fluid is as 
AX x AC on the side P; and D 
for the same reason it is as p 
AX x AD on the side Q: and 
these are opposite pressures upon 
the plane AX. Therefore the 
fluid cannot be at rest except zin 
these are equal; that is, except AX x 4C — AX x AD, 
or AC = AD; therefore PQ is not otherwise than 
horizontal. Q.E.D. i 


Cor. 1. In a heavy fluid at rest, if a horizontal 
plane MNOP* be drawn, and any particle taken, of 
which the section is 4.Y, the pressures on the two 
sides of AX, arising from the weight of MNAX and 
of POA.X, are equal. 


For each pressure is equal to AX x AC, by the 
Proposition. 


* See figure, p. 34. 
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Cor. 2. If AX be any plane surface the same is 
true. For the pressure on any surface is the sum 
of the pressures on its particles. And the pressures 
on each particle of AX are equal on the two sides 
by Cor. 1. 


Pnor. X. If in a heavy fluid at rest, a 
horizontal plane be drawn, and equal surfaces 
taken in this plane, the pressures on them will 
be equal. 


Let MNOP be a horizontal plane in which MN, 
OP are equal surfaces; the pressures upon MN, OP 
are equal. 

Let a tube MNOP pass from MN to OP, and 
let AX be a section of it. Suppose the fluid surround- 
ing the tube MANOP to become rigid, the pressures 
will remain unaltered. But the —— —— —— ——— 
pressures on AX on onc side are qM N CoP 
(Axiom 6) those arising from the 
pressure on MN and from the 
weight of NX; and on the other 
side the pressures on AX are the 
pressures arising from the pressure on OP, and the 
weight of O.Y; and the pressures on the two sides of 
A X balance each other and are cqual. And of these 
the pressure arising from the weight of N.Y is equal 
to the pressure arising from the weight of OX, by 
Cor. 2 to last Prop. Therefore, taking away these 
equals, the remainders, the pressures on MN and OP, 
are equal. Q@. E. D. 


* Prop. XI. If any horizontal prism be par- 
tially immersed in a fluid of uniform density, 
the pressure upwards is equal to the weight of 
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the fluid displaced; provided that all the ver- 
tical lines drawn from the immersed surface 
to the upper surface of the fluid are within 
the prism. 


Let ABC be a vertical section of the prism, EF 
the upper surface of 
the fluid, LM any par- 
ticle of one of the 
surfaces of the prism. 
Draw LD, ME vertical, 
meeting the upper sur- 
face of the fluid in D 
and E. Take AL, per- 
pendicular and equal to LM, to represent the press- 
ure on LM, and draw NLH horizontal and KH 
vertical, meeting NLH. 

As in Prop. 5, it may be shewn that the triangles 
KHL, LNM are equal in all respects, so that KH 
is equal to LN. The force KL may be resolved into 
KH, HL, of which KH represents the part which acts 
vertically upwards; and the whole force on LM is 
to this part as KL to KH, that is, as LM to LN, 
or as LDx LM is to LDx LN. But the whole 
pressure of the fluid on LM is equal to the weight of 
the column of fluid LD x LM (Prop. 7); therefore the 
part of this pressure which acts vertically upwards is 
equal to the weight of the column LD x LN ; that is, 
to the weight of the column LDEN ; that is, to the 
weight of the column LDEM, because we may neg- 
lect the weight of the single particle LNM, by Ax. 7. 

In like manner, the vertical pressure upwards on 
any other particle of the surface of the prism is equal 
to the weight of the vertical column of fluid standing 
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upon that particle and reaching to the upper surface 
of the fluid. Therefore the whole of the vertical 
pressures upwards are equal to the sum of all such 
vertical columns. But the sum of all such vertical 
columns makes up the fluid displaced; therefore the 
whole of the vertical pressures are equal to the weight 
of the fluid displaced. Q. x. n. 


Pnor. XII. If any horizontal prism be 
wholly or partially immersed in a fluid of uni- 
form density, the excess of the vertical press- 
ures upwards above the vertical pressures down- 
wards is equal to the weight of the fluid dis- 
placed. 


Let ABC be a vertical section of the prism, EF 
the upper surface of the fluid, LM any particle of 
one of the lower surfaces of the prism. 

Draw the column LDME vertical, meeting the 
upper surface of the fluid 
in DE, and cutting off a par- 
ticle QR from the upper sur- 
face of the prism. It may 
be proved, as in the last 
Proposition, that the vertical 
pressure upwards on the par- 
ticle LM is cqual to the 
weight of the column of fluid 
LDEM. And in the same 
manner it may be proved that the vertical press- 
ure downwards on the particle QR is equal to 
the weight of the column of fluid QDER. There- 
fore the excess of the pressures upwards above the 
pressures downwards on this vertical column is the 
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excess of the weight of the column of fluid LDEM 
over that of QDER ; that is, it is the weight of the 
column LQ&E M. 

In the same manner, in any other vertical column, 
the excess of the pressure upwards above the pressure 
downwards is the weight of fluid equal to the vertica? 
column intercepted within the body. And the whole 
excess of the vertical pressures upwards is the sum of 
all such intercepted columns; that is, it is the weight 
of the fluid displaced by the body. a. x. D. 


Prop. XIII. If any horizontal prism be 
wholly or partially immersed in a fluid of uni- 
form density, the horizontal pressures of the fluid 
on the sides of the prism destroy each other. 


Let ABC be a vertical section of the prism, EF 
the upper surface of the 
fluid; LM any particle 
of one of the surfaces 
of the prism, and make 
the same construction 
as in Prop. 5. Draw 
LQ, MR horizontal, cut- 
ting off QR, a particle 
of the opposite surface of the prism. Draw LD, 
ME, QF, RG, vertical, to the upper surface of the 
fluid. Take KL perpendicular and equal to LM to 
represent the pressure on LM, and draw NLH hori- 
zontal, and AH vertical. 

By Prop. 7, the pressures on the parti- 
ces LM, QR are as LM x LD and QR x QF; 
that is, as LM and QR, because LD and QF 
are equal. Therefore, if a line KL equal to LM 
represent the force on LM, a line equal to QR 
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will represent the force on QR. Let, therefore, 
PQ, perpendicular and equal to QR, represent the 
force on QR, and draw ,$QO horizontal and PO 
vertical. 

As in Prop. 5, it may be shown that the triangles 
KHL, LNM are equal in all respects, so that 
LH = MN; also that the triangles POQ, QSR are 
equal in all respects, so that OQ = RS. But MN is 
= RS; therefore LH = OQ. 

The force KL may be resolved into KH, HL, of 
which HL is the horizontal part; and the force PQ 
may be resolved into PO, OQ; of which OQ is the 
horizontal part; and OQ, HL have been shown to be 
equal: therefore the horizontal forces on the two par- 
ticles LM, QR are equal and opposite; therefore they 
destroy each other. 

In the same manner, if any other lines be drawn 
horizontally in the plane of the figure, they will cut off, 
in the surface of the prism, opposite particles, on which 
the horizontal forces will destroy each other; and the 
horizontal forces on all such particles are the whole 
horizontal pressures of the fluid on the sides of the 
prism. Therefore the whole horizontal pressures de- 
stroy each other. | «. E. D. 


Prov. XIV. Ifa body bounded by any planc 
surfaces be wholly or partially immersed in a 
fluid of uniform density, the pressure of the fluid 
upwards is equal to the weight of the fluid dis- 
placed. 

Let LM be a particle of the surface; and on LM 


let a vertical column be erected, meeting the upper 
surface of the fluid in DE. Draw the horizontal 
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section L} of the column; and take KL perpendicu- 
lar to LM to represent the pressure on LM, and 
draw KH perpendicular on the ver- 
tical line DL. 

The force K L may be resolved into 
KH, HL, of which HL represents the 
vertical force; and the whole force on 
LM isto the vertical force on LM as KL 
to HL; that is, by Lemma 7, as LM 
to Li; or as DL x LM to DL x Ll. 
But the whole force on LM is cqual M 
to a column of fluid DL x LM, by 
Prop. 7; therefore the vertical force H K 
on LM is equal to a column of fluid DL x Ll; that 
is, to the column EDL/, by Lemma 6; that is, to 
the column EDLM, because the single particle LIM 
may be neglected. 


l 


And, in like manner, the vertical pressure upon 
any other particle of the surface is the weight of fluid 
equal to the vertical column which stands upon that 
particle. 

And the whole vertical pressure is equal to the 
sum of all these columns, that is, to the weight of the 
fluid displaced. a. E. v. 

Also if the fluid be above any part of the body, it 
may be shown, as in Prop. 12, that the excess of the 
pressures upwards above the pressures downwards is 
equal to the weight of the fluid displaced. 


Prop. XV. If a body bounded by plane sur- 
faces be wholly or partially immersed in a fluid, 
the horizontal pressures of the fluid on the sides 
of the body destroy each other. 
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Let LM be a particle of the immersed surface of 
the body, and on LM let a horizontal prism be con- 
stituted, (of which QL is one of the edges,) meeting 


the opposite surface of the body, and cutting off the 
particle QR. Draw LD, QF, vertical lincs, to the 
upper surface of the fluid. "Take KL to represent 
the pressure on LM, and KH perpendicular on QU. 
produced. And Let L/, Qq be sections of the hori- 
zontal column by vertical planes. 

The force KL may be resolved into KH, HL, of 
which HL is the horizontal force parallel to the line 
LQ. And the whole force on LM is to this horizontal 
force as KL to HL; that is, by Lemma 7, as LM to 
Ll, or as LD x LM is to LD x Ll. But the whole 
pressure on LM is the weight of the column of fluid 
LD x LM, by Prop. 7. Therefore the horizontal 
force on LM parallel to LQ is the column LD x LI. 

In like manner, it may be shown that the hori- 
zontal force on QR, parallel to QL, is the weight of 
the column of fluid QF x Qq, which is equal to the 
column LD x L/, because, by Lemma 5, Ll, Qq 
are equal. 

Therefore the horizontal pressures on LM and 
QR, parallel to the line LQ, are equal and opposite, 
and therefore they destroy each other. 
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And, in the same manner, the horizontal pressures 
on any other two opposite particles, parallel to the line 
LQ, destroy each other. And the sum of all such 
horizontal pressures on opposite particles is the whole 
pressure on the surface of the body parallel to LQ. 
Therefore the whole of the horizontal pressures parallel 
to LQ destroy each other. 

And, in like manner, the whole of the horizontal 
pressures parallel to any other horizontal line destroy 
each other. 

Therefore the whole of the horizontal pressures 
destro$ each other. Q. w. v. 


SCHOLIUM. 


The two last Propositions are true of bodies 
bounded by curvilinear, as well as by plane surfaces. 
For the curvilinear figure is the limit of a polyhedral 
figure of a great number of sides. And what is true 
up to the limit is true of the limit. 


* Prop. XVI. When a body floats in a fluid, 
it displaces as much of the fluid as is equal in 
weight to the weight of the body; and it presses 
downwards and is pressed upwards with a force 
equal to the weight of the fluid displaced. 

When a body is immersed in a fluid, by Proposi- 
tions 12, 13, 14 and 15, and the Scholium, the hori- 
gontal pressures destroy each other, and the vertical 
pressure upwards is equal to the weight of the fluid 
displaced. But in order that the body may float, the 
vertical pressure upwards, that is, the weight of the fluid 
displaced must be equal to the vertical pressure down- 
wards, that is, to the weight of the body. Therefore, 
when a body floats, it displaces as much, &c. @, E. D. 
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Pnor. XVII. When a body floats in a fluid 
the centers of gravity of the body and of the fluid 
displaced are in the same vertical line. 

When a body floats, its weight is balanced by the 
forces by which it is supported, and by the vertical 
pressures of the fluid on each particle of the surface : 
and these latter pressures, by Prop. 14, are equal to 
the weight of vertical columns which would make up 
the fluid displaced. And the weights of these vertical 
columns will produce the same effect as if they were 
collected at their center of gravity, and acted upwards 
there; (Book 1. Prop. 30), that is, at the center of 
gravity of the fluid displaced. And the weight of 
the body produces the same effect as if it were col- 
lected at its center of gravity, and acted downwards 
there. ‘Therefore the two equal forces, one acting 
vertically upwards at the center of gravity of the fluid 
displaced, and the other acting vertically downwards 
at the centcr of gravity of the body, balance each 
other. But this cannot be, except they act in the 
same line; therefore the two centers of gravity are 
in the same line. 


* Prop. XVIII. To construct and explain 

the hydrostatic paradoxes. 
The hydrostatic paradoxes are, 

1. That any pressure P, however small, may by 
means of a fluid be made to balance any other press- 
ure W, however great. 

2. That any quantity of fluid, however small, 
may by means of its weight be made to balance a 
weight W, however great. 

1. 'The ratio of W to P, however great, may 
be expressed by a number n. 
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re two planes, 4B, CD be taken, such that 
=: AB: CD; and let a close ma- p 

dine. be constructed in which these 
planes are moveable, so as they can 
exert pressure on the fluid: as, for 
example, if 4B be a piston, or plug 
sliding in a tube, which enters a ves- 
sel, and if CD be a rigid plane clos- bd 
ing a flexible part of the vessel, like M 
the board of a pair of bellows; and 
let P act on AB, and let the fluid be D 
in equilibrium. Then the plane CD 
may be divided into » surfaces, each (MN) equal to 
AB. By Prop. 2, the pressure upon each of these 
surfaces is P, and hence the whole pressure on CD is 
(Mech.) the sum of aH these pressures: that is, it is 
n times P; and if therefore W be n times P, W act- 
ing at the surface CD will be balanced by P acting 
at AB. 

2. Let the given quantity of fluid be a column of 
which the base is B and the 
height H, and let the weight W 
be equal to n times the weight 
of this column. Take a plane 
CD equal to n times B, and let 
a machine be constructed in 
which there is a vertical tube 
LM, of which the section AB 
is the surface B, and which 
enters a vessel, and CD a hori- 
zontal plane moveably connected with the vessel, as 
before. And let the vessel LMND be filled with 
water up to the plane CD, and let the weight W be 
placed on the plane CD, and the tube LM be filled 


c 
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with fluid to the point O at the height H above CD, 
so that ABCD being horizontal, AG is equal to H. 

The fluid BO and the weight W will balance each 
other. 

For the plane CD may be divided into a 
particles, as EF, each equal to the plane B; and 
OG being horizontal, the pressure of the fluid up- 
wards on each of these is equal to a column of 
fluid EF x EG, or Bx AO, or Bx H, by Prop. 8. 
Therefore the whole pressure upwards is n times 
BxH. Therefore, if the weight W be m times 
Bx H, the pressures downwards and upwards will 
balance each other, and there will be an equili- 
brium. 

Der. The Specific Gravity of a substance is the 
proportion of the weight of any magnitude of that 
substance to the same magnitude of a certain standard 
substance (pure water). 

For example, if a cubic foot of stone be three times 
as heavy as a cubic foot of pure water, the specific 
gravity of the stone is 3. 

The density is as the quantity of matter in a given 
magnitude, (B. 1. Art. 13), and the quantity of matter 
is conceived to be as the weight: therefore the density 
of a body is as the specific gravity. 


*Pnor. XIX. If M be the magnitude of a 
body, S its specific gravity, and W its weight, W 
varies as MS. 

If the specific gravity increase in any ratio, the 
weight of a given magnitude increases in the same ratio, 
by the Definition; that is, the weight W varies as the 
specific gravity S; also if the specific gravity be given, 
the weight W increases as the magnitude M ; therefore 
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by the Introduction, Art. 57, if neither S nor M be 
given, W varies as MS. ` 
Cor. If A be the weight of a unit of magnitude 
of the standard substance (pure water), W = AMS. 
For W is equal to MS with some multiplier, whole 
or fractional, by the Proposition. And when M is 1, 
and SS is 1, by supposition W = 4; therefore W = AMS 


in all cases. 
SCHOLIUM. 
The weight of a cubic foot of water (4) is 63 
pounds avoirdupois nearly. 
The following is a list of the specific gravity of va- 
rious substances; the standard (1) being pure water: — 
Gold iiec 40:3 


Mercury.............-. 13.6 
SilVeRsc ee E uds 10.5 
Copper ...... e eret 8.9 
Lead «S. eeeeotiente kis 11.3 
Ironi oce cé etes va 7.3 
Marble ? 2.7 
Water «+ ¢i5.2ccmsses 1.0 
Oak. ennaa e reis 1.9 
Eir perc UE eves 50 


Cork eee tor veersecev ees .24 
d 1 
Air cc»»924»0a29200*0099€9 .00125 or —-. 
800 


EXAMPLES. 


1. To find the weight of a cubic inch of silver. 
The formula W= AMS being applied in this case, 


à 1 : 
A is 63 pounds, M is 1 inch, or JEN foot, S is 10.5; 
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63 x 10.5 661.5 
whence W= — — —- pounds = ounces 
1728 108 
= 6.1 ounces. 


2. To find the weight of 10 feet square of gold 
leaf one-thousandth of an inch thick. 
1 63 x 19.3 1215. 
M «l0 = S106 deco do eM 
12000 120 120 
= 10.1 pounds. 


3. To find the weight of a cubical block of 
marble 1000 feet in the side. 
W = 63 x 1000? x 2.7 = 130100000000 pounds 
= 58531250 tons. 


4. To find the weight of a column of air one inch 
base and 5 miles high. 
5 x 5280 63 x 5 x 110 


W 263 x ————_ x.00125 = -——  ———— 
14 3 x 800 


= 14 pounds. 


* Prop. XX. When a body of uniform density 
floats on a fluid, the part immersed is to the whole 
body as the specific gravity of the body is to the 
specific gravity of the fluid. 

For the magnitude of the part immersed is to that 
of the whole body as the fluid equal to the part im- 
mersed is to the fluid equal to the whole body. But 
the fluid equal to the part immersed is equal in weight 
to the whole body, by Prop. 16. Therefore the part 
immersed is to the whole as the weight of the body 
is to the weight of an equal bulk of fluid; that is, 
by the Definition of specific gravity, as the specific 
gravity of the body to that of the fluid. Q. E. n. 
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* Prop. XXJ. When a body is immersed in 
a fluid, the weight lost in the fluid is to the whole 
weight of the body as the specific gravity of the 
fluid is to the specific gravity of the body. 

When the body is wholly immersed, the pressure 
of the fluid vertically upwards is equal to the weight 
of a magnitude of fluid equal to the body, Prop. 14. 
But this pressure upwards diminishes the weight of the 
body when it is immersed in the fluid, and is the weight 
lost. Therefore the weight lost in the fluid is equal 
to the weight of a bulk of fluid equal to the body. 
And the specific gravity of the fluid is to the specific 
gravity of the body, as the weight of a bulk of fluid 
equal to the body isto the weight of the body (Def.) ; 
that is, as the weight lost is to the whole weight. 
Q. E. D. 


* Prop. XXII. To describe the hydrostatic 
balance, and its use in finding the specific gravity 
of a body heavier than water. 

The hydrostatic balance is a balance in which a 
body (P) can be weighed, 
either out of water, in the 
scale 4, in the usual manner, 
or in the water (asat P). PN A 

In order to find the spe- 
cific gravity of any body, let D 
it be weighed out of water, BLO 
and in water; the difference 
is the weight lost in water; and hence the specific 
gravity is known by the last Proposition. 

Con. If U be the weight of the body out of 
water, V the weight in water, W the weight of an 
equal bulk of water, and S the specific gravity, 

E 
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U U 
wW = J - 2 — = —— 
U — V, and S w Uy 
Der. When a body lighter than water is en- 
tirely immersed in water, it tends to ascend by a cer- 


tain force which is called its levity. 


* Pror. XXIII. To find the specific gravity 
of a body lighter than water. 


Let the proposed body be weighed out of water ; 
let it be fastened to a sinker of which the weight in 
water is known; and let the compound body be 
weighed in water. 

The excess of the weight in water of the sinker, 
above the weight in water of the compound body, is 
the levity of the proposed body: for by attaching the 
proposed body, its levity or tendency upwards in 
water diminishes the weight in water of the sinker. 

The levity of the proposed body, together with its 
weight out of water, are equal to the weight of an 
equal bulk of fluid; for the levity of the body in 
water is the excess of the pressure upwards above the 
pressure downwards; that is, the excess of weight of 
an equal bulk of fluid above the weight (out of water) 
of the body. 

Hence the weight of an equal bulk of water is 
known, and hence the specific gravity, by the Defi- 
nition of specific gravity. 

Con. If U be the weight of the body out of 
water, Q the weight of the sinker in water, and R the 
weight of the compound body in water, the levity of 
the compound body is Q— R. Hence Q- R + U is 
the weight of an equal bulk of fluid; and 


U 
SARU 
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* Prop. XXIV. To describe the common 
hydrometer, and to shew how to compare the 
specific gravities of two fluids by means of it. 


The common Hydrometer is an instrument con- 
sisting of a body and a slender stem, and 
of such specific gravity that in the fluids 
for which it is to be used, it floats with 
the body wholly immersed and the stem 
partially immersed. 


The part immersed is to the whole as the 
specific gravity of the body is to the specific 
gravity of the fluid (Prop. 20); and if the 
specific gravity of the fluid vary, the part 
immersed will vary in the inverse ratio of 
the specific gravity. 

But since the stem is slender, small 
variations of the part immersed will occupy 
a considerable space in the stem, and will 
be very easily ascertained. 

If the magnitude of the whole instrument be repre- 
sented by 4000 parts and each of the divisions of the 
stem by 1 such part; and if the whole length of the 
stem contain 100 such parts, the instrument will mea- 
sure with great accuracy specific gravities of fluids 
within certain limits. 

Let the fluids be compared with a certain “proof” 
standard, as 50, in the middle of the scale. If the 
instrument sink to 30, the specific gravity of the fluid 
is known. For the part immersed is 4000-30, or 
3970; and in the ** proof” fluid, the part immersed is 
4000— 50, or 3950. Therefore the specific gravity 
of the fluid is to that of ‘proof fluid" as 3950 to 
3970, or as 395 to 397. 


E 2 
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Pror. XXV. Jnouctrivs PniNciPLE I. 
Water and other liquids have weight in all 
situations. 


The facts included in this induction are such as 
the following :— 

(1). Water falls in air as solid bodies do. 

(2) A bucket of water held in air is heavy and 
requires to be supported in the same manner as a 
solid body. 

(3). A bucket of water held in water appears less 
heavy than in air, and may be immersed so far as 
not to appear heavy at all. 

(4). A lighter liquid remains at rest above a 
heavier, as oil of turpentine upon water. 

(5). The bodies of divers, plants, and other organ- 
ised bodies, though soft are not compressed or injured 
under a considerable depth of water. 

The different effects (2) and (3) led to the doc- 
trine that all the elements have their proper places, the 
place of earth and heavy solids being lowest, of heavy 
fluids next above, of light fluids next, of air next; and 
that the elements do not gravitate when they are in 
their proper places, as water in water, but that water 
in air, being out of its proper place, gravitates, or is 
heavy. In this way also (1) and (4) were explained. 

But it was found that this explanation was not 
capable of being made satisfactory; for—<(6) a solid 
body of the same size and weight as the bucket of water 
in (3) gave rise to the same results; and these could 
not be explained by saying that the solid body was 
in its proper place. 

These facts can be distinctly explained and rigor- 
ously deduced, by introducing the Idea of Fluid 
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Pressure; and the Principle that water is a heavy 
fluid, its weight producing effects according to the 
laws of fluid pressure. 

For on this supposition (1) and (2) are explained, 
because water is heavy; and (3) is explained by the 
pressure of the fluid upwards against the bucket, 
according to Propositions 11, 12, 14. 

Also it may be shewn by experiment that in such 
a case as (4) the lighter fluid increases the pressure 
which is exerted in the lower fluid. 

Facts of the nature of (5) are explained by con- 
sidering that an equal pressure is exerted on all parts 
of the organised structure in opposite directions ; 
such pressures balance each other, and no injury re- 
sults to the structure, except in some cases a general 
contraction of dimensions. If there be a communi- 
cation between the fluids within the structure and 
the fluid in which it is placed, these pressures are 
exerted from within as well as from without, and 
the balance is still more complete. 

Also all the other observed facts were found to 
confirm the idea of fluids, considered as heavy bodies 
exerting fluid pressure: thus it was found—(7) that 
a fluid presses downwards on a lighter body which is 
entirely immersed; and presses upwards on a heavier 
body which is partially immersed; and presses in all 
directions against surfaces, according to the deduc- 
tive Propositions which we have demonstrated to 
obtain in a heavy fluid. 


* Pror, XXVI. Inoucrive Prinerpce I. 
Air has weight. 


The facts included in this Induction are such as 
the following:— 
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(1). We, existing in air, are not sensible of any 
weight belonging to it. 

(2). Bubbles of air rise in water till they come 
to the surface. 


(3). If we open a cavity, as in a pair of bellows, 
the air rushes in. 

(4). If in such a case air cannot enter and water 
can, the water is drawn in; as when we draw water 
into a tube by suction, or into a pump by raising 
the piston. 

(5). If a cavity be opened and nothing be allowed 
to enter, a strong pressure is exerted to crush the 
sides of the cavity together. 

If facts (1) and (2) were explained at first by 
saying that the proper place of air is above water; 
that when it is in its proper place, as in (1), it does 
not gravitate (as in Prop. 25), but that when it is below 
its proper place, as in (2), it tends to its place; the 
facts (3) (4) (5) were explained by saying that nature 
abhors a vacuum. 

But it was found by experiment :— 

(6). That water could not by suction or by a 
pump be raised more than 34 feet ; and stood at that 
height with a vacuum above it. 

(7). That mercury was supported in a tube with 
a vacuum above it, at the height of 30 inches (Torri- 
celli's experiment). 

(8). That at the top of a high hill this column of 
mercury was less than 30 inches (Pascal's experiment). 

'These facts overturned the explanation derived 
from nature's horror of a vacuum ; for men could not 
suppose that nature abhorred a vacuum less at the 
top of a hill than at the bottom, or less over 34 feet 
of water than over one foot. 
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But all the facts were distinctly explained and 
rigorously deduced adopting the Jdea of fluid press- 
ure, and the Principle that air has weight, its weight 
producing its effects according to the laws of fluid 
pressure. This will be seen in the Deductive Pro- 
positions which we shall demonstrate as the conse- 
quences of assuming that air has weight. 

The Inductive Proposition was further confirmed 
by—(9) experiments with the air-pump; for it ap- 
peared that as the receiver was exhausted the mercury 
in the Torricellian experiment fell. 


*Prop. XXVII. To explain the construction 
of the common barometer. and to shew that the 
mercury in the tube is sustained by the pressure 
of the air on the surface of the mercury in the 
basin. 


A Barometer is a (glass) tube, closed 
at one end and open at the other, which, 
being filled with a fluid (as mercury) is 
inverted with its open end in a basin. In 
any place the fluid stands at a certain 
height (if the tube be long enough), leav- FP 
ing a vacuum above. 

Since the air has weight, it presses upon 
the surface CD of the mercury in the 
basin, and this pressure is resisted by the 
pressure of the column of mercury PM, 
arising from its weight. The mercury in 
the tube is sustained by the pressure of 
the mercury in the basin C D, which press- 
ure again is sustained by the pressure of 
the atmosphere on the surface of the mer- 
cury in the basin. c ) 


104 MECHANICS. 


* Prop. XXVIII. In the common barometer, 
the pressure of the atmosphere is measured by 
the height of the column of mercury above the 
surface of the mercury in the basin. 


Let AM be the tube, 4 its closed end, CD the 
basin and MP the height at which the fluid stands. 

The upper parts of the atmosphere are less dense 
than the lower; but so long as the whole is in equi- 
librium, this condition does not effect the laws of fluid 
pressure; and Propositions 1, 2, 3, 4, 5, 6, of this 
Book will be still true. 

Take, on the surface of the basin, NO. equal to 
NM, the section of the tube; and suppose a tube 
HIN, with vertical sides, standing on the base NO, 
to be continued upwards to the limits of the at- 
mosphere. By Axiom 2, if all the rest of the at- 
mosphere became rigid the pressure is not altered: 
and hence by Prop. 6, the pressure upon NO is equal 
to the weight of the column HN. But on this sup- 
position, the pressures on MN, NO are equal, by 
Prop. 10. And the pressure on MN is equal to the 
weight of the vertical column of mercury MP. There- 
fore the weight of the column of mercury is equal 
to the weight of the column of atmosphere on the 
same base. Therefore the weight of the column of 
atmosphere is measured by the weight of the column 
of mercury ; that is, the pressure of the atmosphere 
on a surface equal to the section of the tube made at 
the surface of the mercury in the basin, is equal to 
the weight of the vertical column of mercury which 
stands on the same section. 

Therefore the pressure of the atmosphere is mea- 
sured by the weight of the column of mercury, that 
is, by the height, if the section and the density con- 
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tinue constant; for the weight of a column is as 
section x height x density. 


Cor. 1. If, instead of mercury, the tube be filled 
with any other fluid, as water, the fluid will stand at 
such a height as to support the weight of the atmo- 
sphere; and the height will be greater as the density 
of the fluid is less. 

‘The mean height of the mercury-barometer being 
30 inches, and the specific gravity of mercury 13.6, 
the mean height of the water-barometer is 13.6'x 30 
inches = 408 inches = 34 feet. 


Con. 2. If the tube 4M be not vertical, the 
proposition is still true, the vertical height of A above 
M being still taken for the height of the fluid; for 
the pressure on MN is the same as if AM were 
vertical, by Prop. 8. 


Cor. 3. If the portion of the tube 4P, instead 
of being a vacuum, contain air of less density than 
the atmosphere, a column of fluid PM will still be 
sustained, smaller than the column where 4P is a 
vacuum; for if P were to descend to M, the press- 
ure on MN would be less than the pressure on NO, 
which is impossible. 


* Pror. XXIX. To describe the siphon and 
its action. 


A Siphon is a bent tube, open at both ends, and 
capable of being placed with one end in a vessel of 
fluid, and the other end Jower than the upper surface 
of the fluid in the vessel. 

Let BAC be the bent tube placed so that the 
end B is immersed in the water FED, and the 
outer end C is below the surface ED. 

ES 
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If the tube BAC be filled with water, and if the 
vertical height of the portion MA L 

be less than the height of the water- 

barometer, the tube will act as a 

siphon, that is, the water will con- 

stantly run through the tube BAC 

and out at C. 

The tube being filled with water, 
let the end C be stopped; and let 
HM be the height of the water- 
barometer; AP, CQ horizontal. The 
pressure which acts upwards on the colum: MA at M 
is equal to the column of the water-barometer H.M 
(Prop. 10), and the pressure downwards which arises 
from the weight of the fluid AM is equal to a vertical 
column PM (Prop. 8); therefore the remaining press- 
ure urging the fluid in the tube in the direction BAC 
is equal to a column of water HP; also the weight 
of the fluid in 4C urges the water in the same direc- 
tion, with a force equal to a column PQ (Prop. 8); 
therefore the obstacle at C sustains a pressure down- 
wards equal to a column HP+ PQ or HQ. But 
the pressure on C upwards is equal to the column 
of the water-barometer HM: therefore the remaining 
pressure downwards at C is equal to the remaining 
column MQ. 

And if there be no obstacle at C, the fluid in the 
siphon BAC will be urged in the direction BAC by a 
force equal to a column of fluid MQ. 

But if the vertical height of MA be greater than 
that of the water-barometer, there will be a vacuum 
formed above the fluid at 4 (Prop. 28, Cor. 1), and the 
siphon will not act. 

Also, if instead of water and the water-barometer, 
we had taken any other fluid and the corresponding 
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barometer, the reasoning, and the result, would have 
been the same as above. 


* Prop. XXX. To describe the construction 
of the common pump, and its operation. 


A valve is an appendage to an orifice closing it 
and opening in such a manner as to allow fluid to pass 
through the orifice in one direction and not in the 
opposite one. 

A piston is a plug capable of sliding in an orifice 
or tube so as to produce or remove fluid pressure. 

The Common Pump consists of a cylindrical barrel 
AB, closed at bottom with an up- 
wards-opening valve B, and of a 
piston D with an upwards-opening 
valve, which moves up and down 
in the barrel. A suction-pipe BC 
passes downwards from the valve 
B to the well at C, and the water 
which rises above the piston is de- 
livered by the spout E. 

The operation of the pump is 
as follows. The piston D being in 
its lowest position, is raised to its 
highest position by means of the lever HKL. Since 
the valve D opens upwards, no air is admitted at D 
during this rise; and since the valve B opens up- 
wards, the air which occupied CD follows the piston in 
its ascent; it expands, and its pressure on the water 
at C is diminished. Hence the water in the suction- 
pipe rises by the pressure of the atmosphere on the 
surface of the well to some point F. (Cor. 3 to 
Prop. 28). 

The piston is then made to descend to its lowest 
position, the valve B is closed, and therefore the quan- 
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tity of air in FB is not changed, and the water remains 
at F, while the air in BD escapes by the valve at D. 

The piston is then again raised, the air in DF 
expands as before, and the surface of the water at F 
comes to a new position at C. 

The same movements being repeated, the water will 
again rise; and so on, till it reaches the piston D, 
after which time the piston in its ascent will lift the 
water, and when it has lifted it high enough, will 
deliver it out at the spout E. 


* Prop. XXXI. To describe the construction 


of the forcing pump and its operation. 

The Forcing Pump consists of a cylindrical barrel 
AB, closed at bottom with an up- F H 
wards-opening valve B; of a pis- 
ton D with no valve; and of a K 
spout E with an outwards-open- 
ing valve. The piston moves up D 
and down, and the suction-pipe 
descends from the bottom of the B 
barrel to the well, as before, and 
the spout carries the water up- 
wards. 

The operation of the pump is 
as follows. The piston D, in as- 
cending from its lowest to its high- 
est position, draws the water after it as in the common 
pump. When the piston descends, the air is forced 
out at the valve E; and after a certain number of 
ascents, the water comes into the barrel 4B. When 
the piston next descends it forces the water through 
the valve E, and continues afterwards to draw the 
water through the valve B in its rise, and to extrude 
it through the valve E in its descent. 
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* Prop. XXXII. Inpucrive Priwcipce IT. 
Air is elastic; and the elastic force of air at a 
given temperature varies as the density. 

The facts which shew air to be elastic are such 
as follow :— 

(1). A bladder containing air may be contracted 
by pressure, and expands again when the pressure 
is removed. 

(2). A tube closed above and open below, and con- 
taining air, being immersed in water, the air contracts 
as the immersion is deeper, and expands again when 
the tube is brought to the surface. i 

(3). If a close vessel containing water and air, 
fitted with a tube making a communication between 
the water and the exterior, be placed in the exhausted 
receiver, the water is expelled through the tube. 

The principle that the elastic force increases in 
proportion fo the density, was experimentally proved 
(first by Boyle*) in the following manner:— 

A uniform tube ABCD was taken, closed at 4 and 
open at D, and bent so that BA and CD D 
were upright at the same time. Quick- 
silver was poured in, so that its ends stood N 
at M and P. Again, more quicksilver was 
poured in, so that its ends stood at N 
and Q. And Pp, Qq being horizontal, 
it appeared that when AP was double of 
AQ, Nq was double of Mp, and so on yy 

g 
P 
C 


for any other proportion; so that generally A 
AP : AQ :: Nq : Mp. 

Let 4 be the horizontal section of the ix 

tube at 4P; and by Prop. 8, the press- p 

ure of the fluid on this section is 4 x Mp, B 


* Shaw's Boyle, Vol. 11. p. 671. 
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and this pressure is balanced by the elastic force of 
the air in AP, and is therefore equal to it; and the 
pressure upon the section at Q is Æ x Nq, which 
is, in like manner, equal to the elastic force of the 
air in AQ. Hence the elastic force of the air in AQ 
is to the elastic force of the air in AP as Ax Ny 
to 4 x Mp; that is, as 4 x 4P to 4 x AQ; that is. 
inversely as the space occupied. 

The quantity of air remaining the same, the den- 
sity is inversely as the space occupied: therefore the 
elastic force is as the density. 


* Pror. XXXIII. To describe the construc- 
tion of the air-pump and its operation. 

The Air-pump consists of a barrel and piston with 
valves, like a common water- 
pump; the suction-pipe com- 
municating with a close vessel 
called the receiver. 

Let AB be the barrel, B 
the inwards-opening valve at 
the bottom of the barrel, D 
the piston with its outwards-opening valve, BC the 
pipe, E the receiver. 

The piston D being in its lowest position, is raised 
to its highest position by the handle H. During the 
rise no air is admitted at D, and the air in CD, by 
its elasticity, follows the piston in its ascent, passing 
through the valve B, and thus air is drawn out of the 
receiver E. 

The piston is then made to descend again to its 
lowest position: no air returns through the valve B, 
and the air in BD escapes by the valve at D. 

The piston is again raised, and more air is drawn 
out of E as before: and so on without limit. 
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Prop. XXXIV. To explain the construction 
of the siphon-gauge. 


The Siphon-gauge is a bent tube, closed at one end, 
and containing fluid, fixed to an air-pump 
C or other machine, to determine the de- 
gree of rarefaction of the air. 
Let GH KL, closed at L, be the siphon- 
gauge, (fixed to G in the last Prop.), and | |x 
let MKN be a portion of the tube filled 
with mercury, LN being a vacuum. Then 
the vertical height of N above M measures © 
the density of the air in GH M. 
If GH M were a vacuum (that is, if the exhaustion 
“in the air-pump were complete) M, N would be at 
the same level. 


* Prop. XXXV. To describe the condenser 
and its operation. 


The Condenser consists of a barrel and piston with 
valves, opening the contrary way from 
those of the common water-pump, and 
communicating by a pipe with a closed 
receiver. 

Let AB be the barrel, B the inwards- 
opening valve at the bottom of the barrel, 
D the piston with its inwards-opening 
valve, BC the pipe, E the receiver. 

The piston D being in its highest 
position, is forced to its lowest position 
by the handle H. During the descent 
no air escapes through D, and the air in BD is driven 
through the valve B, and increases the quantity in 
the receiver E. 
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The piston is then made to ascend, and no air 
escapes at B, because the valve opens inwards; but air 
enters the barrel BD by the valve D. 

The piston is again forced down, and more air is 
driven into the receiver E as before: and so on with- 
out limit. 

The pipe BC has a stop-cock F, and when this is 
closed, the pump may be screwed off, after the con- 
densation is made. 


* Pror. XXXVI. Invoucrive PniNcCIPLEIV. 
The elastic force of air is increased by an increase 
of temperature. 

The facts included in this induction are such as 
the following :— 

(1). If a bladder partly full of air be warmed it 
becomes more completely full. 


(2). If an inverted vessel confining air in water 
be warmed the air escapes in bubbles. 

It was experimentally ascertained how 
much the elastic force of air is increased 
by heat (first by Amontons*), in the fol- 
lowing manner :— 

A bent tube ABC, with a bulb D con- 
taining common air, was filled with mercury 
from B to E, B being a little higher than 
the horizontal plane Ee. The bulb was then 
placed in boiling water, and it was found 
that a small portion of tbe mercury was 
driven out of the bulb, so that the extremity 
of the column was elevated to F, BF being 


nearly 10 inches. 


a Mem. de l'Acad, Roy. des Sciences de Paris. 1699. p. 113. 
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'The air occupies very nearly the same space in 
the last case as in the first; for the bore of the tube 
was very small, and the surface of the mercury con- 
tinued nearly in the same position at E. Hence BF 
is the increase of the column eF, which measures the 
pressure of the air in D. But the pressure on D is 
the elasticity of common air, or the pressure of the 
atmosphere, which is about 30 inches. Therefore of 
mercury in this experiment the elasticity was increased 
from 30 to 30 + 10, by heating the water to boiling: 
that is, the elasticity was increased about one third. 


Prop. XXXVII. Inoucrive PrincirLe V. 
Many (or all) fluids expand by heat; and the 
amount of expansion at the heat at which water 
boils, and at the heat at which ice melts, are each 
a fixed quantity. 


The former part of this proposition is proved by 
including the fluids in bulbs, which open into a 
slender tube; for a small expansion of the fluid in 
the bulb is easily seen, when it takes place in the 
slender tube. 

It was at first supposed, that when a fluid is ex- 
posed to heat, (as, for instance, when a vessel of water 
is placed on the fire,) a constant addition of heat takes 
place, increasing with the time during which the fire 
operates. 

But it appeared, that when a tube containing air is 
placed in water thus exposed to heat, the expansion of 
the air (observed in the way described in Prop. 36) 
goes on till the fluid boils, after which no additional 
expansion takes place. 

This fact is explained by assuming the expansion 
of air as the Measure of heat, and by adopting the 
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Principle that the heat of boiling water is a fixed 
quantity. 

This principle was first experimentally established 
by Amontons. Afterwards it was ascertained by 
Fahrenheit (1714), and others, that the expansion of 
oil, spirit of wine, mercury, at the heat at which water 
boils, is a fixed quantity ; and hence Fahrenheit made 
the boiling point of water one of the fixed points of his 
thermometers, which were filled with spirit of wine or 
with mercury. 

For another fixed point he took the cold produced 
by a mixture of ice, water, and salt; and he assumed 
this to be the point of absolute cold. 

But it was found by Reaumur (1730), that the 
freezing point of water, or the melting point of ice, is 
more fixed than the point of absolute cold determined 
in the above manner. "This was proved in the same 
manner in which the heat of boiling water had been 
proved to be a fixed point. The freezing point was 
then adopted as one of the fixed points of the measure 
of heat. 


*Pnor.XXXVIII. To show how to graduate 
a common thermometer. 


The common Thermometer is an instrument con- 
sisting of a bulb and a slender tube of uniform thick- 
ness, containing a fluid (as mercury or spirits of wine) 
which expands by heat and contracts by cold, so that 
its surface is always in the tube. 

Let the instrument be placed in boiling water, and 
let the point to which the surface of the fluid expands 
in the tube be marked as the boiling point. 

Let the instrument be immersed in melting ice, 
and let the point to which the surface of the fluid con- 
tracts in the tube be marked as the freezing point. 
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For Fahrenheit’s division, divide the interval be- 
tween the freezing point and the boiling point into 180 
equal parts; and continue the scale of equal parts up- 
wards and downwards. Place 0 at 32 parts below the 
freezing point, 32 at the freezing point, 212 at the boil- 
ing point; and the other numbers of the series at other 
convenient points, and the scale is graduated, the num- 
bers expressing degrees of heat according to the place 
of the surface of the fluid in the tube. 

For the centigrade division, divide the interval 
between the freezing and boiling point into 100 equal 
parts; mark the freezing point as 0 degrees, the boil- 
ing point as 100 degrees, and so on as before. 


* Pror. XXXIX. To reduce the indications 
of Fahrenheit’s thermometer to the centigrade 
scale, and the converse. 

To reduce Fahrenheit to centrigrade, subtract 32, 
which gives the number of degrees above the freezing 
point: and multiply by 2 because 180 degrees of 


Fahrenheit are equal to 100 centigrade. 
Thus 
59' F = 27°F above 32? F= 


5 x 27° ; 
centig. above 0. 


= 15° cent. 


To reduce centigrade to Fahrenheit, multiply by 
($ 
s which gives the number of Fahrenheit's degrees 


above the freezing point, and add 32, which gives the 
number above Fahrenheit's zero. 

'Thus 
60 centig. = 90F above freezing = 90 F + 32 F= 122 F. 
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BOOK IJ. THE LAWS OF MOTION. 


DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 


l. Tue science which treats of Force producing 
Motion, and of the Laws of the Motion produced, is 
Dynamics. 

2. In Dynamics, we adopt the Ideas, Definitions. 
Axioms, and Propositions of Statics. 

3. We require also several new Ideas, Definitions, 
and Principles, which are obtained by Induction, and 
will be stated in the succeeding Propositions. 

4. Velocity is the degree in which a body moves 
quickly or slowly: thus, if a body describes a greater 
space than another in the same time, it has a greater 
velocity. 

5. The velocity of a body is uniform when it 
describes equal spaces in all equal times. 

6. The velocities of bodies, when uniform, are 
as the spaces which they describe in equal times. 

Der. 1. The velocity of a body moving uni- 
formly is measured by the space described in a unit 
of time. 

When the velocities of bodies are not uniform, 
they are increasing or decreasing. 

Axiom 1. Ifa body move with an increasing ve- 
locity, the space described in any time is greater than 
the space which would bave been described in the 
same time, if the velocity had continued uniform for 
the sarne time, and the same as it was at the beginning 
of that time. 

And the space described in any time is less than 
the space which would have been described in the 
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same time, if the velocity had been uniform for the 
same time, and the same as it is at the end of that 
time. 


Axtom 2. If a body move with a decreasing ve- 
locity the above Axiom is true, putting **less" for 
** greater," and **greater" for ** less." 


Axiom 3. If two bodies move, having their velo- 
cities at every instant in a constant ratio, the space 
described in any time by one body and by 'the other 


will be in the same ratio. 


Axiom 4. If several detached material points, 
acted upon by any forces, move in parallel lines 
parallel to the forces in such a manner as to retain 
always the same distances from each other and the 
same relative positions, they may be supposed to be 
rigidly connected, and acted upon by the same forces, 
and their motions will not be altered. 


Axiom 5. On the same suppositions, the parallel 
forces may be supposed to be added together so as to 
become one force, and the motions will not be altered. 

Axiom 6. When bodies in motion exert pressure 
upon each other, by means of strings, rods, or in any 
other way, the reaction is equal and opposite to the 
action at each point. 


Definition 2 (of Force), Def. 3 (of the Direction 
of Force), stand after Prop. 3; Def. 4 (of Uniform 
Force), stands after Prop. 3; Def. 5 (of Composition 
of Motions), after Prop. 8; Def. 6 (of Accelerating 
Force), after Prop. 13; Def. 7 (of Momentum), Def. 8 
(of Elastic and Inelastic Bodies), Def. 9 (of Direct 
Impact) after Prop. 17. 


Axiom 7 stands after Prop.2; Axiom 8 and 9 
after Prop. 17. 
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Prop. I. In uniform motion, the space de- 
scribed with a velocity v in a time £ is £v. 


For (Def. 1.) v is the space described in each unit 
of time, and ¢ the number of units; therefore the 
whole space described is £v. 


Prop. IJ. Inpucrivs PniNvciPLE I. First 
Law of Motion. 


A body in motion, not acted upon by any 
force, will go on for ever with a uniform velocity. 


The facts which are included in this induction are 
such as the following :— 


(1). All motions which we produce, as the motions 
of a body thrown along the ground, of a wheel revolv- 
ing freely, go on for a certain time and then stop. 


(2. Bodies falling downwards go on moving 
quicker and quicker as they fall farther. 

It was attempted to explain these facts, by saying 
that motions such as (1) are forced motions, and 
motions such as (2) are natural motions; and that 
forced motions decay and cease by their nature, while 
natural motions, by their nature, increase and become 
stronger. 

But this explanation was found to be untenable; 
for it was seen—(3) that forced motions decayed less 
and less by diminishing the obvious obstacles. Thus a 
body thrown along the ground goes farther as we di- 
minish the roughness of the surface; it goes farther 
and farther as the ground is smoother, and farther still 
on a sheet of ice. The wheel revolves longer as we 
diminish the roughness of the axis; and longer still, 
if we diminish the resistance of the air by putting 
the wheel in an exhausted receiver. 
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Thus a decay of the motion in these cases (1) is 
constantly produced by the obstacles. Also an increase 
of the motion in the cases (2) is constantly produced 
by the weight of the body. 

Therefore there is in these facts nothing to show 
that any motion decays or increases by its nature, 
independent of the action of external causes. 


(3). By more exact experiments, and by further 
diminishing the obstacles, the decay of motion was 
found to be less and less; and there was in no case 
any remaining decay of motion which was not capable 
of being ascribed to the remaining obstacles. 


Hence the facts are explained by introducing the 
Idea of force, as that which causes change in the mo- 
tion of a body ; and the Principle, that when a body 
is not acted upon by any force, it will move with a 
uniform velocity. 


Con. 1. When a body moves freely (not being 
retained by any axis or any other restraint), and is not 
acted upon by any force, it will move in a straight 
line. 


For since it is not acted on by any force, there 
is nothing to cause it to deviate from the straight line 
on any one side. 


Der. 2. Force is that which causes change in the 
state of rest or motion of a body. 


Der. 3. When a Force acts upon a body, and 
puts it in motion, the line of direction of the motion 
is the direction of the force. 


Axtom 7. When a Force acts upon a body in 
motion, so that the direction of the force is the di- 
rection of the motion, the force will not alter the 
direction of the motion. 
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Prop. III. Inpucrive PnixciPLE Il. Gra- 
rity is a uniform force. 


The facts which are included in this induction are 
such as the following :— 


(1). Bodies falling directly downwards fall 
quicker and quicker as they descend. 

It was inferred, as we have seen in the last propo- 
sition, that the additions of velocity in the falling 
bodies are caused by gravity. 

An attempt was made to assign the law of the 
increase of velocity conjecturally, by introducing the 
Definition, that a uniform force is a force which, acting 
in the direction of a body’s motion, adds equal veloci- 
ties in equal spaces, and the Proposition that gravity 
is a uniform force. 

The Definition is self-contradictory. But if it had 
not been so, the Proposition could only have been con- 
firmed by experiment. 

(2). It appeared by experiment that when bodies 
fall (down inclined planes) the spaces described are as 
the squares of the times from the beginning of the 
motion. 

This was distinctly explained and rigorously de- 
duced by introducing the Definition of uniform force ; 
that it is a force which, acting in the direction of the 
body’s motion, adds equal velocities in equal times; 

And the Principle that gravity (on inclined planes) 
is a uniform force. 

For it may be proved deductively, as we shall sec, 
that this definition being taken, the spaces described in 
consequence of the action of a uniform force are as the 
squares of the times from the beginning of the motion. 
And if the force be other than uniform, the spaces will 
not follow this law. Therefore the Proposition, that 
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gravity on inclined planes is a uniform force, is the only 
one which will account for the results of experiment. 

Also if the force of gravity on inclined planes be a 
uniform force, the force of gravity when bodies fall 
freely is uniform, for when the inclined plane becomes 
vertical, the law must remain the same. 

(3). The Proposition is further confirmed by shew- 
ing that its results, obtained deductively, agree with 
experiments made upon two bodies which draw each 
other over a fixed pully (Atwood's Machine) ; and— 
(+) by the times of oscillation of pendulums. 

. Also it appears that when gravity acts in a di- 
rection opposite to that of a body's motion, it subtracts 
equal velocities in equal times. 

Hence we introduce the following Definition. 

Der. 4. A uniform force is that which, acting in 
the direction of the body’s motion, adds or subtracts 
equal velocities in equal times. 


Pror. IV. If a uniform force act upon a 
body moving it from rest, and if a be the velocity 
at the end of a unit of time, v, the velocity at 
the end of £ units of time, is £a. 

For the body will move in the direction of the 
force (Def. 3), and therefore the force is in the 
direction of the motion; and therefore by Axiom 7, 
the direction of the motion is not altered by the 
action of the force. Hence by Def. 4, the velocity 
added to the velocity in each second is a, and in £ 
seconds from the beginning of the motion it is £a. 


j I . . 
Cor. |. At the end of — of a unit of time the 
n 


2 . a 
velocity is —. 
n 
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m 
Cor. 2. At the end of — units of time, the 
n 
velocity i n 
S ; 
y n 
Cor. 3. Ifv be the velocity at the end of the time 


: ] m. m 
t, the velocity at the end of the time zt will be 2s 


Pror. V. If a uniform force act upon a 
body moving it from rest, and if « be the 
velocity at the end of a unit of time, s, the 
space described at the end of / units of time, is 
dat. 

Let each unit of time be divided into » equal 


portions; each of these will be =; and the whole 


number will be ^»; and the velocity at the beginning 
of the first, second, third, fourth, &c. of these portions 
will be, by Prop. 1, Cor. 2, 
0, im 20e ac &c. (£n terms). 

n m n 
Suppose spaces to be described in these portions of 
time with the velocity at the beginning of each por- 
tion continued uniform during that portion; these 
spaces are by Prop. 1, 


which form an arithmetical series. And the last 
term of this series 1s 
in -—1)a 1 
(rena 1 
n n 
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And the sum of it is (Introd. Art. 60) 
(tn—-1)a 1 tn 


In the same manner the velocity at the end of 
the first, second, third, &c. of these portions is 
a 2a 3a 


ri ecu f &c. (£n terms). 


Suppose spaces to be described in these portions of 

time with the velocity at the end of each portion con- 

tinued uniform during the time. These are as before 
a 1 2a 1 3a | 4a ! 


—XxX—,——x— X —, — x — (én terms); 
n n n n m m m E E 


an arithmetical progression, ef which the last term 


2 


, 


. tna 1 . (tna 1 a I\tn 
is — x —, and the sum is | — x —4—x—- 
n n (n n n n 
(tn +1) at ať at 
or ——— — — or — : 
2n 9 275 


But in this case the body moves with a constantly 
increasing velocity. Therefore by Axiom 1, the 


° . * 1 * 
space described in each of the times , is greater 


than the space described on the former of the above 
suppositions ; and less than the space described on the 
latter of the above suppositions. Hence the whole 


a? at 


space s is greater than ar and less than 


a at 


gQ Rn 
F2 
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TAR at " 2 
Therefore it is equal to >: for if not, let it be 


5 


; at 
equal to a greater quantity, as 2220 b, and let 


at at 
nz —: then — =b; and therefore the space de- 
9 2n 


^ ~ 


; : al at ee x 
scribed is equal to E + ae but it is less; which 
n 


is impossible. Therefore the space is not equal to 


2 


. at : 3 $ 
a greater quantity than on and in like manner it 
may be shewn that it is not equal to a less. There- 
. at 
fore the space is equal to — . Q.E.D. 
2 


Cor. Hence if ¢, T, be any two times from the 
beginning of the motion and s, S the spaces through 
which a body falls in those times, s : $ :: P : T. 


Pnor. VI. The space described in any 
time from rest by the action of a uniform force 
is equal to half the space described by the last 
acquired velocity continued uniform for the 


time. 

As in last Proposition, let ¢ be the whole time, 
and a the velocity acquired in one unit of time. 
Then aż is the velocity acquired in the whole time f. 
And a body moving with this velocity for the time ¢ 
would describe the space a7? by Prop. 1. But a body 
moving from rest by a uniform force describes the 
space 4 at? by Prop. 5. Therefore the latter space 
is half the former. a. E. p. 


Cor.1. A body falling from rest by the uniform 
force of gravity, describes 16 feet in one second. 
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Therefore with the velocity acquired it would de- 
scribe 32 feet in one second. "Therefore gravity 
generates a velocity of 32 feet in one second of time. 


Cor. 2. If g represent 32 feet, the space through 
which .a body falls in ¢ seconds by the action of 
gravity is ig’. 


Prop. VII. When a body is projected in 
a direction opposite to the direction of a uniform 
force, with a velocity v, the whole time (4) of 
its motion till its velocity is destroyed, and the 
space (s) described in that time, are known by 
the equations v = at, s = dal’. 

For by the Definition of uniform force, the force, 
acting in a direction opposite to the motion, subtracts 
in equal times the same velocities which the same 
force adds when it acts in the direction of the motion. 
Therefore at a series of units of time the velocities 
will be v, v ~ a, v — 2a, v — ta, till v — ta becomes 0, 
when all the velocity is destroyed; and when this 
occurs, v — ta =0, or o — fa. l 

Also by Ax. 2, the same reasoning would hold as 
in Prop. 5, putting less for greater and greater for 
less; and therefore the same conclusion is true. 
namely, s = łat. 


Pror. VIII. Inpvucrive PniNciPLE. TII. 
Second Law of Motion. When any force acts 
upon a body in motion, the motion which the 
force would produce in the body at rest is 


compounded with the previous motion of the 
body. 
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The facts which this Induction includes are, in 
the first place, such as the following :— 


(1). A stone dropped by a person in motion, is 
soon left behind. 

From (1) it was inferred that if the earth were in 
motion, bodies dropt or thrown would be left behind. 

But it appeared that the stone was not left behind 
so long as it was moving in free space, and was only 
stopt when it came to the ground. Again, it was found 
by experiment, 


(2). That a stone dropt by a person in motion 
describes such a path that, relatively to him, it falls 
vertically. 

(3). A man throwing objects and catching them 


again uses the same effort whether he be at rest or 
in motion. 


Again, such facts as the following were considered: 


(4) A stone thrown horizontally or obliquely de- 
scribes a bent path and comes to the ground. 

It was at first supposed that the stone does not 
fall to the ground till the original velocity is expended. 
But when the First Law of Motion was understood, 
it was seen that the gravity of the stone must, from 
the first, produce a change in the motion, and deflect 
the stone from the line in which it was thrown. And 
by more exact examination it appeared that (making 
allowance for the resistance of the air), —(5) the stone 
falls below the line of projection by exactly the space 
through which gravity in the same time would draw 
it from rest. 


These facts were distinctly explained and rigor- 
ously deduced by introducing the Definition of Compo- 
sition of Motions;—that two motions are compounded 


BOOX III. THE LAWS OF MOTION. 127 


when each produces its separate effect in a direction 
parallel to itself ; 

And the Principle, that when a force acts upon a 
body in motion, the motion which the force would 
produce in the body at rest is compounded with 
the previous motion of the body. 

'The Proposition is confirmed by shewing that its 
results, deduced by demonstration, agree with the facts. 

Der. 5. "Two motions are compounded when each 
produces its separate effect in a direction parallel to itself 


Prop. IX. If a body be projected in any 
direction and acted upon by gravity, in any time 
it will describe a curve line of which, the tangent 
intercepted by the vertical line, and the vertical 
distance from the tangent, are respectively the 
spaces due to the original velocity and to the 
action of gravity in that time. 

Let AT' be the direction of projection; and in any 
time, let AR be the space which 
the body would have described 
with the velocity of projection in 
that time, and AM the space 
through which the body would 
have fallen in the same time. P 
Then, completing the parallel- 
ogram AMPR, the body will, 
by the Second Law of Motion 4 
(Prop. 8) be found at P, and RP 
is equal to AM. Also AR is a 
tangent to the curve at 4, be- 
cause at A the body is moving 
in the direction AR. There- 
fore, &c. Q.E.D. N 
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Con. If P,Q be the points at which the pro- 
jectile is found, at any two times ¢, T' from its being 
at A, and if PR,QS he vertical lines, meeting the 
tangent at 4 in R, S, then 

PR: QS : AR : AC. 
For PR : QS :: P : T" by Cor. to Prop. 5. 
But ¢: T :: AR : AS; whence 
C: TU +: AR: ASF. 
Therefore PR: QS : AR : AS”. 


Pror. X. A body is projected from a given 
point in a given direction ; to find the range upon 
a horizontal plane, and the time of flight. 

The range is the distance from the point of pro- 
jection to the point where the 
projectile (or body projected) 
again strikes a plane passing 
through the point of projec- 
tion. 

Let a body be projected in 
a direction 4K, such that 4H, 
HK being horizontal and ver- 
tical, 4H : HK : m : n. Hence 


AH m AK? _, AH? |, m nrm 
HK a HP ^H "m w 
HK n : AH m HK — m 


AK naw. AK n AK Vtm 

Let v be the velocity of projection, AQ the path 
described, QS vertical; and let the time of describing 
AQ be £. Therefore, by the last Proposition 4S, the 
space described with velocity v in the time £, will be 
vt. Also SQ, the space fallen by gravity in the time f. 
will be gt, by Prop. 6, Cor. 2. 
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SQ H g n 
And —~ = —— ; th 2. = ————, 
AS ax OO Vp TE 
T AE ee "96 __” s which is the time 
2v n? + m? E m'*«n 
of flight 
AQ AH AQ m 
Also -— = —, -————, AQe 
AS AK ot ymn s 
m Qv* mn Ves 
ot ass : = P m n which is the range. 


Prop. XI. If any particles, moving in pa- 
rallel directions, and acted upon each by a cer- 
tain force in the direction of its motion, move 
with velocities which are equal for all the par- 
ticles at every instant, the motions of the par- 
ticles will be the same if we suppose them to be 
connected so as to form a single rigid body, and 
the forces to be added together so as to form a 
single force. 


Let 4, B, C, be any particles acted upon by any 
forces, and moving in parallel a 
directions with velocities which N NC 
are equal at every instant. V 
Since the velocities at every e 
instant are equal, the spaces c 
described in the same time are equal for all the par- 
ticles, by Axiom 3. 

Let 4a, Bb, Ce be the spaces described in any 
time, which are therefore equa) and parallel. There- 
fore ab is equal and parallel to 4B, and bc to BC, 
and so on. "Therefore the relative positions and dis- 

F5 
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tances of the particles 4, B, C are not altered by 
their motion into the places a, b, c. 

Therefore, by Axiom 4, if we suppose the par- 
ticles 4, B, C to be rigidly connected, their motions 
will not be altered; that is, the motions will not bc 
altered if 4, B, C are supposed to be particles of a 
single rigid body. 

Also, by Axiom 5, if we suppose the forces which 
act upon the particles 4, B, C, to be added together 
so as to form a single force, the motion will not be 
‘altered. 

Therefore, &c. Q.E.D. 


Prop. XII. If, on two bodies, two pressures 
act, which are proportional to the quantities of 
matter in the two bodies, the velocities produced 
in equal times in the two bodies are equal. 


Let P, Q, be two pressures, and m,n two bodies, 
measured by the number of units of quantity of 
matter which each contains; aud let P : Q :: m : x. 

Let the pressure P be divided into m parts, each 


of which will be A and let each of these parts cf 


the force act upon a separate one of the m units into 
which the body m can be divided, and let it produce 


i : D 
in a time ¢ a velocity v. Each of the pressures — 
m 


will produce in the unit upon which it acts for the 
time ¢, an equal velocity v, in a direction parallel to 
P. Therefore, if all the m pressures act for the same 
time £ upon the m units of the body respectively, all 
the units will move with velocities which are equal at 
every instant. Therefore, by Prop. 11, if we suppose 
the m units to be connected so as to form one rigid 
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body m, aud the forces to be added so as to form a 
single force P, the motion will still be the same. That 
is, the pressure P acting upon the body m, will pro- 
duce the velocity v in the time ¢. 

In the same manner it may be shewn that the 
pressure Q acting upon the body n will produce the 


same velocity which a pressure — produces in a body 1. 
n 


But since P: Q:: m:n, ROT therefore g 

n m n 
acting upon a body 1 will produce a velocity v in a 
time £4 Therefore Q acting on n will produce a 
velocity v in a time ¢; the same which P produces in 
fh. Q.E.D. 


Prop. XIII. ZIxwnpvucriYE. PniwciPLE IV. 
The Third Law of Motion. When pressure 
generates (or destroys) motion in a given body 
the accelerating force is as the pressure. 

The facts included in this Induction are such as 
the following :— 

(1). When pressure produces motion, the velocity 
produced is greater when the pressure is greater. 

In order to determine in what proportion the 
velocity increases with the pressure, further consider- 
ation and inquiry are necessary. 

It appeared that, 

(2). On an inclined plane the velocity acquired 
by falling down the plane is the same as that acquired 
by falling freely down the vertical height of the plane 
(Galileo's experiment). 

(3). When two bodies P, Q* hang over a fixed 
pully, the heavier P descends, and the velocity gener- 


* See figure to Prop. 17. 
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ated in a given time is as P — Q directly, and as P + Q 
inversely (Atwood's Machine). 


(49. The small oscillations of pendulums are per- 
formed in times which are as the square roots of the 
lengths of the pendulums. 


(5). Inthe impacts of bodies the momentum gained 
by the one body is equal to the momentum lost by 
the other (Newton's Experiments). 


(6). In the mutual attractions of bodies the center 
of gravity remains at rest. 

These results are distinctly explained and rigor- 
ously deduced by introducing the Definition of uni- 
form Accelerating Force ;—that it is as the velocity 
generated (or destroyed) in a given time; 

And the Principle that the Accelerating Force 
for a given body is as the pressure. 

Most of these consequences will be proved in the 
succeeding Propositions, (14, 15, 16, 17, 18), and thus 
this Inductive Proposition is confirmed. 


Der. 6. Uniform Accelerating Force is measured 
by the velocity generated in a unit of matter in a 
unit of time. 

Hence in the formula in Prop. 4 and 5, a represents 
the Accelerating Force. 


Axtom 8. If two bodies move so that their ve- 
locities at every instant are equal, the Accelerating 
Forces of the two bodies at every instant are equal; 
and conversely. 


Axtom 9. If two bodies move so that their Acce- 
lerating Forces at every instant are in a constant 
ratio, and are in the direction of the motion, the 
velocities added or subtracted in any time are in the 
ratio of the Accelerating Forces. 
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Pnor. XIV. In different bodies, the Ac- 
celerating Force is as the pressure which pro- 
duces motion directly, and as the quantity of 
matter moved inversely. 


Let two pressures P, Q, produce motion in two 
bodies of which the quantities of matter are M, N. 
Let M : N :: P: X; therefore, by Prop. 12, the 
force X would, in a given time, produce in N the 
same velocity which P would produce in M; that is, 
the Accelerating Force on M arising from the press- 
ure P, is equal to the Accelerating Force on N 
arising from the pressure X. 

But by the Third Law of Motion (Prop. 13) 
the Accelerating force on N arising from the press- 
ure X is to the Accelerating Force on the same body 
N arising from the pressure Q as X is to Q. 

Therefore, the Accelerating Force on M arising 
from P is to the Accelerating Force on N arising 
from Q as YX is to Q. 


But M:N: P: X ; therefore Xe, and 
4 


" PN. P 
therefore X is to Q, as 973 is to Q, or as M to € k 
Therefore the Accelerating Forces of P on M and 


P Q ; 
of Q on N are as D and WO Q. E. D. 

Pnor. XV. On the inclined plane, the time 
of falling down the plane is to the time of falling 
freely down the vertical height of the plane as 
the length of the plane to its height. 


Let L be the length of the plane, H its height. 
The pressure which urges a body down an inclined 
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plane is equal to the pressure which would support 
it acting in the opposite direction ; but this pressure 
: W the weight of the body :: H : L (B.1. Prop. 20.) 
"Therefore the pressure which produces motion on the 


plane is 


The quantity of matter of the body is as W. 

Hence, since by the last Proposition the Acceler- 
ating Force on the inclined plane is as the pressure 
directly and the quantity of matter inversely ; therefore 
Accelerating Force on Inclined Plane : Accelerating 
F f body falling freel THE CUM Saag D 

orce o y falling freely =: TF qp: 

Now the force on the inclined plane is a uniform 
accelerating force; and therefore the velocity ac- 
quired in a unit of time measures it, by Def. 6. There- 
fore, if La be the velocity acquired in a unit of time 
by a body falling freely, Ha will be the velocity 
acquired in a unit of time down the inclined plane. 
And the rule of Prop. 5 is applicable. Therefore, 
if ¢ and /' be the times of falling down L, and of 
falling vertically down H, 

L : H : Hať : Lat”: 
or L?: H? :: pp. 
or L : A : Econ. 


Prop. XVI. On the inclined plane, the velo- 
city acquired by falling down the inclined plane 
is equal to the velocity acquired by falling freely 
down the vertical height of the plane. 

As before, the accelerating force on the plane is to 
the accelerating force of a body falling freely 

(UH ps 
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Also s= 4 vt, by Prop. 6; whence as before, v 
being the velocity acquired by falling freely down H, 
L: H: tot: dt s vt : vt; 
But H: L so 4 o: & by Prop. 15. 
Therefore 1 : 1 sov :o 975 
Whence v =v’; the velocity acquired down the 


plane is equal to the velocity acquired down the ver- 
tical height. Q. eE. p. 


Prop. XVII. When two bodies P, Q hang 
over a fixed pully, and move by their own weight 
merely,* the heavier P descends, and the lighter 
Q ascends, by the action of an accelerating 


ae P-Q 
force which is as PIR 


The string which connects P and Q exerts 
an equal pressure in opposite directions upon 
P and upon Q, (Axiom 6). Let this press- 
ure be X. Then since P is urged down- 
wards by a force P and upwards by a force 
X, it is on the whole urged downwards by 
a force P- X. And the quantity of mat- 
ter is P. Therefore, by Prop. 14, the 
Accelerating Force upon P downwards is 
P-X 

p 
wards upon Q and the weight of Q acts downwards, 
-X 


as In the same manner, since XY acts up- 


the accelerating force upon Q upwards is as 


But the accelerating force upon Q upwards and upon 
P downwards must be equal, because they move at 
every point with equal velocities, by Axiom 8. 


* That is, neglecting the effect of the matter in the pully and the string. 
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is equal t Dc 
o : 
1 P 


Therefore zie 


Ld 


that 1 1 1 l to I 
S, — — 1s =- — ; 
" s equal to 


X. 
or Q + — is equal to 2. 


P 
‘Therefore a is equal to 2; 
and X is equal to aie, : 
2P _ 
R i PR. and the 


Hence P- X is P- -A5 or ai; 
ence 1S P+Q or P+Q 


i NC P-X . 
accelerating force upon P, which is as po: sas 


EIS And, in like manner, the accelerating force 
P-Q 
P+R 

Der. 7. The momentum of a body is the product 
of the numbers which express its velocity and its quan- 
tity of matter. 


upon Q is as 


Der. 8. Elastic bodies are those which separate 
when one impinges upon another ; inelastic bodies are 
those which do not separate after impact. 

Der. 9. The impact of two bodies is direct, when 
the bodies, before impact, either moving in the same 
direction or one of them being at rest, the pressure 
which each exerts upon the other is in the direction of 
the motion. 


Pnor. XVIII. In the direct impact of two 
bodies the momenta gained and lost are equal. 
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Let P impinge upon Q directly, and let X be the 
pressure which each exerts upon the other at any 
instant. Therefore the accelerating forces which act 


upon P and Q in opposite directions are as P and 
R’ and are therefore at every instant in the constant 


1 
ratio of 5 to g’ or of Q to P. Therefore, by Ax. 9, 


the velocities generated in Q and destroyed in P, in 
any time, are in the same constant ratio of Q to P. 
And the quantities of matter are as P and Q. There- 
fore, by Def. 7, the momentum generated in Q and the 
momentum destroyed in P, in any time, are as PQ to 
PQ; that is, they are equal. q.x.». 


Cor. 1. If P and Q are elastic, they will separate 
after the impact; and the momenta generated and de- 
stroyed in Q and P by the elasticity will still be equal, 
for the same reasons as before. 


Cor. 2. The velocity destroyed in P, according 
to Cor. 1, may be greater than its whole velocity. 
In this case, P will after the impact, move in 
the opposite direction with a velocity which is 
the excess of the velocity lost over the original 
velocity. 


Con. 3. Before the impact, Q may move in a di- 
rection opposite to P. In this casc the velocity gained 
by Q is to be understood as including the velocity in 
the opposite direction, which is destroyed. 


Cor. +. If two bodies P and Q, move in oppo- 
site directions with velocities which are in the ratio of 
Q to P, they will be at rest after impact if they are 
inelastic. For since they are inelastic, they will not 
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separate after impact: therefore they will either be at 
rest or move on together. But if they move in the 
direction of P’s motion, P has lost less than its whole 
velocity, and Q has gained more than its own velocity. 
But this is impossible, for the velocities lost and gained 
are in the ratio of Q to P; that is, in the ratio of P's 
velocity to Q's velocity. ‘Therefore the bodies do not 
move in the direction of P's motion. And, in like 
manner, it may be shown that they do not move in the 
direction of Q's motion. Therefore they remain at 
rest. 


Prop. XIX. The mutual pressure, attraction, 
or repulsion, or direct impact of two bodies, can- 
not put in motion their centre of gravity. 


Let two bodies P, Q, act upon each other by press- 
ure, attraction, or repulsion, the force which each ex- 
erts upon the other (Axiom 6) being .X. "Therefore 
(Prop. 14) the accelerating forces which act on P and Q 


X X : j ; 
are as — and Q respectively, or in the constant ratio 


P 
of Q to P. "Therefore the velocities acquired by P and 
Q in any equal times are in this ratio by Axiom 9, 
and therefore the spaces are in the same ratio by 
Axiom 3. 
Let P,Q, be any two bodies of which the center 
of gravity is C, which is p Q 
at first at rest. Therefore 
by B. 1, Prop. 24, Q: P: CP: CQ, and CQ 
= a cP. And if Pp, Qq be any spaces described in 
equal times, by the mutual pressure, attraction, or re- 
pulsion of the bodies, it has been proved that Q : P 
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P 
: Pp : Qq; and therefore Qq = Q Pp. Hence, sub- 


P 
tracting, it followa that Cq Tg OP orQ: P: Cp 


: Cq. And therefore C is still the center of gravity of 
the bodies P, Q, when they are come into the positions 
p,q; that is, the center of gravity has not been put in 
motion. 


Also if the two bodies P, Q, not attracting or re- 
pelling each other, move towards each other with uni- 
form velocities which are in the ratio of Q to P, and 
impinge; the spaces described in any time (as Pp, Qq) 
will be in the same ratio of Q to P, and, as above, the 
center of gravity will be at rest. And when the bodies 
impinge on each other, the velocities of each will either 
be destroyed, or destroyed and generated in an oppo- 
site direction; and in either case, since the mutual 
pressure is equal on both, the accelerating forces which 
destroy and generate velocity, will be in the ratio of 
Q to P, as in Prop. 17. Therefore the velocities de- 
stroyed and generated are in the same ratio as the 
original velocities. Therefore if the whole velocity of 
one body is destroyed, the whole velocity of the other 
body also is destroyed, and the bodies are both at 
rest, and their center of gravity is still at rest after 
impact. 

But if the velocities be destroyed, and velocities 
generated in an opposite direction, these new velocities 
will also be in the ratio of the original velocities, be- 
cause the accelerating forces at every instant are so, 
(Ax. 9); and therefore the spaces described in any 
time by the new velocities will be in the same ratio; 
and therefore, as before, it may be shown that C is 
still the center of gravity of P, Q. 
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Therefore, under all the circumstances stated, the 
center of gravity remains at rest. Q. E. D. 


Examples to Propositions 4, 5, 6, 7, 10, 17, 18. 


By means of these Propositions, we can solve 
such Examples as the following :— 

When a body falls freely by the action of gravity, 
the quantity a in Prop. 4 is 32 feet, the unit of time 
being one second, and v = gt. Also (Prop. 6, Cor. 2) 
t= 4 gt. 

Ex. 1. To find the velocity acquired by a body 
which falls by gravity for 30 seconds. 

v = gt = 32 x 30 960 feet per second. 

2. To find the space fallen through in the same 
time, s=} gi = 16 x 30° = 14400 feet. 

3. To find in what time a body falls through 
1024 feet. 

1024 = 16 x £, t = 64, t =8 seconds. 

4. To find the velocity acquired in the same 
space, v = gt = 32 x 8 = 256 feet per second. 

5. A body is projected directly upwards, with 
a velocity of 1000 feet a second ; how high will it go* 

By Prop. 7, the height will be that through which 
a body must fall to acquire the same velocity. 


Now since 


1000 125 » 
v=gt, 1000 = 32 £, t= e won. 


: (125)* " R 
s= 4g = 16 = = (125)* = 15625 feet. 


0. A body is projected with a velocity of 32 
feet a second in a direction which makes with the 
horizon half a right angle: to find the time of flight 
and the range. 
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In this case m =n; therefore, by Prop. 10, 
n 2v 1 2 x 32 


1 
— = 3 SE. er 
vn! «m! /2 E /2 32x/2 
= 4/2 —1.4 seconds; 
2v! mn 2 x (32)? | 
the range = -- —>—, = pa i — = 32 feet. 
g m+n 32 2 
7. A cannon ball is projected with a velocity 
of 1600 feet a second, in a direction which rises 3 feet 
in 4 feet horizontal: find the time of flight and the 
range 
n 3 3, 2x1600 3 
pu a alie ee 
Vn «Fm 9-16 5 32 5 
= 75 seconds; 


2v! nm 2 (1600)? 12 
the range = — ———; = ————— x — 
g m+n? 32 25 


= 76800 feet. 


8. An inelastic body A impinges directly on an- 
other inelastic body B at rest, with a velocity of 10 
feet a second; A being 3 and B 2 ounces, find the 
velocity after impact. 

If v be the velocity of both after impact, the 
velocity lost by 4 is 10 — x, and the velocity gained 
by B is x Hence the momentum lost by 4 is 
3x(10—.7); and that gained by B is 2 x v: and 
these are equal by Prop. 18; therefore 

3(10— £) 2 2v, 30— 32 + 2z, v — 6. 


9. The bodies being perfectly elastic, find the 
motions after impact. 

In perfectly elastic bodies, the velocity lost by 4 
and the velocity gained by B in the restitution of 
the figure are equal to the velocity lost by 4 and 
gained by B in the compression. 
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Now the velocity lost by 4 in the compression is 
10 — 6 or 4; therefore the whole velocity lost by .4 is 
8, and its remaining velocity 2. 

And the velocity gained by B in the compression 
is G, and therefore the whole velocity gained by B is 
12, which is B's velocity after impact. 

10. A body A (3 ounces) draws B (2 ounces) over 
a fixed pully: find the space described in one second 
from rest. 


, 3 3-2 
By Prop. 17, the accelerating force is as ro 3 that 
LY 4 


l . : i 
is, it is : of gravity ; and the space in a second is as 
the force: therefore the space described in one second 


. 16 
is —, or 34 feet. 


REMARKS 


ON 


MATHEMATICAL REASONING, 


AND ON 


THE LOGIC OF INDUCTION. 


Sect. I. On the Grounds of Mathematical 
Reasoning. 


1. Tue study of a science, treated according to 
a rigorous system of mathematical reasoning, is use- 
ful, not only on account of the positive knowledge 
which may be acquired on the subjects which belong 
to the science, but also on account of the collateral 
effects and general bearings of such a study, as a dis- 
cipline of the mind and an illustration of philosophical 
principles. 

Considering the study of the mathematical sciences 
with reference to these latter objects, we may note 
two ways in which it may promote them ;—by habi- 
tuating the mind to strict reasoning, —and by afford- 
ing an occasion of contemplating some of the most 
important mental processes and some of the most dis- 
tinct forms of truth. Thus mathematical studies may 
be useful in teaching practical logic and theoretical 
metaphysics. We shall make a few remarks on each 
of these topics. 
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2. The study of Mathematics teaches strict rea- 
soning—by bringing under the student's notice promi- 
nent and clear examples of trains of demonstration :— 
by exercising him in the habits of attentive and con- 
nected thought which are requisite in order to follow 
these trains ; —and by familiarizing him with the pe- 
culiar and distinctive conviction which demonstration 
produces, and with the rigorous exclusion of all con- 
siderations which do not enter into the demonstration. 


3. Logic is a system of doctrine which lays 
down rules for determining in what cases pretended 
reasonings are and are not demonstrative. And ac- 
cordingly, the teaching of strict reasoning by means 
of the study of logic is often recommended and prac- 
tised. But in order to shew the superiority of the 
study of mathematics for this purpose, we may con- 
sider,—that reasoning, as a practical process, must be 
learnt by practice, in the same manner as any other 
practical art, for example, riding, or fencing ;— that 
we are not secured from committing fallacies by such 
a classification of fallacies as logic supplies, as a rider 
would not be secured from falls by a classification 
of them ;—and that the habit of attending to our 
mental processes while we are reasoning, rather inter- 
feres with than assists our reasoning well, as the horse- 
man would ride worse rather than better, if he were to 
fix his attention upon his muscles when he is using 
them. 


4. To this it may be added, that the peculiar 
habits which enable any one to follow a chain of 
reasoning are excellently taught by mathematical study, 
and are hardly at all taught by logic. These habits 
consist in not only apprehending distinctly the demon- 
stration of a proposition when it is proved, but in 
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retaining all the propositions thus proved, and using 
them in the ulterior steps of the argument with the 
same clear conviction, readiness, and familiarity, as if 
they were self-evident principles. Writers on Logic 
seldom give examples of reasoning in which several 
syllogisms follow each other; and they never give 
examples in which this progressive reasoning is so 
exemplified as to make the process familiar. Their 
chains generally consist only of two or three links. 
In Mathematics, on the contrary, every theorem is 
an example of such a chain; every proof consists of 
a series of assertions, of which each depends on the 
preceding, but of which the last inferences are no less 
evident or less easily applied than the simplest first 
principles. The language contains a constant succes- 
sion of short and rapid references to what has been 
proved already ; and it is justly assumed that each of 
these brief movements helps the reasoner forwards in 
a course of infallible certainty and security. Each of 
these hasty glances must possess the clearness of in- 
tuitive evidence, and the certainty of mature reflection; 
and yet must leave the reasoner’s mind entirely free to 
turn instantly to the next point of his progress. The 
faculty of performing such mental processes well and 
readily is of great value, and is in no way fostered 
by the study of logic. 

5. It is sometimes objected to the study of 
Mathematics as a discipline of reasoning, that it 
tends to render men insensible to all reasoning 
which is not mathematical, and leads them to de- 
mand, in other subjects, proofs such as the subject 
does not admit of, or such as are not appropriate to 
the matter. 

To this it may be replied, that these evil results, 
so far as they occur, arise either from the student 

G 
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pursuing too exclusively one particular line of mathe- 
matical study, or from erroneous notions of the nature 
of demonstration. 

The present volume is intended to assist, in some 
measure, in remedying the too exclusive pursuit of 
one partieular line of Mathematics, by shewing tbat 
the same simplicity and evidence which are seen in the 
Elements of Geometry may be introduced into the 
treatment of another subject of a kind very different ; 
and it is hoped that we may thus bring this sub- 
ject within the reach of those who cultivate the 
study of Mathematics as a discipline only. The re- 
marks now offered to the reader are intended to aid 
him in forming a just judgment of the analogy be- 
tween mathematical and other proof; which is to be 
done by pointing out the true grounds of the evi- 
dence of Geometry, and by exhibiting the views which 
are suggested by the extension of mathematical rea- 
soning to sciences concerned about physical facts. 


6. We shall therefore now proceed to make some 
remarks on the nature and principles of reasoning, 
especially as far as they are illustrated by the mathe- 
matical sciences. 

Some of the leading principles which bear upon this 
subject are brought into view by the consideration 
of the question, ** What is the foundation of the cer- 
tainty arising from mathematical demonstration ?" and 
in this question it is implied that mathematical demon- 
stration is recognised as a kind of reasoning possessing 
a peculiar character and evidence, which make it a 
definite and instructive subject of consideration. 


4. Perhaps the most obvious answer to the ques- 
tion respecting the conclusiveness of mathematical de- 
monstration is this; —that the certainty of such demon- 
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stration arises from its being founded upon Axioms ; 
and conducted by steps, of which each might, if re- 
quired, be stated as a rigorous Syllogism. 

This answer might give rise to the further ques- 
tions, What is the foundation of the conclusiveness 
of a Syllogism? and, What is the foundation of the 
certainty of an Axiom? And if we suppose the for- 
mer enquiry to be left to Logic, as being the subject 
of that science, the latter question still remains to 
be considered. We may also remark upon this answer, 
that mathematical demonstration appears to depend 
upon Definitions, at least as much as upon Axioms. 
And thus we are led to these questions : —W hether 
mathematical demonstration is founded upon Defini- 
tions, or upon Axioms, or upon both? and, What is 
the real nature of Definitions and of Axioms ? 


8. The question, What is the foundation of 
mathematical demonstration? was discussed at consi- 
derable length by Dugald Stewart*; and the opinion 
at which he arrived was, that the certainty of mathe- 
matical reasoning arises from its depending upon 
definitions. He expresses this further, by declaring 
that mathematical truth is hypothetical, and must be 
understood as asserting only, that if the definitions are 
assumed, the conclusion follows. The same opinion 
has, I think, prevailed widely among other modern 
speculators on the same subject, especially among 
mathematicians themselves. 


9. In opposition to this opinion, I urge, in the 
first place, that no one has yet been able to construct a 
system of mathematical truth by means of definitions 
alone, to the exclusion of axioms; although attempts 
having this tendency have been made constantly and 


* Elements of the Philosophy of the Human Mind, V ol. 11. 
1 2 ees a 


` b. : 
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‘earnestly. It is, for instance, well known to most 
readers, that many mathematicians have endeavoured 
to get rid of Euclid's **Axioms" respecting straight lines 
and parallel lines; but that none of these essays has 
been generally considered satisfactory. If these ax- 
ioms could be superseded, by definition or otherwise, 
it was conceived that the whole structure of Elemen- 
tary Geometry would rest merely upon definitions; 
and it was held by those who made such essays, that 
this would render the science more pure, simple, and 
homogeneous. If these attempts had succeeded, 
Stewart’s doctrine might have required a further 
consideration; but it appears strange to assert that 
Geometry is supported by definitions, and not by 
axioms, when she cannot stir four steps without rest- 
ing her foot upon an axiom. 


10. But let us consider further the nature of 
these attempts to supersede the axioms above men- 
tioned. They have usually consisted in endeavours so 
to frame the definitions, that these might hold the 
place which the axioms hold in Euclid's reasoning. 
Thus the axiom, that **two straight lines cannot en- 
close a space," would be superfluous, if we were to 
take the following definition : —** A line is said to be 
straight, when two such lines cannot coincide in fwo 
points without coinciding altogether.” 

But when such a method of treating the subject is 
proposed, we are unavoidably led to ask,—-whether it 
is allowable to lay down such a definition. It cannot 
be maintained that we may propound any form of 
words whatever as a definition, without any consider- 
ation whether or not it suggests to the mind any in- 
telligible or possible conception. What would be said, 
for instance, if we were to state the following as a de- 
finition, ** A line is said to be straight (or any other 
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term) when two such lines cannot coincide in one point 
without coinciding altogether?” It would inevitably 
be remarked, that no such lines exist; or that such a 
property of lines cannot hold good without other 
conditions than those which this definition expresses ; 
or, more generally, that the definition does not corre- 
spond to any conception which we can call up in our 
minds, and therefore can be of no use in our reason- 
ings. And thus it would appear, that a definition, 
to be admissible, must necessarily refer to and agree 
with some conception which we can distinctly frame 
in our thoughts. 


ll. This is obvious, also, by considering that the 
definition of a straight line could not be of any use, 
except we were entitled to apply it in the cases to 
which our geometrical propositions refer. No defini- 
tion of straight lines could be employed in Geometry, 
unless it were in some way certain that the lines so 
defined are those by which angles are contained, those 
by which triangles are bounded, those of which paral- 
lelism may be predicated, and the like. 


12. The same necessity for some general concep- 
tion of such lines accompanying the definition, is im- 
plied in the terms of the definition above suggested. 
For what is there meant by ‘such lines?" Appa- 
rently, lines having some general character in which the 
property is necessarily involved. But how does it ap- 
pear that lines may have such acharacter? And if it 
be self-evident that there may be such lines, this evi- 
dence is a necessary condition of this (or any equiva- 
lent) definition. And since this self-evident truth is 
the ground on which the course of reasoning must pro- 
ceed, the simple and obvious method is, to state the 
property as a self-evident truth ; that is, as an axiom. 
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Similar remarks would apply to the other axiom above 
mentioned ; and to any others which could be pro- 
posed on any subject of rigorous demonstration. 


13. If it be conceded that such a conception 
accompanying the definition is necessary to justify it, 
we shall have made a step in our investigation of the 
grounds of mathematical evidence. But such an ad- 
mission does not appear to be commonly contemplated 
by those who maintain that the conclusiveness of ma- 
thematical proof results from its depending on defini- 
tions. They generally appear to understand their 
tenet as if it implied arbitrary definitions. And some- 
thing like this seems to be held by Stewart, when he 
says that mathematical truths are true Aypothetically. 
For we understand by an hypothesis a supposition, 
not only which we may make, but may abstain from 
making, or may replace by a different supposition. 


14. That the fundamental conceptions of Geo- 
metry are not arbitrary definitions, or selected hypo- 
theses, will, I think, be clear to any one who reasons 
geometrically at all. It is impossible to follow the 
steps of any single proposition of Geometry without 
conceiving a straight line and its properties, whether 
or not such a line be defined, and whether or not its 
properties be stated. ‘That a straight line should be 
distinguished from all other lines, and that the axiom 
respecting it should be seen to be true, are circum- 
stances indispensable to any clear thought on the 
subject of lines. Nor would it be possible to frame any 
coherent scheme of Geometry in which straight lines 
should be excluded, or their properties changed. Any 
one who should make the attempt, would betray, in 
his first propositions, to all men who can reason geo- 
metrically, a reference to straight lines. 
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15. If, therefore, we say that Geometry depends 
on definitions, we must add, that they are necessary, 
not arbitrary definitions, —such definitions as we must 
have in our minds, so far as we have elements of rea- 
soning at all. And the elementary hypotheses of 
Geometry, if they are to be so termed, are not hypo- 
theses which are requisite to enable us to reach this or 
that conclusion; but hypotheses which are requisite for 
any exercise of our thoughts on such subjects. 

16. Before I notice the bearing of this remark on 
the question of the necessity of axioms, I may observe 
that Stewart's disposition to consider definitions, and 
not axioms, as the true foundation of Geometry, ap- 
pears to have resulted, in part, from an arbitrary selec- 
tion of certain axioms, as specimens of all. He takes, 
as his examples, the axioms, “ that if equals be added 
to equals the wholes are equal,” that “the whole 
is greater than its part;” and the like. If he had, 
instead of these, considered the more properly geome- 
trical axioms,—such as those which I have mentioned; 
“ that two straight lines cannot enclose a space ;” or 
any of the axioms which have been made the basis of 
the doctrine of parallels; for instance, Playfair's 
axiom, “ that two straight lines which intersect each 
other cannot both of them be parallel to a third straight 
line ;"—Xit would have been impossible for him to have 
considered axioms as holding a different place from 
definitions in geometrical reasoning. For the proper- 
ties of triangles are proved from the axiom respecting 
straight lines, as distinctly and directly, as the proper- 
ties of angles are proved from the definition of a right 
angle. Of the many attempts made to prove the doc- 
trine of parallels, almost all professedly, all really, 
assume some axiom or axioms which are the basis of 
the reasoning. 
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17. It is therefore very surprising that Stewart 
should so exclusively have fixed his attention upon the 
more general axioms, as to assert, following Locke, 
* that from [mathematical] axioms it is not possible for 
human ingenuity to draw a single inference* ;” and 
even to make this the ground of a contrast between geo- 
metrical axioms and definitions. The slightest exami- 
nation of any treatise of Geometry might have shown 
him that there is no sense in which this can be asserted 
of axioms, in which it is not equally true of defini- 
tions; or rather, that while Euclid's definition of a 
straight line leads to no truth whatever, his axiom re- 
specting straight lines is the foundation of the whole 
of Geometry ; and that, though we can draw some in- 
ferences from the definition of parallel straight lines, 
we strive in vain to complete the geometrical doctrine 
of such lines, without assuming some axiom which en- 
ables us to prove the converse of our first propositions. 
Thus, that which Stewart proposes as the distinctive 
character of axioms, fails altogether; and with it, as I 
conceive, the whole of his doctrine respecting mathe- 
matical evidence. 

18. That Geometry (and other sciences when 
treated in a method equally rigorous) depends upon 
axioms as well as definitions, is supposed by the form 
in which it is commonly presented. And after what 
we have said, we shall assume this form to be a just 
representation of the real foundations of such sciences, 
tll we can find a tenable distinction between axioms 
and definitions, in their nature, and in their use; and 
till we have before us a satisfactory system of Geo- 
metry without axioms. And this system, we may re- 
mark, ought to include the Higher as well as the 


* Elements of the Philosophy of the Human Mind, Vol. 11. p. 38. 
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Elementary Geometry, before it can be held to prove 
that axioms are needless; for it will hardly be main- 
tained, that the properties of circles depend upon defi- 
nitions and hypotheses only, while those of ellipses 
require some additional foundation: or that the com- 
parison of curve lines requires axioms, while the 
relations of straight lines are independent of such 
principles. 

19. Having then, I trust, cleared away the as- 
sertion, that mathematical reasoning rests ultimately 
upon definitions only, and that this is the ground of 
its peculiar cogency, I have to examine the real evidence 
of the truth of such axioms as are employed in the 
exact Mathematical Sciences. And we are, I think, 
already brought within view of the answer to this ques- 
tion. For if the definitions of Mathematics are not 
arbitrary, but necessary, and must, in order to be ap- 
plicable in reasoning, be accompanied by a conception 
of the mind through which this necessity is seen; it is 
clear that this apprehension of the necessity of the pro- 
perties which we contemplate, is really the ground of our 
reasonings and the source of their irresistible evidence. 
And where we clearly apprehend such necessary rela- 
tions, it can make no difference whatever in the nature 
of our reasoning, whether we express them by means 
of definitions or of axioms. We define a straight 
line vaguely ;—that it is that line which lies evenly 
between two points: but we forthwith remedy this 
vagueness, by the axiom respecting straight lines: and 
thus we express our conception of a straight line, so 
far as is necessary for reasoning upon it. We might, 
in like manner, begin by defining a right angle to be 
the angle made by a line which stands evenly between 
the two portions of another line; and we might add 
an axiom, that all right angles are equal. Instead of 

Go 
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this, we define a right angle to be that which a line 
makes with another when the two angles on the two 
sides of it are equal. But in all these cases, we ex- 
press our conception of a necessary relation of lines; 
and whether this be done in the form of definitions or 
axioms, is a matter of no importance. 


20. But it may be asked, If it be thus unimpor- 
tant whether we state our fundamental principles as 
axioms or definitions, why not reduce them all to de- 
finitions, and thus give to our system that aspect of 
independence which many would admire, and with 
which none need be displeased? And to this we an- 
swer, that if such a mode of treating the subject were 
attempted, our definitions would be so complex, and 
so obviously dependent on something not expressed, 
that they would be admired by none. We should 
have to put into each definition, as conditions, all the 
axioms which refer to the things defined. For in- 
stance, who would think it a gain to escape the 
difficulties of the doctrine of parallels by such a 
definition as this: ** Parallel straight lines are those 
which being produced indefinitely both ways do not 
meet; and which are such that if a straight line 
intersects one of them it must somewhere meet the 
other?" And 1n other cases, the accumulation of neces- 
sary properties would be still more cumbersome and 
wore manifestly heterogeneous. 


91. The reason of this difficulty is, that our fun- 
damental conceptions of lines and other relations of 
space, are capable of being contemplated under several 
various aspects, and more than one of these aspects 
are needed in our reasonings. "We may take one 
such aspect of the conception for a definition; and 
then we must introduce the others by means of ax- 
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ioms. We may define parallels by their not meeting; 
but we must have some positive property, besides 
this negative one, in order to complete our reason- 
ings respecting such lines. We have, in fact, our 
choice of several such self-evident properties, any of 
which we may employ for our purpose, as geometers 
well know; - but with our naked definition, as they 
also know, we cannot proceed to the end. And in 
other cases, in like manner, our fundamental concep- 
tion gives rise to various elementary truths, the con- 
nexion of which is the basis of our reasonings: but 
this connexion resides in our thoughts, and cannot be 
made to follow, as a logical result, from any assumed 
form of words, presented as a definition. 


92, If it be further demanded, What is the nature 
of this bond in our thoughts by which various proper- 
ties of lines are connected ? perhaps the simplest an- 
swer is to say, that it resides in the idea of space. We 
cannot conceive things in space without being led to 
consider them as determined and related in some way 
or other to straight lines, right angles, and the like; 
and we cannot contemplate these determinations and 
relations distinctly, without assuming those properties 
of straight lines, of right angles, and of the rest, which 
are the basis of our Geometry. We cannot conceive 
or perceive objects at all, except as existing in space ; 
we cannot contemplate them geometrically, without 
conceiving them in space which is subjected to geome- 
trical conditions; and this mode of contemplation is, 
by language, analysed into definitions, axioms, or 
both. 


23. The truths thus seen and known, may be said 
to be known by intuition. In English writers this 
term has, of late, been vaguely used, to express all 
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convictions which are arrived at without conscious rea- 
soning, whether referring to relations among our per- 
ceptions, or to conceptions of the most derivative and 
complex nature. But if we were allowed to restrict 
the use of this term, we might conveniently confine it 
to those cases in which we necessarily apprehend rela- 
tions of things truly, as soon as we conceive the 
objects distinctly. In this sense axioms may be said 
to be known by intuition; but this phraseology is not 
essential to our purpose. 


24. It appears, then, that the evidence of the 
axioms of Geometry depends upon a distinct posses- 
sion of the idea of space. These axioms are stated in 
the beginning of our Treatises, not as something which 
the reader is to learn, but as something which he al- 
ready knows. No proof is offered of them; for they 
are the beginning not the end of demonstrations. The 
student's clear apprehension of the truth of these is a 
condition of the possibility of his pursuing the reason- 
ings on which he is invited to enter.* Without this 
mental capacity, and the power of referring to it, in the 
reader, the writer's assertions and arguments are empty 


* In this statement respecting the nature of Axioms, I find myself 
agreeing with the acute author of ** Sematology." See the ** Sequel to 
Semstology," p. 303. ** An Axion does not account for an intellection ; 
it does but describe the requisite competency for it." lt appears to me 
that this view is not familiar among English metaphysicians. I may 
here quote what 1 said at a former period, ** However we may define 
force, it is necessary in order to understand the elementary reasonings of 
this portion of science, that we should conceive it distinctly. Do we wish 
for a test of the distinctness of our conceptions? The test is, our being 
&ble to see the necessary truth of the Axioms on which our reasonings 
rest... These principles (the Axioms of Statics) are all perfectly evident 
as soon as we have formed the general conception of pressure; but with. 
out that act of thought, they can have no evidence whatever given them 
by any form of words, or reference to other truths;—by definitions, or 
by illustrations from other kinds of quantity." Thoughts on the Study 
of Mathematics, p. 25. 
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and unmeaning words; but then, this capacity and 
power are what all rational creatures alike possess, 
though habit may have developed it in very various 
degrees in different persons. 


25. It has been common in the school of metaphy- 
sicians of which I have spoken, to describe some of the 
elementary convictions of our minds as fundamental 
laws of belief ; and it appears to have been considered 
that this might be taken as a final and sufficient account 
of such convictions. I do not know whether any per- 
sons would be tempted to apply this formula, as a so- 
lution of our question respecting the nature of axioms. 
If this were proposed, I should observe, that this form 
of expression seems to me, in such a case, highly un- 
satisfactory. For laws require and enjoin a conjunc- 
tion of things which can be contemplated separately, 
and which would be disjoined if the law did not exist. 
It is a law of nature that terrestrial bodies, when free, 
fall downwards; for we can easily conceive such bodies 
divested of such a property. But we cannot say, in the 
same sense, that the impossibility of two straight lines 
inclosing a space arises from a law; for if they are 
straight lines, they need no law to compel this result. 
We cannot conceive straight lines exempt from such 
a law. To speak of this property as imposed by a 
law, is to convey an inadequate and erroneous notion 
of the close necessity, inviolable even in thought, by 
which the truth clings to the conception of the lines. 


26. This expression, of ** laws of belief," appears 
to have found favour, on this account among others, 
that it recognised a kind of analogy between the 
grounds of our reasoning on very abstract subjects, 
and the principles to which we have recourse in other 
cases when we manifestly derive our fundamental 
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truths from facts, and when it is supposed to be the 
ultimate and satisfactory account of them to say, that 
they are laws of nature learnt by observation. But 
such an analogy can hardly be considered as a real 
recommendation by the metaphysician ; since it con- 
sists in taking a case in which our knowledge is 
obviously imperfect and its grounds obscure, and in 
erecting this case into an authority which shall direct 
the process and control the enquiry of a much more 
profound and penetrating kind of speculation. It 
cannot be doubted that we are likely to see the true 
grounds and evidence of our doctrines much more 
clearly in the case of Geometry and other rigorous 
systems of reasoning, than in collections of mere em- 
pirical knowledge, or of what is supposed to be such. 
It is both an unphilosophical and an indolent pro- 
ceeding, to take the latter cases as a standard for the 
former. 

27. I shall therefore consider it as established, 
that in Geometry our reasoning depends upon axioms 
as well as definitions, —that the evidence of the 
truth of the axioms and of the propriety of the defi- 
nitions resides in the idea of space, — and that the 
distinct possession of this idea, and the consequent 
apprehension of the truth of the axioms which are 
its various aspects, is supposed in the student who is 
to pursue the path of geometrical reasoning. This 
being understood, I have little further to observe on 
the subject of Geometry. I will only remark—that 
all the conclusions which occur in the scieuce follow 
purely from those first principles of which we have 
spoken ;——that each proposition is rigorously proved 
from those which have been proved previously from 
such principles ;x— that this process of successive proof 
is termed Deduction ; —and that the rules which sc- 
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cure the rigorous conclusiveness of each step are the 
rules of Logic, which I need not here dwell upon. 


28. But I uow proceed to consider some other 
questions to which our examination of the evidence of 
Geometry was intended to be preparatory ; — How 
far do the statements hitherto made apply to other 
sciences ? for instance, to such sciences as are treatcd 
of in the present volume, Mechanics and Hydrostatics. 
To this I reply, that some such sciences at least, as 
for example Statics, appear to me to rest on founda- 
tions exactly similar to Geometry :— that is to say, 
that they depend upon axioms,—self-evident princi- 
ples, not derived in any immediate manner from 
experiment, but involved in the very nature of the 
conceptions which we must possess, in order to reason 
upon such subjects at all. ‘The proof of this doctrine 
must consist of several steps, which I shall take in 
order. 


29. In the first place, I say that the axioms 
of Statics are self-evidently true. In the beginning 
of the preceding Treatise I have stated these barely 
as axioms, without addition or explanation, as the 
axioms of Geometry are stated in treatises on that 
subject. And such is the proper and orderly mode 
of exhibiting axioms; for, as has been said, they are 
to be understood as an expression of the condition of 
conception of the student. ‘They are not to be learnt 
from without, but from within. They necessarily and 
immediately flow from the distinct possession of that 
idea, which if the student do not possess distinctly, 
all conclusive reasoning on the subject under notice is 
impossible. It is not the business of the deductive 
reasoner to communicate the apprehension of these 
truths, but to deduce others from them. 
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30. But though it may not be the author's busi- 
ness to elucidate the truth of the axioms as a deduc- 
tive reasoner, it may still be desirable that he should 
do so as a philosophical teacher ; and though it may 
not be possible to add anything to their evidence in 
the mind of him who possesses distinctly the idea 
from which they flow, it may be in our power to assist 
the beginner in obtaining distinct possession of this 
idea and unfolding it into its consequences. I shall 
therefore make a few remarks, tending to illustrate the 
self-evident nature of the ** Axioms” of Statics, of 
Hydrostatics, and of the Doctrine of Motion. 


31. Omitting, for the present, the consideration of 
the First Axiom of Statics (see p. 28) ; the Second is, 
* [f two equal forces act perpendicularly at the ex- 
tremities of equal arms of a straight line to turn it 
opposite ways, they will keep each other in equilibrium." 
This is often, and properly, further confirmed, by ob- 
serving that there is no reason why one of the forces 
should preponderate rather than the other, and that, 
as both cannot preponderate, neither will do so. All 
the circumstances on which the result (equilibrium 
or preponderance) can depend, are equal on the two 
sides;—equal arms, equal angles, equal forces. If 
the forces are not in equilibrium, which will pre- 
ponderate? no answer can be given, because there is no 
circumstance left by which either can be distinguished. 


32. The argument which we have just used, is 
often applicable, and may be expressed by the formula, 
** there is no reason why one of the two opposite cases 
should occur, which is not equally valid for the other ; 
and as both cannot occur (for they are opposite cases) 
neither will occur." This argument is called “the 
principle of sufficient reason;" it puts in a general 
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form the considerations on which several of our axioms 
depend; and to persons who are accustomed to such 
generality, it may make their truth more clear. 

The same principle might be applied to other 
cases, for example to Axiom 7, that the effect pro- 
duced on a bent lever does not depend on the direc- 
tion of the arm. For if we suppose two forces acting 
perpendicularly on two equal arms of a bent lever to 
turn it opposite ways, these forces will balance, what- 
ever be the angle which they make, since there is 
no reason why either should preponderate: but it 
would thus appear, that the force which would be 
balanced by Q in the figure to Axiom 7, would also 
be balanced by R, and therefore these two forces pro- 
duce the same effect ; which is what the axioms asserts. 


33. The same reasoning might be applied to 
Axiom 9; for if two equal forces act at right angles 
at equal arms, in planes perpendicular to the axis of 
a rigid body, and tend to turn it opposite ways, 
they will balance each other, since all the condi- 
tions are the same for both. 


34. Nearly the same might be said of Axiom 10;— 
if a string pass freely round a fixed body, equal forces 
acting at its two ends will balance each other; for 
if it pass with perfect freedom, its passing round the 
point cannot give an advantage to either force. There- 
fore the force which will be balanced by tbe string 
at its second extremity is exactly equal to the force 
which acts at its first extremity.* 

35. "The axioms which are perhaps least obvious 
are Axioms 4 and 5; for instance, the former ;—that 
* the pressure upon the fulcrum is equal to the sum 
of the weights." Yet this becomes evident when we 


* The same principle may be applied to prove Ax. 6. 
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consider it steadily. It will then be seen that we 
consider pressure or weight as something which must 
be supported, so that the whole support must be equal 
to the whole pressure. The two weights which act upon 
the lever must be somehow balanced and counteracted, 
and the length of the lever cannot at all remove or 
alter this necessity. Their pressure will be the same 
as if the two arms of the lever were shortened till the 
weights coincided at the fulcrum; but in this case, it 
is clear that the pressure on the fulcrum would be 
equal to the sum of the weights: therefore it will be 
so in every other case. 


36. This principle, that in statical equilibrium, 
a force is necessarily supported by an equal force, 
is expressed in Axiom 1, with regard to forces acting 
at any point ; and the two forces are then called action 
and re-action. The principle as stated in Axiom 1 
may be considered as an expression of the conception 
of equality as applied to forces, or, if any one chooses, 
as a definition of cqual forces. This principle is 
implied in the conception of any comparison of forces: 
for equilibrium and addition of forces are modes in 
which forces are compared, as superposition and addi- 
tion of spaces are modes in which geometrical quanti- 
ties are compared. 

We may further observe, that this fundamental 
conception of action and re-action is equivalent to the 
conception of force and matter, which are ideas ne- 
cessarily connected and correlative. Matter, as stated 
in page 26, is that which can resist the action of force. 
In Mechanics at least, we know matter only as the 
subject on which force acts. 


37. But matter not only reccives, it also trans- 
mits the action of force: and it is impossible to reason 
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respecting the mechanical results of such transmission, 
without laying down the fundamental principles by 
which it operates. And this accordingly is the pur- 
pose of Axioms 7, 8, 9, 10, 13. When the body is 
supposed to be perfectly rigid, it transmits force 
without any change or yielding. This rigidity of a 
body is contemplated under different aspects, in the 
Axioms just referred to. In Axiom 8, it is the 
rigidity of a rod pushed endways; in Axiom 7, the 
rigidity of a plane turned about a fixed point; in 
Axiom 9, the rigidity of a solid twisted about an 
axis. Axiom 10 defines the manner in which a flex- 
ible string transmits pressure, and in like manner 
Axiom 1 of the Hydrostatics, defines the manner in 
which a fluid transmits pressure. Any one who 
chooses may call Axioms 7, 8, 9 of the Statics, col- 
lectively, the Definition of a rigid body. The place 
of these principles in our reasoning will not be thereby 
altered; nor the necessity superseded, of their being 
accompanied by distinct mechanical conceptions. 


38. Axioms 14, 15, 16, of the Statics, are all 
included in the general consideration that material 
bodies may be supposed to consist of material parts, 
and that the weight of the whole is equal to the 
weight of all the parts; but they are stated sepa- 
rately, because they are used separately, and because 
they are at least as evident in these more particular 
cases as they are in the more general form. 


By considerations of this nature it appears, and 
I trust quite satisfactorily, that the axioms, as above 
stated, are evident in their nature, in virtue of the 
conceptions which we necessarily form, in order to 
reason upon mechanical subjects. 
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30. Some persons may be surprised to find the 
Axioms of Mechanics represented as so numerous: 
especially if they look for analogy to Geometry, where 
the necessary axioms are confessedly few, and accord- 
ing to some writers, none; and they may be led to 
think that many of the axioms here given must be 
superfluous, by observing that in most mechanical 
works the fundamental principles are stated as much 
fewer than these. But I believe that very few of those 
which I have stated are superfluous in effect. From 
the very circumstance that they are axioms, they are 
assented to when they are adduced in the reasoning, 
whether they have been before asserted or not ; but 
to make our reasoning formally correct (which was 
one of my objects) every proposition which is assumed 
should be previously stated. And when we examine 
them, we see that the various modifications and com- 
binations of the ideas of force, body, and equilibrium, 
along with the ideas of space of one, two, or three 
dimensions, readily branch out into as many heads as 
appear in this part of the present work. 


40. Some persons may be disposed at first to say, 
that our knowledge of such elementary truths as are 
stated in the Axioms of Statics and Hydrostaties, is 
collected from observation and experience. But in 
refutation of this I remark, that we cannot experi- 
mentally verify these elementary truths, without assum- 
ing other principles which require proof as much as 
these do. If, for instance, Archimedes had wished to 
ascertain by trial whether two equal weights at the 
equal arms of a lever would balance each other, how 
could he know that the weights were equal, by any 
more simple criterion than that they did balance ? 
But in fact, it is perfectly certain that of the thou- 
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sands of persons who from the time of Archimedes 
to the present day have studied Statics as a mathe- 
matical science, a very few have received or required 
any confirmation of his axioms from experiment; and 
those who have needed such help have undoubtedly 
been those in whom the apprehension of the real 
nature and force of the evidence of the subject was 
most obscure. 


41. I by no means intend to assert that the 
axioms as stated in this Treatise are given in the only 
exact form ; or that they may not be improved, sim- 
plified, and reduced in number. But I do not think 
it likely that this can be done to any great extent, 
consistently with the rigour of deductive proof. The 
Fourth Axiom of Statics is one which attempts have 
been made to supersede: for example, Lagrange* has 
endeavoured to deduce it from the preceding ones. 
But it will be found that his proof, if distinctly stated, 
involves some such axiom as this :—-that ** If two forces, 
acting at the extremities of a straight line, and a single 
force, acting at an intermediate point of the straight 
line, produce the same effect to turn a body about 
another line, the two forces produce at the intermediate 
point an effect equal to the single force." And though 
this axiom may be self-evident, it will hardly be con. 
sidered as more simple than that which it replaces. 


42. "Thus, Statics, like Geometry, rests upon 
axioms which are neither derived directly from ex- 
perience, nor capable of being superseded by defini- 
tions, nor by simpler principles. In this science, as 
in that previously considered, the evidence of these 
fundamental truths resides in those convictions, to 
which an attentive and steady consideration of the 


* Mécanique Analytique. Introduction. 


166 ON MATHEMATICAL REASONING. 


subject necessarily leads us. The axioms with regard 
to pressures, action and re-action, equilibrium and 
preponderance, rigid and flexible bodies, result neces- 
sarily from the conceptions which are involved in all 
exact reasoning on such matters. ‘Ihe axioms do 
not flow from the definitions, but they flow irresis- 
tibly along with the definitions, from the distinctness 
of our ideas upon the subjects thus brought into 
view. These axioms are not arbitrary assumptions, nor 
selected hypotheses; but truths which we must see 
to be necessarily and universally true, before we can 
reason on to anything clse ; and here, as in Geometry, 
the capacity of secing that they are thus true, is 
required in the student, in order that he and the 
writer may be able to proceed tugether. 


43. It was stated that the Axioms of Geometry 
are derived from the idea of space; in like manner 
the Axioms of Statics are derived from the idea of 
statical force or pressure, and the idea of body or 
matter, which, as we have said, is correlative with 
the idea of force. We must possess distinctly this 
idea of force acting upon body and body sustaining 
force ;—of body resisting, and while it resists, trans- 
mitting the action of force ;—of body, with this mecha- 
nical property, in the various forms of straight linc, 
lever, plane, solid, flexible line, flexible surface, and 
flud; and if we possess distinctly the ideas thus 
pointed out, the truth of the Axioms of Statics and 
Hydrostatics will be seen as sclf-evident, and we shall 
be in a condition to go on with the reasonings of thc 
preceding Treatise, seeing both the cogency of the 
proof, and its necessary and independent character. 


44. As the Axioms which are the basis of the 
Staties of Solids depend upon the idea of body, con- 
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sidered as transmitting force, so the axioms of Hydro- 
statics depend on the idea of a fluid, considered as a 
body which transmits pressure in all directions; or, 
as we may express it more briefly, upon the idea of 
fluid pressure. It is not enough to conceive a fluid 
as a body, the parts of which are perfectly moveable ; 
for, as I have elsewhere observed*, **this definition 
cannot be a sufficient basis for the doctrines of the 
pressure of fluids; for how can we evolve, out of the 
mere notion of mobility, which includes no conception 
of force, the independent conception of pressure.” 
But the conception of fluid as transmitting pressure, 
supplies us with the requisite axioms. The First 
Axiom of our Hydrostatics—that if a fluid be con- 
tained in a tube of which the two ends are similar and 
equal planes acted on by equal pressures, it will be 
kept in equilibrium—follows from the principle of suffi- 
cient reason, for there is no reason why either pressure 
should preponderate. If, for example, the curvature 
of the tube, or any such cause, affected the pressure 
at either end, this condition would be a limitation of 
the property of transmitting pressure in all directions, 
and would imply imperfect fluidity; whereas the 
fluidity is supposed to be perfect. And for the like 
reasons, we might assume as an Aziom the Third 
Proposition of the Hydrostatics, that fluids transmit 
pressure equally in all directions, from one part of 
their boundary to the other; for if the pressure 
transmitted were different according to the direction, 
this difference might be referred to some cohesion 
or viscosity of the fluid ; and the fluidity might be 
made more perfect, by conceiving the difference re- 
moved. Therefore the proposition would be neces- 
sarily and evidently true of a perfect fluid. 
* Thoughts on the 8tuly of Mathematics. 
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45. But instead of laying down this axiom, I 
have taken the axiom that any part of a fluid which 
is in equilibrium, may be supposed to become rigid. 
This axiom leads immediately to the proposition, and 
it is, besides, of great use in all parts of Hydrostatics. 
If we had to reason concerning flexible bodies, we 
might conveniently and properly assume a correspond- 
ing axiom for them ; —namely, that, of a flexible body 
which is in equilibrium, any part may be supposed to 
become rigid. And we might give a reason for this, 
by saying that rigidity implies forces which resist a 
tendency to change of form, when any such tendency 
occurs ; but in a body which is in equilibrium, there 
is no tendency to change of form, and therefore the 
resisting forces vanish. It is of no consequence what 
forces would act if there were a stress to bend the 
body: since there is not any such stress, the rigidity 
is not called into play, and therefore it makes no 
difference whether we suppose it to exist or not. 

46. The same kind of reasons may be given, in 
order to shew the admissibility of introducing, in the 
case of equilibrium of a fluid, rigidity, instead of that 
still greater susceptibility of change of figure which 
fluidity implies. Since the mass is perfectly fluid, 
its particles exert no coustraint on each other's mo- 
tions; but then, because they are in equilibrium, no 
constraint is needed to keep them in their places. 
They are as steadily kept there (so long as the same 
forces continue to act) as if they were held by the 
insurmountable forces which connect the parts of a 
perfectly rigid body. We may therefore suppose 
the inoperative forces of rigidity to be present or 
absent among the particles, without altering the other 
forces or their relations. And hence we see the truth 
of Axiom 2 of the Hydrostatics. 
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47. The above considerations (Art. 44) arising 
from the properties which we assume being perfect, 
may be applied in other cases; for instance, to shew 
that the force exerted by a perfectly smooth surface is 
perpendicular to the surface. (B. 1. Ax.13.) For if 
it were not, the force might be resolved into a force 
perpendicular to the surface, and a force acting along 
the surface; and the latter force might be referred to 
some friction or cohesion of the surface. Therefore 
we should not have supposed the surface perfectly 
smooth, without imagining this force to vanish: and 
thus the only force exerted by such a perfectly smooth 
surface would necessarily be a normal force. - 


48. The last axiom of Hydrostatics (Ax. 7) is in 
fact a substitute for an idea which we must exclude in 
Elementary. Mathematics ;—the idea of a Limit. The 
attempt to proceed far in Geometry without the use 
of this idea, gave rise to a series of well-known em- 
barrassments among the ancients. The mode of evad- 
ing the difficulty which I bave adopted, by means of 
the axiom just referred to, appeared to me the best. 
The axiom is readily assented to, if it be considered 
that, since we may make the particles as small as we 
please, we may make as small as we please the error 
arising from the neglect of one particle. We may 
make it microscopic, and then throw away the micro- 
scope; and thus the error vanishes. 


49. Some of the Axioms which are stated in 
Book 111, on the Laws of Motion, give occasion to re- 
marks similar to those already made. Thus Axiom 4, 
which asserts that if particles move in such a man- 
ner as always to preserve the same relative distances 
and positions, their motions will not be altered by 
supposing them rigidly connected, is evident by the 
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same considerations as the Axioms concerning flexible 
and fluid bodies, already noticed in Articles 45 and 46. 
For the forces of rigidity are forces which would pre- 
vent a change of the distances and relative positions 
of the particles if there were a tendency to any such 
change; and if there be no such tendency, it makes 
no difference whether the potential resistance to it be 
present or absent. 


50. The 5th Axiom of Book 111., which asserts 
that forces producing parallel and equal velocities at 
the same time, may be conceived to be added; and 
the 6th Axiom, which asserts that in systems in mo- 
tion the action and re-action are equal and opposite, 
are applications of what is stated in the second sen- 
tence of this third Book ;—that the Definitions and 
Axioms of Statics are adopted and assumed in the case 
of bodies in motion. In the third Book, as in the 
first, forces are conceived as capable of addition, and 
matter is conceived as that which can resist force, and 
transmit it unaltered. 

The 3d, 8th, and 9th Axioms of Book 111., like 
the 7th of Book 11., are introduced to avoid the rea- 
soning which depends on Limits. 


51. In the case of Mechanics, as in the case of 
Geometry, the distinctness of the idea is necessary 
to a full apprebension of the truth of the axioms; 
and in the case of mechanical notions it is far more 
common than in Geometry, that the axioms are im- 
perfectly comprehended, in consequence of the want 
of distinctness and exactness in men’s ideas. Indeed 
this indistinctness of mechanical notions has not only 
prevailed in many individuals at all periods, but we 
can point out whole centuries, in which it has been, 
so far as we can trace, universal. And the conse- 
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quence of this was, that the science of Statics, after 
being once established upon clear and sound prin- 
ciples, again fell into confusion, and was not under- 
stood as an exact science for two thousand years, 
from the time of Archimedes to that of Galileo and 
Stevinus. 


52. In order to illustrate this indistinctness of 
mechanical ideas, I shall take from an ancient Greek 
writer an attempt to solve a mechanical problem; 
namely, the Problem of the Inclined Plane. The 
following is the mode in which Pappus professes* to 
answer this question :— —** To find the force which will 
support a given weight 4 upon an inclined plane.” 

Let HK be the plane ; let the weight 4 be formed 
into a sphere: let this sphere 
be placed in contact with the 
plane HK, touching it in the 
point L, and let E be its center. 
Let EG be a borizontal radius, 
and LF a vertical line which 
meets it. "Take a weight B 
which is to 4 as EF to FG. 
Then if 4 and B be suspended 
at E and G to the lever EFG 
of which the center of motion is F, they will balance ; 
being supported, as it were, by the fulerum LF. 
And the sphere, which is equal to the weight 4, may 
be supposed to be collected at its center. If there- 
fore B act at G, the weight 4 will be supported. 

It may be observed that in this attempt, the 
confusion of ideas is such, that the author assumes a 


* Pappus, B. virr. Prop.ix. I purposely omit the confusion produced 
by this author's mode of treating the question, in which he per the 
force which will draw a body up the inclined plane. 
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weight which acts at G, on the lever EFG, and 
which is therefore a vertical force, as identical with 
a force which acts at G, to support the body in the 
inclined plane, and which is parallel to the plane. 


53. When this kind of confusion was remedied, 
and when men again acquired distinct notions of press- 
ure, and of the transmission of pressure from one point 
to another, the science of Statics was formed by Ste- 
vinus, Galileo, and their successors*. 

The fundamental ideas of Mechanics being thus 
acquired, and the requisite consequences of them 
stated in axioms, our reasonings proceed by the same 
rigorous line of demonstration, and under the same 
logical rules as the reasonings of Geometry ; and we 
have a science of Statics which is, like Geometry, an 
exact deductive science. 


Sect. II. On the Logic of Induction. 


54. "There are other portions of Mechanics which 
require to be considered in another manner; for in 
these there occur principles which are derived directly 
and professedly from experiment and observation. The 
derivation of principles by reasoning from facts is per- 
formed by a process which is termed Znduction, 
which is very different from the process of Deduction 
already noticed, and of which we shall attempt to 
point out the character and method. 

It has been usual to say of any general truths, 
established by the consideration and comparison of 
several facts, that they are obtained by Induction; 
but the distinctive character of this process has not 
been well pointed out, nor have any rules been laid 


* See History of the Inductive Sciences, B. vi. chap. I. sect. 2, 
On the Revival of the Scientific Idea of Pressure. 
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down which may prescribe the form and ensure the 
validity of the process, as has been done for Deductive 
reasoning by common Logic. "The Logic of Induction 
has not yet been constructed ; a few remarks on this 
subject are all that can be offered here. 


55. "The Inductive Propositions, to which we shall 
here principally refer as examples of their class, are those 
elementary principles which occur in considering the 
motion of bodies, and of which some are called the 
Laws of Motion*. ‘They are such as these;—a body 
not acted on by any force will move on for ever uni- 
formly in a straight line; — gravity is a uniform force; — 
if a body in motion be acted upon by any force, the 
effect of the force will be compounded with the pre- 
vious motion; when a body communicates motion 
to another directly, the momentum lost by the first 
body is equal to the momentum gained by the second. 
And I remark, in the first place, that in collecting 
such propositions from facts, there occurs a step 
corresponding to the term ‘ Induction,” (emaywoyn, 
inductio). Some notion is superinduced upon the 
observed facts. In each inductive process, there is 
some general idea introduced, which is given, not by 
the phenomena, but by.the mind. ‘he conclusion 
is not contained in the premises, but includes them 
by the introduction of a new generality. In order to 
obtain our inference, we travel beyond the cases we 
have before us; we consider them as exemplifications 
of, or deviations from, some ideal case in which the 
relations are complete and intelligible. We take a 
standard, and measure the facts by it; and this 
standard is created by us, not offered by Nature. 

* Inductive Propositions in this work are, Book 11. Propositions 25, 
26, 32, 36, 37: Book 111, Prop. 2, 3, 8, 13. 
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Thus we assert, that a body left to itself will move 
on with unaltered velocity, not because our senses 
ever disclosed to us a body doing this, but because 
(taking this as our ideal case) we find that all 
actual cases are intelligible and explicable by means 
of the notion of forces which cause change of motion, 
and which are exerted by surrounding bodies. In like 
manner, we see bodies striking each other, and thus 
moving, accelerating, retarding, and stopping each 
other; but in all this, we do not, by our senses, 
perceive that abstract quantity, momentum, which is 
always lost by one as it is gained by another. This 
momentum is a creation of the mind, brought in among 
the facts, in order to convert their apparent confusion 
into order, their seeming chance into certainty, their 
perplexing variety into simplicity. This the idea of 
momentum gained and lost does; and, in like manner, 
iu any other case in which inductive truths are estab- 
lished, some idea is introduced, as the means of pass- 
ing from the facts to the truth. 


56. The process of mind of which we here speak 
can only be described by suggestion and comparison. 
One of the most common of such comparisons, espe- 
cially since the time of Bacon, is that which speaks 
of induction as the interpretation of facts. Such an 
expression is appropriate; and it may easily be seen 
that it includes the circumstance which we are now 
noticing ;——the superinduction of an idea upon the 
facts by the interpreting mind. For when we read a 
page, we have before our eyes only black and white, 
form and colour; but by an act of the mind, we 
transform these perceptions into thought and emotion. 
The letters are nothing of themselves; they contain 
no truth, if the mind does not contribute its share: 
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for instance, if we do not know the language in which 
the words are written. And if we are imperfectly 
acquainted with the language, we become very clearly 
aware how much a certain activity of the mind is 
requisite in order to convert the words into proposi- 
tions, by the extreme effort which the business of 
interpretation requires. Induction, then, may be 
conveniently described as the interpretation of phe- 
nomena. 


57. But I observe further, that in thus inferring 
truths from facts, it is not only necessary that the 
mind should contribute to the task its own idea, but, 
in order that the propositions thus obtained may have 
any exact import and scientific value, it is requisite 
that the idea be perfectly distinct and precise. If it 
be possible to obtain some vague apprehension of 
truths, while the ideas in which they are expressed 
remain indistinct and ill-defined, such knowledge can- 
not be available for the purposes we here contem- 
plate. In order to construct a science, all our funda- 
mental ideas must be distinct ; and among them, those 
whieh Induction introduces. 


58. This necessity for distinctness in the ideas 
which we employ in Induction, makes it proper to de- 
fine, in a precise and exact manner, each idea when it 
is thus brought forwards. Thus, in establishing the 
propositions which we have stated as our examples in 
these cases, we have to define force in general; uni- 
form force; compounding of motions; momentum. 
The construction of these definitions is an essential 
part of the process of Induction, no less than the 
assertion of the inductive truth itself. 


59. But in order to justify and establish the in- 
ference which we make, the ideas which we introduce 
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must not only be distinct, but also appropriate. They 
must be exactly and closely applicable to the facts; so 
that when the idea is in our possession, and the facts 
under our notice, we perceive that the former includes 
and takes up the latter. The idea is only a more pre- 
cise mode of apprehending the facts, and it is empty 
and unmeaning if it be anything else; but if it be thus 
applicable, the proposition which is asserted by means 
of it is true, precisely because the facts are facts. 
When we have defined force to be the cause of change 
of motion, we see that, as we remove external forces, 
we do, in actual experiments, remove all the change of 
motion; and therefore the proposition that there is in 
bodies no internal cause of change of motion, is true. 
When we have defined momentum to be the product 
of the velocity and quantity of matter, we see that in 
the actions of bodies, the effect increases as the mo- 
mentum increases; and by measurement, we find that 
the effect may consistently be measured by the mo- 
mentum. The ideas here employed are not only 
distinct in the mind, but applicable in the world: 
they are the elements, not only of relations of thought, 
but of laws of nature. 

60. "Thus an inductive inference requires an idea 
from within, facts from without, and a coincidence of 
the two. The idea must be distinct, otherwise we ob- 
tain no scientific truth; it must be appropriate, other- 
wise the facts cannot be steadily contemplated by means 
of it; and when they are so contemplated, the Induc- 
tive Proposition must be seen to be verified by the 
evidence of sense. 

It appears from what has been said, that in esta- 
blishing a proposition by Induction, the definition of 
the idea and the assertion of the truth, are not only 
both requisite, but they are correlative. Each of the 
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two steps contains the verification and justification of 
the other. ‘The proposition derives its meaning from 
the definition; the definition derives its reality from 
the proposition. If they are separated, the definition 
is arbitrary or empty, the proposition is vague or 
verbal. 


61. Hence we gather, that in the Inductive 
Sciences, our Definitions and our Elementary Inductive 
Truths ought to be introduced together. There is no 
value or meaning in definitions, except with reference 
to the truths which they are to express. Discussions 
about the definitions of any science, taken separately, 
cannot therefore be profitable, if the discussion do not 
refer, tacitly or expressly, to the fundamental truths of 
the science; and in all such discussions it should be 
stated what are taken as the fundamental truths. 
With such a reference to Elementary Inductive Truths 
clearly understood, the discussion of Definitions may 
be the best method of arriving at that clearness of 
thought, and that arrangement of facts, which In- 
duction requires. 

I will now note some of the differences which exist 
between Inductive and Deductive Reasoning, in the 
modes in which they are presented. 


62. One leading difference in these two kinds 
of reasoning is, that in Deduction we infer particular 
from general truths; in Induction, on the contrary, 
we infer general from particular. Deductive proofs 
consists of many steps, in each of which we apply 
known general propositions in particular cases ; —** all 
triangles have their angles equal to two right angles, 
therefore this triangle has; therefore, &c." In In- 
duction, on the other hand, we have a single step in 
which we pass from many particular Propositions to 
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one general proposition; '*'lhis stone falls down- 
wards; so do those others;—all stones fall down- 
wards.” And the former inference flows necessarily 
from the relation of general and particular; but the 
latter, as we have seen, derives its power of convincing 
from the introduction of a new idea, which is distinct 
and appropriate, and which supplies that generality 
which the particulars cannot themselves offer. 


63. I observe also that this difference of process 
in inductive and deductive proofs, may be most pro- 
perly marked by a difference in the form in which 
they are stated. In Deduction, the Definition stands 
at the beginning of the proposition ; in Induction, it 
may most suitably stand at or near the end. Thus 
the definition of a uniform force is introduced in the 
course of the proposition that gravity is a uniform 
force. And this arrangement represents truly the real 
order of proof; for, historically speaking, it was taken 
for granted that gravity was a uniform force; but the 
question remained, what was the right definition of a 
uniform force. And in the establishment of other 
inductive principles, in like manner, definitions cannot 
be laid down for any useful purpose, till we know the 
propositions in which they are to be used. They may 
therefore properly come each at the conclusion of its 
corresponding proposition. 


64. "The ideas and definitions which are thus led 
to by our inductive process, may bring with them 
Axioms. Such Axioms may be self-evident as soon 
as the inductive idea has been distinctly apprehended, 
in the same manner as was explained respecting the 
fundamental ideas of Geometry and Statics. And 
thus Avioms, as well as Definitions, may come at the 
end of our Inductive Propositions; and they thus 
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assume their proper place at the beginning of the 
deductive: propositions which follow them, and are 
proved from them. Thus, in Book 111., Axioms 8 
and 9, come after the definition of Accelerating Force, 
and stand between Props. 14 and 15. 


65. Another peculiarity in inductive reasoning 
may be noticed. In a deductive demonstration, the 
reference is always to what has been already proved ; 
in establishing an Inductive Principle, it is most con- 
venient that the reference should be to subsequent 
propositions. For the proof of the Inductive Prin- 
ciple consists in this ; —that the principle being adopt- 
ed, consequences follow which agree with fact; but the 
demonstration of these consequences may require many 
steps, and several special propositions. Thus the In- 
ductive Principle, that gravity is a uniform force, is 
established by shewing that the law of descent, which 
falling bodies follow in fact, is explained by means of 
this principle; namely, the law that the space is as 
the square of the time from the beginning of the 
motion. But the proof of such a property, from 
the definition of a uniform force, requires many steps, 
as may be seen in the preceding Treatise, Book 111. 
Prop. 5: and this proof must be referred to, along with 
several others, in order to establish the truth, that 
gravity is a uniform force. 


66. It may be suggested, that, this being the case, 
the propositions might be transposed, so that the in- 
ductive proof might come after those propositions to 
which it refers. But if this were done, all the pro- 
positions which depend upon the laws of motion must 
be proved hypothetically only. For instance, we must 
say, “ If, in the communication of motion, the mo- 
mentum lost and gained be equal, the velocity acquired 
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by a body falling down an inclined plane, will be equal 
to that acquired by falling down the height." This 
would be inconvenient, and even if it were done, that 
completeness in the line of demonstration which is the 
object of the change, could not be obtained; for the 
transition from the particular cases to the general 
truth, which must occur in the Inductive Proposition, 
could not be in any way justified according to rules 
of Deductive Logic. 

I have, therefore, in the preceding pages, placed 
the Inductive Principle first in each line of reasoning ; 
and have ranged after it the Deductions from it, which 
justify and establish it as their first office, but which 
are more important as its consequences and applica- 
tions, after it is supposed to be established. 


67. I have used one common formula in present- 
ing the proof of each of the Inductive Principles which 
I have introduced ;—namely, after stating or exem- 
plifying the facts which the induction includes, I have 
added **'Phese results can be clearly explained and 
rigorously deduced by introducing the Idea or the 
Definition," which belongs to each case, “and the 
Principle, which expresses the inductive truth. I 
do not mean to assert that this formula is the only 
right one, or even the best; but it appears to me to 
bring under notice the main circumstances which ren- 
der an induction systematic and valid. 


68. It may be observed, however, that this 
formula does not express the full cogency of the proof. 
It declares only that the results can be clearly ex- 
plained and rigorously deduced by the employment of 
a certain definition and a certain proposition. But in 
order to make the conclusion demonstrative, we ought 
to be able to declare that the results can be clearly ex- 
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plained and rigorously deduced only by the definition 
and proposition which we adopt. And, in reality, the 
mathematician's conviction of the truth of the Laws 
of Motion does depend upon his seeing that they (or 
laws equivalent to them) afford the only means of 
clearly expressing and deducing the actual facts. But 
this conviction, that no other law than those proposed 
can account for the known facts, finds its place in 
the mind gradually, as the contemplation of the con- 
sequences of the law and the various relations of the 
facts becomes steady and familiar. I have therefore 
not thought it proper to require such a conviction 
along with the first assent to the inductive truths 
which I have here stated. 


69. The propositions established by Induction 
are termed Principles, because they are the starting 
points of trains of deductive reasoning. In the sys- 
tem of deduction, they occupy the same place as 
axioms; and accordingly they are termed so by 
Newton——“ Axiomata sive leges motus." Stewart ob- 
jects strongly to this expression*: and it would be 
difficult to justify it; although to draw the line be- 
tween axioms and inductive principles may be a harder 
task than at first appears. 


70. But from the consideration that our Inductive 
Propositions are the principles or beginnings of our de- 
ductive reasoning, and so far at least stand in the place 
of axioms, we may gather this lesson,—that they are 
not to be multiplied without necessity. For instance, 
if in a treatise on Hydrostatics, we should state as two 
separate propositions, that **air has weight;" and 
that * the mercury in the barometer is sustained by 
the weight of the air ;” and should prove both the one 
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and the other by reference to experiment; we should 
offend against the maxims of Logic. These proposi- 
tions are connected; the latter may be demonstrated 
deductively from the former; the former may be in- 
ferred inductively from the facts which prove the 
latter. One of these two courses ought to be adopted; 
we ought not to have two ends of our reasoning up- 
wards, or two beginnings of our reasoning downwards. 


71. Y shall not now extend these Remarks further. 
They may appear to many barren and unprofitable 
speculations; but those who are familiar with such 
subjects, will perhaps find in them something which, if 
well founded, is not without some novelty for the 
English reader. Such will, I think, be the case, if I 
have satisfied him,—-that mathematical truth depends 
on axioms as well as definitions,—that the evidence of 
geometrical axioms is to be found only in the distinct 
possession of the idea of space,—that other branches 
of mathematics also depend on axioms,—and that the 
evidence of these axioms is to be sought in some ap- 
propriate idea;—that the evidence of the axioms of 
statics, for instance, resides in the ideas of force and 
matter ;——that in the process of induction the mind 
must supply an idea in addition to the facts appre- 
hended by the senses;—that in each such process we 
must introduce one or more definitions, as well as a 
proposition ;—that the definition and the proposition 
are correlative, neither being useful or valid without 
the other ;—and that the formula of inductive reason- 
ing must be in many respects the reverse of the com- 
mon logical formulee of deduction. 
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PREFACE TO'THE FOURTH EDITION. 


«Tur Mechaniéal Euclid” is a title which4per- 
‘haps requires some apology, since the word % Euclid" 
is here used to signify, not a person, but a system of 
elementary propositions, connected and demonstrated 
with a rigour like that of the Élements of Geometry. 
The work was ündertaken from a conviction that, if 
it could be properly executed, the scie3ces" of Me- 
chanics and Hydrostatics might be employed, as’ well 
as Geometry, in that discipline of the mind which is 
an essential part of a sound education, and of which 
rigorous mathematical reasoning is so important and 
valuable an instrument. eAnd since the University of 
Cambridge has recently declared itself of this opinion, 
by appointing the elementafy portions of Mechanics 
and Hydrostatics as a necessary part of the ordinary 
examinations for degrees, the work has been carefully; 
adapted to the scheme thus laid down by authority. 

In an elementary science thus intended to be em-« 
ployed as a discipline of the intellect, it ispada ible 
that the matter to be studied should be reduced tò 
certain distinct and fixed Propositions, as is done in. 
„Geometry. I have therefore, in this Edition, adopted 
„the list of Propositions i in Mechanics and Hydrostatics, 
required by the University in the examination above 
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rmentioned ; and ‘have preserved the fumbers of that 
list without change ; markihg the few additional Pro- 
positions which I have introduced with ibe letters of 
the alphabet, as is done by: Simson in his Euclid. 
When the existing scheme of University Examination 
has been continued a few years longer, it may be 
dhope3 that this list of Elementary Propositions in 
Mechanics and Hydrostatics will become classical, as 
the Propositions of Euclid’s Elements are: so that 
* the eighth Proposition of Mechanics,” or * the sixth 
of Hydrostutics,” may be expressions as familiarly 
understood .as “the forty-seventh of Eutlid's First 
Book,” or * the fourth of his Second.” 

So far as I have learnt, the Examination in the 
Elements of Mechanics and Hydrostatics thus ap- 
pointed by be University, has, in its operation, 
shewn a highl’ satisfactory prospect of the beneficial 
effects which it is likely tc produce when its course 
shall have been well determined by practice. Perhaps 
I may be allowed to make here one or two remarks 
bearing upon this*subject. 

One ground on which some persons may perhaps 
for a moment doubt the efficacy of this examination 
as an intellectual discipline, is this:—that the list of 
Propus::;ons being thus limited and known ‘beforehand, 
there seems to be nothing ¢o prevent the student from 
learning the demonstrations by rote, and delivering 
them to the examiner without understanding them. » 
And to this I reply, that the same argument might, 
be urged, with at least equal forct, against the value ; 
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of Evelid’s Geotuetry as a part of our examinations ; 
and yet I believe evarye one practically acquainted" 
with University and College examinations and their 
effects, will agree with, me ‘that Euclid's Geometry 
is the most effective and the most valuable portion 
of our mathematical education. If the examinations in 
Mechanics and Hyárostatics be assimilated as „tuch 
as possible to the examinations in Euclid," they will 
have the same kind of effect, as a discipline of strict 
reasoning; and the study of these additional sciences 
will bring with it additional adVantages, arising from 
the more extehsive dnd varied nature cof ,the subjects 
thus presented to the student’s mind. , 

In introducing these additional sciences intb the 
study for the usual degrec, the portion which Algebra 
occupied in the examinations was rather diminished 
than increased. So far as this change was requisite 
to facilitate the introductign of the new portions of the 
examination, it will not, I think, be deemed an evil by 
any one who wishes the studies of the Üniversity to 
be so selected and arranged as to, be an intellectual 
discipline. For the knowledge of Algebra which is: 
geuerally acquired by those who study that subject 
merely with a view to the ordinary degree, must be « 
so scanty as to be of small value for thea :pfose 
just mentioned ; especially when we take into account 
the very imperfect acquaintance with Arithmetic which : 
students in general, according to the present practice 
"of many places of previous education, bring to the 


"University. Even in the hands of those who are able 
` a3 


a 
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o use it with facility and certainty,eas, a language 
and an instrument, the great charm of Algebra’ is that 
it expresses reasonings, and obtains the result of them, 
without the exercise of the reason: and when students 
are required to follow in a general form relations and 
combinatiors of numbers which they cannot deal with 
in particular cases, their appreherfsion of the meaning 
and grounds of the. processes must be so obscure, as 
to prevent the mind receiving any portion of the 
salutary effect which a complete mastery of the science 
might produce. i 

There ere indeed a few simple algebraical terms 
and operatiois which occur so familiarly in mathema- 
tical 'reasonings, that the student cannot conveniently 
remain ignorant of them; and accordingly, the Uni- 
versity has directed that the examination above men- 
tioned shall inelude questions of this kind. These 
parts of algebra, extracted from Dr. Wood’s Algebra 
by permission of the author, are given in the Intro- 
duction tg the present work, along with a few other 
portions of Pure -Mathematics, to which it is con- 
venient to be able to refer in a succeeding part of 
the book. 

Some *of the enunciations of theorems contained 
in Mre.Shedule sanctioned by the University, (in con- 
fgequence, I conceive, of the wish felt by the framers of 
the plan that the document should be as brief as pos- 
sible,) coptain Propositions each of which may conve- 
niently be separated into two or more; for instance, 
Prop. VIII, and XVI, of the Mechanics ; and Prop. f 


PREFACE. EE 
II, V, VI, X, of the Hydrostatics. -Perhaps it mighty 
be convefiient, when these Propositions are required in 
an examination, to state which Case is intended, 

In order that the present fittle work may ‘serve as 
guide to the student in preparing for the examination 
to which I have referred, I have inserted «in an Ap- 
pendix the Grace of Feb. 22, 1837, (by which thie part 
of the examination was founded,) as modified by the 
Grace of May 11, 1842. 


Tar. Corn 
March 13, 1843 


PREFACE TO THE FIFTH EDITION. 


In this edition I have restored to their places the 
Third Book of Mechanics, which contair&ethe Laws 
of Motion, and the Remagks on Mathematical Aea- 
soning, and on the Logic of Induction; both which 
portions were, with a view to brevity, omitted in the 
fourth edition; but are, it appears, desired Dy many 
readers. I have also inserted the Questions on Me- 
chanics and Hydrostatics proposed in the.Eaaminations 
for the present year; and the modificatyon? of the | 
Regulations respecting the examinations which were 
introduced by the Grace of March 20, 1846. 


— 


" 
t 


It has been noticed to fne that the demonstration 
of Prop. vri. B. 1, may be „Somewhat simplified in 
this manner. 


After the words “and therefore DAq is a straight 
line,” go on thus: 

And therefore DA is parallel to Cp. Also since 
CAr is a straight line, CA is parallel to Dp. « Hiz.¢e 
DC is a parallelogram, and therefore CA = Dp. But 
sincé pr also is a parallelogram, Dp = Ar; therefore 
CA = Ar. 


e 
Trin, COLL 
March 23, 1849. 
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INTRODUCTION. 


ELEMENTARY PURE MATHEMAT{OS. 


—_— 
[ 
e 


ALGEBRA. 
*(1). To define and explain Algebraical Signs. 


(x 


Art. 1. THE method of representing the rel*- 
tion of abstract quantities by ktters and echaracters, 
which are made the signs of such quantities and their 
relations, is called ALGEBRA. WP 

Known or determined quantities are usually repre- : 
sented by the first lettergof the alphabet a, b, c, d, &c. 
and unknown or undetermined quantities by the last 
Y, X, W, &c. 

The following signs are made use of to express 
the relations which the quantities bear to each other. 


2. + Plus, signifies that the quantity to which 
it is prefixed must be added. Thus a + "b signifies 
that the quantity represented by bis to be "added to 
the quantity represented by a; if a represent 5, and 
b, 7, then a + b represents 12. ^ 

If no sign be placed before a quantity, the sign 
+is understood. Thus a signifies +a. Stich quan- 
tities are called positive quantities. 3 E 


8. - Minus, signifies that the quantity to which 
it is prefixed must be subtracted. Thus a — b sig- 
nifies that b must be taken from a; if a be 7, and b, 5, 
% — b expreses 7 diminished by 5, or 2. 

Quanfities to which the sign — is prefixed are 


called five quantities 5 
m T 
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4. x Into, signifies that the quantities between 
which it stands are to be multiplied together. Thus 
a x b signifies that the quantity represented by a is 
to be multiplied by the quantity represented by b*. 

This sign is frequently omitted ; thus a b c signi- 
fies a x b XC ora full point is used instead of it; 
thus 1 x 2'x 3, and 1.2.3 signify the same thing. 


5. If in multiplication the same quantity be 
repeated any number of times, the product is usually 
expressed by placing above the quantity the number 
which represents how often it is repeated; thus a, 
@xa,axaxa,axaxaxa,and a’, a’, a’, a‘, have 
respectively the same signification. These quantities 
are call.d powers; thus a', is called the first power 
of av; a°, the second power, or square of a; a’, the 
third power, or cube of a; 2‘, the fourth power, or 
biquadrate of a. The succeeding powers have no names 
in common use except those which are expressed by 
means of number; thus a’ is the seventh power of a, 
or a to the seventh power ; and a" is a to the n™ power. 

The numbers 1, 2, 3, &c. are called the indices of 
a; or exponents of the powers of a. 

€ 


6. += Divided by, signifies that the former of 
the .quantities between which it is placed is to be 
divided by the latter. Thus a — b signifies that 
the quantity a is to be divided by b. 

The division of one quantity by another is fre- 
ffuenilge represented by placing the dividend over the 
divisor with a line between them, in which case the 


. . LJ Uu . . 
expression is called a fraction. Thus, 5 signifies a 
* By quantities, we understand such magnitudes as cin be repres 


sented by numbers; we may therefore witheut impropriety speak of the 
multiplication, division, &c. of quantities by each other. 
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divided by bY; *and a is the numerator, end b the deno- 

minator of the fraction ; Salve. pease signifies that 
e+f+g 

a, b, and c added together, 'are to be divided by e, 

^ and g added together. » 


7. A quantity ir the denominator ofa fraction i is 
also expressed by placing it in the numerator, and 
prefixing the negative sign to its index; ‘thus a7}, 

Saas "e 1 1 1 : 
a~*, a~, a7" signify JUS um respectively ; 
these are called the negative powers of g. 
. 4 
8. The reciprocal of a fraction &*the fraction 


: b. : 1. 

inverted. Thus ; PB the reciprocal of zi ande— ig 
LJ 

the reciprocal of a. 


9. A line drawn over several quantities signifies 
that they are to be taken collectively, and it is called 
a vinculum. Thus a—* 4 c x d — e signifies that 
the quantity represented by a — b + c is to be multi- 
plied by the quantity représented by d —. Let a 
stand for 6; b, 5; c, 4; d, 3; and & 1; then a —b c 
is6—5-4, or 5; and d-e is 3 —1, or 2; thergfore- 
a-b+cexd—eis5x2, or 10 ab—cdxab—cd 
or ab - cd] signifies that the quantity represented by 
ab — cd is to be multiplied by itself. . 

Instead of a line, brackets are sometinfes ue 
as (ab - cd, {a—b+c}. id - ej. 


10. = Equal to, signifies that the quantities be- 
"tween which it is placed are equal to each other, thus 
aa —by - cd - ad, signifies that the quantity aw — by 
is equal to the quantity cd + ad. : 

1—2 
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11. "The' square root of any proposed quantity is 
that quantity whose square, ‘or second power, gives the 
proposed quantity. The cube root, is that quantity 
whose cube gives the proposed quantity, &c. 

The signs 4/, or V, v/s V, &c. are used to 
express the square, cube, biquadrate, &c. roots of the 
quantities before which they are placed. 


‘/ @ =a, V/a' =a, \/ at =a, &c. 


These roots are all represented by the fractions 4, 3, 1, 
&c. pacon a aie above the quantitics, to the right. 
Thus a’, a! , a’ , a”, represent the eq uae, cube, 


7 
fourth and n*® root of a, respectively ; a’, a’, as re- 


present the square root of the fifth power, the cube 
‘root uf the seventh power, the fifth root of the cube 
of a. 


19. If these roots cannot be exactly determined, 
the quantities are called irrational or surds. 


13. Points are made use of to denote proportion, 
thus a : b :: c : d, signifies that a bears the same 
proportion to b that c ‘Hones to d. 


14., The number prefixed to any quantity, and 
which shews how often it is to be taken, is called its 
coefficient. Thus, in the quantities 7 a4, 6 by, and 
3ds, 7, 6, and 3 are called the coefficients of aw, by, 
i "d dg gespectively. 

When no number is prefixed, the quantity is to 
be taken once, or the coefficient 1 is understood. 

These numbers are sometimes represented by 
(letters, which are called coefficients. 


-15. Similar, or like algebraical quantities are 
;such as differ enly in their coefficients; 4a, 6 ab, 9 a*, 
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8 a?be, are fefpectively similar to 15a, Bab, 124°, 
15 abe,” &c. «* 

Unlike quantities are different combjnations of 
letters ; thus, ab, ab; ab’, ‘abe, &c: are unlike. 


16. A quantity is said to be a multiple of an- 
other, when it contains it a certain nufnber of times 
exactly: thus 16a łs a multiple of 4a, as it contains 
it exactly four times, d 


17. A qnantity is called a measure of another, 
when the former is contained in the latter a ce[tain 
number of times exactly; tltus, 4a is,a measure 
of 16a. . . 


& © 
18. When two numbers have no commoh measure 
but unity, they are said to be prime to each othtr. ' 
e 


19. A simple algebraical quantity is one which 
consists of a single term, as a?bc. 


20. A binomial is a quantity consisting of two 
terms, as a +b, or 2a—2ba, <A tFinomial is a quan- 
tity consisting of three terms, as 2 a + bd + 3c. 


21. The following examples will serve to illus- 
trate the method of representing quantities alge- 
braically :— cite 

Let a = 8, b=7,c=6,d=5 ande=1; then 

3a — 9b 4c-—€=24— 14+ 24—"1 = 83. 
ab+ce—bd=5646-—-85=27 & 
a+b 3b-2¢ 847 21-12 © 
jae) Gad 0-015 Bos 


15 
ite eng. € 
° 5 3 


'xa-ce-$cc +d =25x 2-18 + 125 » 
= 50 — 18 + 125 = 157.* 
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*(2). Tn add and subtract simpte Algebraical 
: Quantities. 


22. 'Fhe addition of algebraical quantities is 
performed by connecting those thet are unlike with 


their proper signs, and collecting those that are similar 
into one sum.‘ 


Examples : y 
Add Add 
Aw 5ac 
390 — an 
7a by ^ 
Saa — cy 
Sum 7a 454 Sum 4a + by — cy 
a+2be-y a+ 3b 
b — ba + 34° a+n—4b 
Sum a+ b + ba + 2y* Sum Da nb 


23. Subtraction, or the taking away of one 
quantity fróm another, is performed by changing the 
sign of the quantity to be subtracted, and then 
adding it to the other by the rules laid down in 
Art. 22. 


From Tæ From 7æ+3a 

/Mabtract æ Subtract 5a — x 

Diff. Ta—-avor6a Diff. 7a ++ 5a — 3a 
or 82 2a 


From 40° +5aw =y’ 
Subtract 34? — 3a +y? 


Diff. a^ + 8aw —2y' 
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*(3). To multiply simple Algebraical Quantities. 
24. The myltiphcation of simple algebraical 
quantities must be represented according jo the no- 
tation pointed out in Apt. 4 ‘and 5. Thus,‘a x b, or 
ab, reprcsents the product of a multipligd by b; 
abc, the product of the. three quantities ny b, and c: 
It is also indifferent in what order they are placed, 
a x b and b x a being equal. . a 


25. If the quantities to be multiplied have co- 
efficients, these must be multiplied together as in com- 
mon arithmetic; the literal product being | deternfined 
by the precedjng rules, 

Thus, 3ax5b=15ab; because « e 

Bxax5xb=3x5xaxb=15ab. 


26. The powers of the same quantity are multi- 
plied together by adding the indices: thus, a’ x a° =a’; 
for aa x aaa =aaaaa. In the same manner, 

a” x a*=a"*"; and 3a! x bacs 
z15auay. ° 

97. If the multiplier or multiplicand consist of 
several terms, each term of the latter must be mul- 
tiplied by every term of the former, and the sum of 
all the products taken, for the whole product ef the 
two quantities. 


ty 
*(4). To divide simple Algebraical Quantities. 
98, To divide one quantity by anotBer, is 
determine how often the latter is contained in the 
former, or what quantity multiplied by the latter will 
produce the former. ° 
Thus; to divide ab by a is to determino hov/ 
often a must be taken to make up ab; that is, wh. 
quantity multiplied by a will give abs, which we kno 
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k e 


is b. From this consideration are derivéd all the rules 
for the division of algebraical quantities. 

If only a part af the product which forms the 
divisor be contained in’ the dividend, the division 
must be represented according to the direction in 
Art. 6, and the quantities contained both in the 


divisor and “dividend expunged. 

ed . 15a! P?c 
Thus i5a*b'c divided by 3&bz is Em 
d 


t 


, which 


5 5bc ; "e" 
is equal to -z 5» expunging from the dividend and 


from the divisor the quantities 3, a”, and b. 


*(5). To réduce Fractions to others of equal value 
which have a common denominator. 


29. Fractions are changed to others of equal value 
with a common denominator, by multiplying each nu- 
merator by every denominator except its own, for the 
new numerator ; and all the denominators together for 
the common denominator. . 


a 
Let -,.-, f; be the proposed fractions; then 


b T S 
adf cbf edb 
bdf’ df? bdf 
the former, have the common denominator bd f. 


t e. . 
, are fractions of the same value with 


adf a, ebf c edb 
a: bag” Be baf d P Pr § (Art, 29); 


tyè numetator and denominator of each fraction having 
been multiplied by the same quantity viz.—the pro- 
duct of the denominators of all the other fractions. 


30. When the denominators of the proposed frac- 
ons, are not prime to each other, find their greatest 
ommon measure; multiply both the numerator and 
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denominator of each fraction by the dendminators of 
all the rest, divided respectively by their greatest com- 
mon measure; and the fractigns will be reduced to a 
common denominatqr in lower terms* than they would 
have bcen by proceeding according to the former rule. 


a b e’ *e 
Thus 31 6 N , reduced to a common de- 
mo my ms A 
ays bes ery 


nominator are 
mays mays' my 


*(G). To add together simple dIgebraical Vractibns. 


31. If the fractipus to be added have a common 
denominator their sum is found by additfg the nunic- 
rators together and retaining the common denominator. , 
Thus, 


Ta+y 2y—-5v 2m7—4y 
«pu ——— 
a a° 


32. If the fractions have nôt a common de- 
nominator, they must be transformed to others of the * 
same value which have a common denominator, (by 
Art. 29), and then the addition may take place as 
before. Thus, 


a a 5a 8a 8a 
— - = — +4 —— 
3*5 15 15 15 
a a av.ab axrt+ab 


— zm — + s 
b » bæ bæ b» 
To obtain them in the lowest terms, each must be reduced A 


another of equal value, with the denominator which as the least common 


multiple of all the denominators. 
1—5 
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Oa a b a b 
b pup sp 
a 64-a 
2 = — = . 
8c 8w 


*(7). To multiply simple Algebraical Fractions. 


33. To multiply a fraction by any quantity, 
multiply the numerator by that quantity and rctain 
the denominator. 


Thus. xc ==. For if the quantity to be 
) 


divided be c times as great as before, and the divisor 
the same, the quotient must be c times as great. 


34. The product of two fractions is found by 
multiplying the numerators together for a new nu- 
merator, and the denominators for a new denominator. 


a c : à c ac 
Let 5 and j be the twc fractions: then -x _=—- 


d bd' 


For if z æ, and - y, by multiplying the equal 


quantities 7 and x» by b, a = bx (Art. 28), in the 


same manner c = dy; therefore, by the same axiom, 

ac - bdry; dividing these equal quantitics, ac and 
. ac a c 

day by bd h -= =- x. 
y by bd, we have bd gy uy x i 


d To divide simple Algebraical Fractions. 


35. To divide a fraction by any quantity, mul- 


tiply the denominator by that quantity, and retain 
the numerator, 
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Thé fraction 7 divided by c, is —. Because 
°b be 
a ac ae ee * . 
P" and a c^ part of this is "m the quantity 
to be divided being a «'" part of what it was before, 


and the divisor the sam. . 
e 
36. To divide a quantity by any fraction, multiply 
the quantity by the reciprocal of the fraction. (Art. 8). 


li 
If we divide c by z we obtain Za For if 
a 


a a ae "be 
(ese ree x-, ore=—, ad g= 


b b SS 

*(9). Algebraical definition of Propórtion. 

37. Four quantities are said to be proportionals, 
when the first is the same multiple, part, or parts of 
the second, that the third is of the fourth. 

Thus the four quantities 8, 12, 6, 9, are propor- 
tionals ; for 8 is 3 ? of 12, and 6 is ? of 9. 

In this case ġ =$; and generally a, b, c, d are 

pt e eer 

proportionals if p "This is usually éxpressed by 


saying @ is to b, as c to d; and thus represented, 


az:bue:d. à . 
The terms a and d are called the evtremes, and 
b and c the means. . 


x 


The fraction ; is called the ratio of € tosb. 


*(10). nu consequences of Proportion. 


38. When 7 -= 5, Ri a be equal to b c is SR 


to d, abd if a E less than b, c is less than d, and iT 
a be greater than b, c is greater thai d. 
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89. When four quantities are proportionals, the 
product of the extromes is equal to the product of the 
means. 

Let a, b, e, d be the four quantities; then, since 
they are .proportionals, > = “3 and by multiplying 
both sides by bd, ad = bc. E 


Any three terms in a proportion a: b: e: d 
being given, the fourth may be deterinined from the 
equation ad = be. 


40. If the first be to the second as the second to 
the third, the product of the extremes is equal to the 
square of ‘ the mean. 


‘ For (Art. 39) if a : e = æ: b, aba. 


41. If the product of two quantities be cqual to 
the product of two others, the four are proportional, 
making the terms of one product the means, and the 
terms of the other the extremes. 


Let vy = ab, then dividing by ay, = = 
ET 

42. 1fa:b:e:d,and c : d z: e: f, then 
will a : b :: e : f. 


a 
Because » therefore m 
‘ 
. a: 
43. If four quantities be proportionals, they are 
also proportionals when taken inversely. 


€ 


If a; b. c:d, thn b: a: dee. For 


=, and dividing unity by each of these equal 
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.,9 . e Å b d* 
quantities, or taking their reeiprocals, - = -; (Art. 36) 
* a c 


that is, b : ax d : c., i 
44. If four quantities be proportionals, they are 
proportionals when taken.alternately. . 


If a:b: c: d, thn a:c:3 6: d. 
"NT LAM ea 
Because the quantitics are proportionals, "um 
LEA b a b 
and multiplying by aem ora:ec: 6: d. 


E 
d' 


e 
. 


45. Unless the four quantities are of the same 
kind, the alternation cannot take place? 'becguse this 
operation supposes the first to be some multiple, part, 
or parts, of the third. , 

One line may have to another line the same ratio 
that one weight has to another weight, but a line has 
no 1elation in respect of magnitude to a weight. In 
cases of this kind, if the four quantities be represented 
by numbers or other quantities which are similar, the 
alternation may take place, and the conclusipns drawn 
fiom it will be just. 


46. If a : b x: c : d, then componendo, 
G+b:b: c+did. 
For 


; ; therefore 7+1 =$ + f; 


therefore 


b d 
therefore a+b: b: e+4d:d. 


47. „Atso dividendo, a-b: b :: c- d : d. 


a c a c 
For jt? =a therefore pibe " 
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-b c-d 
'd , 
therefore a —b : b ::e—-d :d. 


a 
therefore 


48. Also convertendo, a: a-b :: c: c—d. 
d 


b 
—; therefore - =-; 
d Tn c 


d 


b 
therefore 1-2 -21--; 
a c 


For 


; 


therefore ^ p de E therefore a-—b:a::b-—d:c; 
a c 


and by Ait. 43, a: a-b =: e: c- d. 


49." If we have any number of sets of propor- 
- tionals, and if the corresponding terms be multiplicd 
together, the products are proportionals. 
If a: bzeo:d,andp:qzm:s, 
and w: via: y, 
then apu : bqv :: era : dsy. 


For Sec undis -, and gies 
b d q v 


and multiplying together equals jos 
therefore apu : bqv :: ero : dsy. 


50. If the same quantities occur in the antece- 
fents oF one sct of proportionals and the consequents 
of another set, the resulting proportionals will be 


reduced. $ 


If à : b z: e: d, and b : e : d : f, 


yo iod do : 
a c d ab cd 
For 5 = Sand $ Tp therefore 05 "TL 
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UTE 


Ifa:bucm:y,andb:e x z ia, 


For TET and ire ahd ety 
abc ree 
therefore —— = ——; 
erefore icd ` yat 


and expunging.common factors in the numerators and 
denominators, : 


*(11). Of Variation. 


51. Quantities of the samc kind assume diffcrent 
values under constant conditions, and when these dif- 
ferent values arc compared, the quantities are spoken 
of as variable, and the proportion of the different 
values may be expressed by two terms of a proportion 
instead of four. 


Thus if a man travel with a constant velocity 
(for example 4 miles an hour,) the space travelled over 
in any one time is to the space travelled over in any 
other time as the first time is to the second timc; avd 
this may be expressed by saying that the space varies 
as the time, or is as the time. 


52. One quantity is said to vary direetly as an- 
other when the two quantities depend wholly upon each 
other, in such a manner that if the one be changed the 
other is changed in the same proportion. 


4 
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If the altitude of a triangle be invariable: the area 
varies as the base. For if tlle base be increased or 
diminished in any propgrtion, the area is increased or 
diminished in the same proportion, (ue. vr. 1.) 


53. “One quantity is said to vary inversely as 
another, when the former canitot be changed in any 
manner, but the reciprocal of the latter is changed in 
the same manner. 

If the area of a triangle be given the base varies 
as the perpendicular altitude. 

"If Aga represent the altitudes, B, b the bases of 
two triangles, since a triangle is half the rectangle on 
the same basesand of the same altitude, and the tri- 
angles are equal, 14B - 1ab. (See Geometry.) 

‘Therefore 


4iazb:BoA:aum:. 

54. One quantity is said to vary as others jointly, 
if, when the former is changed in any manner, the pro- 
duct of the others is changed in the same proportion. 

The atea of a triangle varies as its altitude and 
base jointly. 

Let A, B, a, b be the altitudes and bases of two 
triangles as before, and S, s the areas; then 


S=14B,s=4ab and S : s :: AB: ab. 


a 
s t LI S 
55. «In the same manner 4: a :: B : x and 


A varies as S directly and B inversely. 


56. Lhe symbol œ is often used for variation. = 
Thus the above variations may be expressed 


: S 
T S « AB, daz: 


tete 
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57. When the increase or decrease of pne quan- 
tity depends upon „the increase or decrease of two 
others, and it appears that if either of these latter be 
constant, the first varies as the'other, when they both 
vary, the first varies às their product. 

Thus, if V be the velocity of a body moving 
uniformly, 7' the time "of motion, and S^ the space 
described ; if 7' be constant S « Y; if V be constant 
Sc«T; but if neither be constant S œ TV. 


Let s, v, £ be any other velocity, space and time; 
and let X be the space described with the velocity, v 
_in the time T : then j 


S: X: V's v, because T is the same in both, 


X:s :: T: 4 because v is the same in both. 


Therefore (Art. 50) ° 
S: 8s: TV: tv; that is, Sa TV. 


(12). Of Arithmetical Progression. 


58. Quantities are said to be in arithmetical pro- 
gression, when they increase or decrease by g common 
difference. 

Thus 1, 3, 5, 7, 9, &c., where the ifcrease is by the 
difference 2; 
a, a 4 b, a - 2b, a+ 3b, &c., where the i increase 
is by the difference ie 
9a 72, 8a 4-62, Tat 5a, XC., wHere the de- 
crease is by the difference a +2; 


are in arithmetical progression. 
59. To find any term of an arithmetical pro- 


gression, multiply the difference by the number of the 
term minus one, and add the product te the first term; 
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if the progression be an increasing oné, or subtract the 
product, if a decreasing oue. 


Thys the 10 term of 1, 3, 5, &c. is 1+9 x 2 519. 
The n*' term of a, a + b a - 2b, &c. is a +n — 1b. 
The 6 term of 9a * 72, 8a + 62, &c. is 

9a 4 72 - 5(a4 2) = 9a - 7$ 5a —59 = 4a 42a. 


- 


60. 'To find the sum of an arithmetical pro- 
gression, multiply the sum of the first and last terms 
by half the number of terms. 


Thus the sum of 10 terms of 1, 3, 5, &c. is 


A (1 + 19) x 5 = 100. 
For ff 1+ 3+ 54 &c. to 19 (10 terms) = s, 
& 
19 +17 +15 + &c. to 1(10 terms) =s; 


therefore 20 + 20 + 20 + &c. to 20 (10 terms) = 2s, 


or 20x 1022s, or 20x 52 s. 
Also » terms of a, a + b, a + 2b, &c. 
A Cap n 210) Z. 
For if & + (a +b) + (« 4 20) + &e. 
to a + n — 1b (n terms) = s 
' (a +n- 1b)+(a +n — 2b) + &c. 
to a(n terms) = s; 
therefore (2a 4 n — 1b) + (2a + n — 15) + &c. 
(n terms) = 25; 


therefore (2a +n — 1b) x n «2s 


—— n 
and (3a * n —-1b) x5 = 
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(18). “Of Geometrical Progression: 


61. Quantities åre said to be in geometrical pro- 
gression, or continual proportion, when the first is to 
the second as the secoad te the third, and as the third 
to the fourth, &c. 

Or when evcry succeeding term is a cemtain mul- 
tiple or part of the preteding term. - 

Thus 8, 12, 18, 27 are in continüed proportion or 
in geometric progression. In this case the terms are 


In like manner, a, an ar’, ar! are in geometfic 
progression. 


62. The multiplier by which each term is ob- 
tained from the preceding is called the common ratio. 


63. 'l'o find any term ofa gcometrical progression, 
multiply the first term by that power of the common 
difference which has for its exponent the number of 
the term minus onc. . 

Thus the 5th term of the progression 8, 12, 18, 
&c. is, 


. 
And the n^ term of a, ar, ar’, &c. is ar^, 


64. To find the sum of an increasing geometrical 
progression, multiply the’ last term by the common 
ratio, subtratt from the product the first term, and 
divide the remainder „by the excess of the common 
ratio above unity. 2 
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Thus, the sum of 5 terms of 8, 12, 18. &c. is 


81 3 , 

—x--8 

2 2 943—329 1 211 

m— e M —— —— — = - = Oc 
3 4* R 2 2 
--1 
2 


And the sum of n terms of a, ar, ar?, &c. is 


ar"'xr—-a ar'—a 


r-i r—]1] 
For ìf a +ar +ar + &e. 
+ a7"7! (n terms) = s, 
multiplying by r, ar + ar + &c. 
: + ar”! + ar" (n terms) = TS, 
and -subtracting, ar" — a = rs —s = (r — 1) s, 
ar —a 


whence 
r-i 


* GEOMETRY. 


EvemMents or Geometry.  Evucrip, Books *1, 
žir, rir, Iv. 


Book v. *Definition of Proportion. 


The first of four magnitudes is said to have the 
same ratio to the second which the third has to the 
fourth when—any equi-multiples whatsoever of the 
first avd third being taken, and any equi-multiples 
whatsoever of the second and fourth,—if the multiple 
of the first be Jess than that of the second, the multiple 
of the third is also Jess than that of the fourth; or if 
the multiple of the first be equal to the multiple of the 
second, the multiple of the third is also equal to that 
of the fourth ;«or if the multiple of the first be greater 
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than that of the second, the multiple of the third is 
also greater than that of the fourth. 


Ratio is the relation of quantities in respect, of pro- 

. . . . . 
portion, so that if a, b, c, d be proportional, the ratio 
of a to b is equal to the ratio of c to d. 


*LEMMA 1. If magnittdes be proportionals accord- 
ing to the algebraical' definition of proportion, they 
‘are also proportionals according tò the gecmetrical 
definition. 

If magnitudes a, b, c, d be proportionals alge- 
braically, RUE therefore Tie dad whete ma, 

b q nb nd 
me are any equi-multiples whatsoever of, a, c, and 
nb, nd, any equi-multiples whatsoever of b, U; and 
if ma be less than nb, mc is less than nd; ang if 
equal, equal; and if grtater, greater. (Art. 38.) 
Therefore the magnitudes a, b, c, d are proportionals 
according to the geometrical definition. 


Lemma 2. If magnitudes be proportionals ac- 
cording to the geometrical definition, they are also 
proportionals according to the algebraical definition. 

If a :b::c : d according to the geometrical defini- 
tion, suppose, first, a to be any multiple, part, or parts 


n : 
of b, so that a = — b; therefore ma = nb; therefore 
m 


by the definition mc - nd; therefore 7 2 but 
a n a c T 
ft: therefore a 

Hence - S» whenever a is any multiple, part, 


or parts of b. But when the quantities a, b, c, d are 
determined by any geometrical conditione, the fractions 
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and : ‘will be equal or unequal according to those 


conditions, and the algebraical equation will express the 
results of these conditions generally, without regard to 
magnitude. Therefore the equality cannot depend 
upon that particular magnitude of a or b, which makes 
a some multiple, part, or parts of b. Therefore, since, 
for those magnitudes of a and b for which a is a mul- 


: a, c i 
tiple, part, or parts of b, i is equal to d thesc fractions 


must be equal without any such restriction, and we 


a c 
hall h in all c NONE 
shall have in all cases z= ; 


Ilence when quantities have been proved to be 
geometrically proportional, we may apply to them all 
those results of algebraical proportion which have been 
already proved, in Arts. 38 to 50. 


EUCLID, Boor VI. 


t 


3 

DerFinitTion 1. The altitude of any figure is the 
straight linc drawn from the vertex perpendicular to 
the base. 


Dzr.2. Similar rectilineal figures are those which 
have their several angles respectively equal, and the 
sides about the equal angles respectively proportion- 
als. 


*P&or. 1. Triangles and parallelograms of the 
same altitude are to one another as their bases. 


*Pnor. rr. If a straight line be drawn parallel 
to one ôf the sides of a triangle, it shall cut the 
other sides, or those produced, proportionally ; and 
if the sides, er the sides produced, be cut propor- 
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tionally, the straight line which joins the points of 
section shall be parallel to-the remaining side of the 
triangle. 
. . 

*Prop. 111. If the angle of a triangle be bisected 
by a straight line cutting the base, the segments of 
the base shall have the same ratio as the Other sides 
of the triangle; and if the segments of the base are 
‘to each other as the other sides of the triabgle, the 
straight line drawn from the vertex to the point of 
section, bisects the vertical angle. 


Prop. A. „If the exterior angle of a triangle, 
made by producing onb of its sides, be, bisected by 
a straight line, which also cuts the base próduced; 
the segments between the dividing line and the extre- 
mities of the base are to cach other as the other sides 
of the triangle; and if the segments of the base pro- 
duced are to cach other as the other sides of the 
triangle, the straight line draw from the vertex to 
the point of section divides the exterior angle of the 
triangle into two equal angles. 


*Pnor. Iv. The sides about the equal angles 
of equiangular triangles are proportionals ; and those 
which are opposite to the equal angles are homologous 
sides ; that is, are thc buiccedents or consequents of 
the ratios. 


Cor. to Prop. 1v. Since it has been shewn 
(Lemma 2) that when quantities are proportionals 
geometrically, they are .proportionals algebraically ; 
all the consequences which are proved of algebraical 
proportion (Arts. 37 to 50) may be asserted of the 
proportionals in Props. 1, tr, 111, A, 1v of this Book vr. 
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EUCLID, Book XI. : 


£ L] LJ . 4 
Der. 1. A straight line is perpendicular or at 
right angles to a plane, when it makes right angles 
with every straight line meeting it in that plane. 


Der. 2. A plane is parallel to another plane when 
they do not mect, though both are indefinitely pro- 
duced. $ 


Der. 5. A plane is parallel to a straight line when 
they do not meet, though both are indefinitely pro- 
duced. 


Der. 4. A prism is a solid figure contained by 
two parallel plaues, and by a number of other planes 
all parallel to one straight line, and cutting the first 
two planes so as to form polygons. 

The first two planes ar? called the ends or bases 
of the prism, and the intermediate portion of the 
straight line to which all the other planes are parallel 
is the length of the prism. 

The following Lemmas will be taken for granted : 
(straight lines, surfaces and solids being measured 
by numbers. ) 

Lemma 3. The arcs which subtend equal angles 


at the centers of two circles are as the radii of the 
circles. 

Let the two circles be placed ; ~ 
so that their centers coincide at C: la ` 
and so that one of the lines CA 


containing the angle ACa in one C —]j1—j^ 
of the circles coincides with the 
corresponding line CB in, the 


other circle. "Then the other lines E 
containing the angles, namely Ca, Cb, will coincide ; 
and it will be true that da : Bb':: CA : CB. 
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LEMMA 4« The area of a rectangle - is equal to 
the produtt of the two sideg. 
If A, B be thé two'sides, the rectangle is = 4 x B. 


Cor. If B be the base and 4 the altifude of a 
triangle, the area of*the triangle is = 1.4 x B. 


Lemma 5. If a prism be cut by plgnes perpen- 
dicular to its length at different points, the areas of the 
sections are all similar and equal. * . 


Lemma 6. The solid content of a prism is equal 
to the product of its length and of the area of a section 
perpendicular to the length. : g^ ptt 

If A be the area of the section and H the length, 
the solid content is = A x H. In this case, solid con- 
tents are measured by the number of times they Con: 
tain a unit of solid content. 


e 

Con. In a uniform prism the weight is as the 

solid content; hence the weight of any portion of a 
uniform prism is proportional to its length. 


Lemma 7. If a prismebe cut by two planes pass- 
ing through any point 
of its length, one of the 
planes being perpendi- 
cular to the length and 
the other oblique to it; x L 
and if a line be drawn at the point, perpendicular to the 
oblique section and intercepted by a line perbendicular 
to the length; the oblique section is to the perpefidicular 
section as the portion of the perpendicular life inter- 
cepted is to the portion of the length intercepted. 

Let Ll, LM be the perpendicular and the oblique 
section of the prism, of which the length is QLs LX per- 
pendicular to the section LM, and KH perpendicular to 
the length QL. Thon area LM: area L} :: KL: AL. 

M, E. 2 
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MECHANICS. 


i BOOK I. STATICS. 
DEFINITIONS AND FUNDAMENTAL NOTIONS. 


l. Mecuanics is the science which treats of the 
laws of the motion and rest of bodies. 


9. Any cause wnich moves or tends to move a 
body, or which changes or tends to change its motion. 
is called Force. 


3. Bopy or Marten is any thing extended, and 
possessing the power of resisting the action of force. 

A rigid body is one in which the force applied at 
one part of the body is transferred to another part, the 
relative positions of the parts of the body not being 
capable of any change. » : 


4, All bodies within our observation fall or tend 
to fall to the earth : and'the force which they exert in 
consequence of this tendency, is called their weicur. 


5. Forces may produce cither rest or motion in 
bodies. When forces produce rest, they balance each 
other; they are in egwilibrium; they destroy each 
other's effects. 

6. Srarics is the science which treats of the laws 
of forces in equilibrium. 


7. Two directly opposite forces which balance 
each other are equal. 

Forces are directly opposite when they act in the 
same straight line in opposite directions. 
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8. Forces arè capable of addition. Thus, when 
two men pull at 4 string ih the same direction, their 
forces are added ; and when two heavy bodies are put 
in the same vessel suspended by a string, their weights 
are added, and are supported by the string. 

9. A force is twice as great as a giversforce, when 
it is the sum of two ‘others, each equal to the given 
force; a force is three times as great, whens it is the 
sum of thrce such forces; and so on. 


10. Forces (in Statics) may be measured by the 
weights which they would support. . 


11. The Quantities of Matter of bodies are mea- 
sured by the proportion of their mechanical effect. 

12. The quantities of matter of two bodies sare 
us their weight at the same place. 


19. 'The Density of a body is measured by the 
quantity of matter contained in a given space. 


SECTION I. 


THE LEVER. 


DEFINITIONS. 


2 


1. A Lever is a rigid rod, moveable, in one 
plane, about a point, which is called the fulcrum or 
centre «f motion, bv means of forces which tend tc 
turn it round the fulcrum. 

2. The portions of the rod between the fulcrum 
and the points where the forces are applied, are called 
the arms. 

3. When the arms are two portions of the same 
straight line, the lever is called a straight lever; 
otherwise it is called a bent lever. 

4. The lever is supyosed to be without weight, 
unless the contrary be expressed. 

AXIOMS. 

1. If two equal forces act perpendicularly at the 
extremities of equal arms of a straight lever to turn 
it opposite ways, they will keep each other in equi- 


librium. 
If C= BC, and P and Q be two equal forces 


acting perpendicularly on CA and c 

CB at A and B, they will balance | ^ Ü 

each other. P Q 
2. If forces keep each other in equilibrium, and 


if any force be added to one of them, it will pre- 
ponderate. — * 
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Con.e Hence the converse of Axiom J is true; if 
two forces P, Q acting perpendicularly at equal arms 
balance, they are equal. For if they are unequal, let 
P + X = Q; then P+ X will balance: Q, by*Axiom 1; 
but since P balances Q, P + X will preponderate by 
Axiom 2: which is absurd. Thercfore P =Q. 


3. If two equal weights balance each other upon 
a horizontal straight lever, the pressure upen the ful- 
crum is equal to the sum of the weights, whatever be 
the length of the lever. 

If P, Q be two equal weights which balance gach 


other upon the horizontal lever 4 c B 
AB, the pressure upon C is 

Ps e 
PQ. Ps ? 


Cor. If two equal forces acting perpendicularly* 
on the arm of a straight lever balance, the pressure on 
the fulcrum is equal to the sum of the forces. For 
(Def. 10) all statical forces are equal to the weights 
which they would support; and hence, if for the 
weights, be substituted the forces which would sup- 
port them, the pressure on the fulcrum is not altered. 


4. If two equal weights be supported upon a 


straight lever on two fulcrums ÆC B 
at equal distances from the s b: 
Q 


weights, the pressures upon the A 
two fulcrums are together equal Meese 
to the sum of the weights. H 


If P, Q be two cqual weights whicl? are sup- 
ported upon the line 4B on two fulcrums C, D, so that 
AC, BD are equal; the pressures upon C, D are toge- 
ther equal to the sum of the weights P + Q. 


5. “On the same suppositions, the pressures gn the 
two fulcrums are equal. . 
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6. If @ force act perpendicularly on the straight 
arm of a bent lever at its extremity, the effect to turn 
the lever round the fulcrum will be the same, whatever 
be the angle which the arm makcs with the other arm, 
so long as the length is the same. 


If a force Q act perpendicularly on CB at its 
extremity B, C being the fulcrum, B 
and an equal force R act perpen- es 
dicularly on an equal arm CD, at 
its extremity, the effect to turn , 
the lever round C in the two 
cases is ‘equal. > 


` 


‘R 


i LJ LI . LI 
7. When a force acts upon a rigid body it will 
¿produce the same effect to urge the body i in the line 
“of its own direction, at whatever point of the direction 
it acts. 


8. Ifa body which is moveable about an axis 
be acted upon by two equal forces, in two planes per- 
pendicular to the axis, the foices being perpendicular at 
the extremities of two straight arms of equal length from 
the axis; the two forces will produce equal effects to 
turn the body, at whatever points the arms meet 
.the axis. 


9. If a stretched string pass freely round a fixed 
body, so that the direction of the string is altered, 
any forte exerted at one extremity of the string will 
produce at the other extremity the same effect as if 
the foi ce had acted directly. 


10. Ifin a system which is in equilibrium, there 
be substituted for the force acting at any point, an im- 
moveable fulcrum at that point, the equilibrium will 
not be disturbed. 
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11. elf in a system which is in equilibrium there 
be substituted for an immoveable point or fulcrum the 
force which the fulerum exerts, the saben will 
not be disturbed. ; 


Cor Ifa seht be supported on a horizontal 
rod by two forces acting’ vertically at equal distances 
from the weight, the forces are equal to each other, and 


their sum is “equal to the weight,” P s 

For lct two forces P, Q balance i 
each other, acting perpendicularly i 

on the equal arms of a lever 4B: R 


then by Cor. (o Ax. 2, they are equal. Also by Cor. 
to Ax. 3, the pressure upon the fulcrum j is equal to the 
sum of the forces P, Q. Hence by Ax. 11, if instead 
of a fulcrum, there be a force R, acting at C perpen-° 
dicular to the lever, andÉequal to the sum of P and Q, 
this force will balance the pressure at C, just as the 
fulcrum does, and there will be an equilibrium; that 
is, a vertical force, or weight R, will be supported by 
two forces equal to P, @ acting vertically at equal 
distances CA, CB; and the weight R is equal to 


P 4 Q. ° . 


19. A perfectly hard and smooth surface, acted 
on at anv point by any force, exerts a reaction which 
is perpendicular to the surface at that point; and if 
the surface be supposed to be immoveable, the force 
will be supported, whatever be its magnitude. 


13. A heavy material straight line, prism, or 
cylinder, of uniform density, may be supposed to be 
composed of a row of ,heavy points of equal weight, 
uniformly, distributed along the line. — * 


14. A heavy material plane of uniform density 
may be supposed to be composed ef a collection of 


4 
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parallel straight lines of equal density, ‘unifermly dis- 
tributed along the plane. 


15. ‘A heayy solid body of uniform density may 
be supposed to be composed of a cullection of particles, 
the weight of each of which is as the portion of the 
body whichrit occupies; and which particles may be 
considered as heavy points. 


POSTULATES. 


l. A prism or cylinder of uniform density, and 
of given “length, may be taken, which is equal to any 
given weight. 


9. A force may be taken equal to the excess of a 
'greater g oiven force over a less. 


3. <A force may be taken in a given ratio to a 
given force. 


REMARKS ON THE AXIOMS OF STATICS. 


1 Tur Axioms of Statics in the preceding pages are simply 
stated, without addition or explanation ; in the same manner in 
which the Axioms of,Geometry are stated in Treatises on Geo- 
metry. As the Axioms of Geometry are derived from the idca 
of space, so the Axioms of Statics are derived from the idea of sia- 
tical force or pressure, and the idéa of body or matter, as that which 
receives and transmits pressure. ‘The student must possess dis- 
tinctly tris idea of force acting upon body, and body sustaining 
force ;—of Yody resisting the action of force, and while it resists, 
transmitting this action ;—of body with this mechanical property, 
existing in the various forms of rigid straight line, lever, planc, 
solid, flexible line, flexible surface ;—and when he has this dis- 
tinct possessien of these elementary ideas, the truth of the Axioms 
of Statics will be seen as self-evident, and he will be in a condition 
to go wn with the reasonings by which the following Propositions 
are established, u 
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But we may make a few Remarks tending to illustrate the 
self-evidenfcharacter of the above Axioms. . 


2. We shall begin with the consideration of the First Axiom 
of Statics (see p. 28); which is, “If two equal forges act per- 
pendicularly at the extremitjes of equal arms of a straight line 
to turn it opposite ways, they will keep each other in equili- 
brium." This is often, and properly, further confirmed, by 
observing that there is no *rcason why one of tlfe forces should 
preponderate rather than the other, and that, as both cannot 
preponderate, neither will do so. All fe cirdumnstinses on which 
the result (equilibrium or preponderance) can depend, are equal 
on the two sides ;—equal arms, equal angles, equal forces. If 
the forces are not in equilibrium, which will preponderate? No 
answer can be given, because there 4s no circumstance left by 
which either canbe distinguished. 


3. The argument which we have just used, is often appli- 
cable, and may be expressed by the formula, “ there is no reason 
why one of the two opposite cases should occur, which $ not? 
equally valid for the other; s4nd as boti cannot occur (for they 
are opposite cases) neither will occur.” This argument is called 
“the principle of sufficient reason;" it puts in a general form 
the considerations on which several of our axioms depend; and 
to persons who are accustomed, to such generality, it may make 
their truth more clear. 


The same principle might be applied to other Cases, for ex- 
ample, to Axiom 6, that the effect produced on a bent lever does 
not depend on the direction of the arm. ,For if we suppose two 
forces acting perpendicularly on two equal arms of a bent lever 
to turn it opposite ways, these forces will balance, whatéver be 
the angle which they make, since there is no reason why either 
should preponderate: it thus appears, that the foxce which, act- 
ing at A, would be balanced by Q in the figure to.“xiom 6, 
would also be balanced by R, and therefore thes? twe forces pro- 
duce the same effect ; which is what the axiom asserts. 


4. The samo reasoning might be applied to Axiom 8; for 
if two equal forces act at rirht angles at equal arms, in planes 
perpendicular to the axis of a rigid body, and terfd to turn it 
opposite ways, they will balance each other, since all the con- 
ditions are the same for both forces. : d 


2—5 
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5. Nearly the same may be said of Axiom 9 ;—if & stretched 
string pass freciy round a fixed body, equal forces acting at its two 
ends will balance each other; for if it pass "vith perfect freedom, 
its passing round the point cannot give an advantage to either 
force. Thetefore the force which will be balanced by the string 
at its second extremity is exactly ¢qual «o the force which acts 
at its first extremity. The same principle may be applied to 
prove Ax. & ; 


6 The axioms which are perhaps least obvious are Axioms 
9 and 4; for instance, the former ;—that “the pressure upon the 
fulerum is equal to tlie sum of the weights." Yet this becornes 
evident when we consider it steadily. It will then be seen that 
we conceive pressure or weight as something which must be 
supported; 30 that the whele support must be equal to the whole 
pressure. The two weights which aet upon the lever must be 
somehow balanced and counteracted, and the length of the lever 
cannot at all remove or alter this necessity. Their pressure will 
be the same as if the two arms of the lever were shortened till 
the weights coincided at the fulcrum ; but in this case, it is clear 
that the pressure on the fulcrum would be equal to the sum of 
the weights: therefore it will be so in every other case. 


7. This principle, that in cases of statical equilibrium, a force 
is necessarily supported by an equal force, is sometimes expressed 
as an Axiom, by saying that “Action is always accompanied by 
an equal and opposite Re-action.” ‘hig principle thus stated may 
be considered as an expression of the conception of equality as 
applicd to forces; or as a Definition of equal forces. This prin- 
ciple is implied in the conception of any comparison of forces; 
for equilibrium and addition of forces are modes in which forces 
arc compared, as superposition and addition of spaces are modes 
in which geometrical quantities are compared. 

We may further observe, that this fundamental conception of 
action arta re-action is equivalent to the conception of force and 
matter, wlty:h‘are ideas necessarily connected and correlative. 
Matter, as stated in page 20, is that which can resist the action 
of force. In Mechanics at least, we know matter only as the 
subjcct on which force acts. 


8. But fatter not only receives, it also transmits the action 
of force ; and it is impossible to reason respecting the mechanical 
results of such transmission, without laying down the fundamental 
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principle by whch ib operates. And this accordingly i is the Qu- 
pose of Afioms 0, 7, 8, 9,10, 12. When the body is supposed 
to he perfectly rigid, it ttansmits force without any change or 
yielding This rigidity of a body is,contemplated under different 
aspects, in the Axioms just referred to. In Axiom 7, it is the 
rigidity of a rod puslfed endways; in Axiom 6, the rigidity of 
a plane turned about a fixed point; in Axiom 8, the rigidity 
of a solid twisted about an “axis. Axiom 9 defines the manner 
in which a flexible string transmits pressure, and in like manner 
we shall have Axioms in Hydrostatics,*defining the manner in 
which a fluid transmits pressure. We may call Axioms 6, 7, 8, 
collectively, the Definition of a rigid body The place of these 
principles in our reasoning will not be thereby altered ; nor will 
the necessity of their being accompanied by distinct nece 
conceptions be superseded. 


9. Axioms 18, 14, 15, of the Statics, are alb included in the 
general consideration, that material bodies may be supposed to 
consist of material parts, and that the weight of the whole ie 
equal to the weight of all &he parts; but they are stated sepa- 
rately, because they are used separately, and because they are at 
least as evident in these more particular cascs as they are in the 
more general form. 

By considerations of this nature it appears, that the axioms, 
as above stated, arc evident 18 their natüre, in virtue of the 
conceptions which we necessarily form, in order to reason upon 
mechanical subjects. x E 


10. Some persons may be surprised to find the Axioms of 
Mechanics represented as so numerous; especially if they look 
for analogy to Geometry, where the necessary axioms aye con+ 
fessedly few, and according to some writers, none ; and they may 
be led to think that many of the axioms here given must be 
superfluous, by observing that in most mechanical works the 
fundamental principles are stated as much fewer E these. 
But very few of those which are here stated are superfluous in 
effect. From the very circumstance that they are axioms, they 
are assented to when they are adduced in the reasoning, whether 
they have been before asserted or not; but to make our reason- 
ing formally correct every proposition which is assumed should 
be previotisly stated. And when we consider carefully, we see 
that the various modifications and combinations of the idĉas of 


= 
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force, body, and equilibrium, along with the ideas of space of one, 
two, or three dimensions, readily branch out into as ‘many heads 
as appear in this part of the present work. + 


11. Some persons may ‘ve disposed at first to say, that our 
knowledge of such elementary trutüs as pre stated in the Axioms 
of Statics and Hydrostatics, is collected from observation and 
experience. But in refutation of this we may remark, that we 
cannot experimentally verify these elementary truths, without as- 
suming other principles, which require proof as much as these do. 
If, for instance, Archimedes had wished to ascertain by trial whe- 
ther two equal weights at the equal arms of a lever would balance 
each other, how could he know that the weights were equal, hy 
any more simple criterion than that they did balance? But in 
fact, it is" perfectly certain that of the thousands of persons who 
from the time of Archimedes to the present Jay have studied 
Statics as a mathematical science, a very few have received or 
required any confirmation of his axioms from experiment ; and 

"those who have needed such help have undoubtedly been those 
in whom the apprehension of thefreal nature and force of the 
evidence of the subject was most obscure. 


12. We do not assert that the axioms as stated in this 
Treatise are given in the only exact form; or that they may 
not be improved, simplified, and,reduced in number. But it does 
not seem likely that this can be done to any great extent, con- 
sistently with the rigour of deductive proof. The Fourth Axiom 
of Statics is one which attempts have been made to supersede: 
for example, Lagrange* has endeavoured to deduce it from the 

„preceding ones. But it will be found that his proof, if dis- 
tinetly stated, involves some such axiom as this:—that “If two 
forces, acting at the extremities of a straight linc, and a single 
force, acting at an intermediate point of the straight line, produce 
the samw.effect to turn a body about another line, the two forces 
produce at.the intermediate point an effect equal to the single 
force." And though this axiom may be self-evident, it will hardly 
be considered as more simple than that which it replaces. 


13. Thus, the science of Statics, like Geometry, rests upon 
axioms which are neither derived directly from experience, nor 
capable of being superseded by definitions, nor by supler prin- 


* Mécanique Analytique. Introduction. 
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ciples. In this science, as in Geometry, the evidence of those 
fundamentaP truths resides in those convictions to which an at- 
tentive and steady consideration of the subject necessarily leads 
us. The axioms with regard to pregsures, action, ang re-action, 
equilibrium and preponderance, rigid and flexible bodies, result 
necessarily from the corfeeptions which are involved in all exact 
reasoning on such matters. The axioms do not flow from the 
definitions, but they flow ivreBistibly along with the definitions, 
from the distinctness of ofr ideas upon the subjects thus brought 
into view. These axioms are not arbitrafy assumptions, nor se- 
lected hypotheses; but truths whicli we must see to be neces- 
sarily and universally true, before we can reason on to any thing 
else; and in Mechanics, as in Geometry, the capacity of seeing 
that they are thus true, is required in fhe student, in ceder that 
he and the writer may be able to proceed together. 
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PROPOSITIONS. 


N B. Thi Propositions required by the University for the 
degree of B. A are those which are marked by numbers; and 
the Enunclations are piinted in larger type 


Pnor. I. A horizontal prism or cylinder of 
uniform density will produce the same effect by 
its weight as if it were collected at its middle 
point. 


Let AB be the prism or cylinder, and C its middle 
point. Let P, R beany | FAPR C S0 Bg 
points in 4C, and lct CQ 
be taken equal to CP, APF R C 3 GOB 
and CS equal to CR. 

The half AC of the prism may (by Ax. 13.) be sup- 
posed to be made up of ‘small equal weights, distri- 
buted along the whole of the line AC, as at P, R; 
and the half BC may in like manner be conceived to 
be made up of small equal weights distributed along 
BC; as at Q, S; of which the weight at Q is equal to 
the weight at P, that at § to that at R, and so on, 

Let E be a fulcrum about which the prism 4B 
tendssto turn by its weight. In CB, produced if ne- 
cessary,"'take CG equal to CF, and suppose a fulcrum 
placed at G. 

Let the weights at P, m R, S be denoted by 
P, Q, R, S. 

The two weights P and Q produce upon the ful- 
crams F and G pressures which together are equal to 
the sum of theweights P + Q, (Ax. 4) or to the double 
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of P, since P ånd Q are equal. But the pressure upon 
each of these fulgrumg is equal, (Ax. 5,) hence the 
pressure upon each of them is P; therefore the pres- 
sure upon the fulcrum G, arising from: the two weights 
P and Q, is P; in ltke manner the pressure upon the 
fulcrum G, arising from E and S, is R; and so of the 
rest: and the whole pressure on G, arising from the 
whole prism AB, is the sum of all,the weights P, R, 
&c. from 4 to C; that is, it is half the weight of 
the prism. 

But if the whole prism be collected in its middle 
point C, the pressure upon the ¢wo fulcrums °F and 
G wil be the whole weight of the prism, and the 
pressures on the two fulerums are equal, by Cor. to 
Ax. 11. "Therefore, in this case also, the pressure , 
on the fulcrum G is equal to half the weight of the 
prism. "Therefore the prism, when collected at its 
middle point, produces the same pressure on the ful- 
crum G as it did before. 

Therefore, when a uniform prism is collected at 


‚its middle point, it produces the same effect by its 


weight as it did before. Q.E.D. 


Con. 1. A uniform prism or cylinder will balance 
itself upon its middle point. x 


Cor. 2. When a prism or cylinder thus balances 


upon its middle point, the pressure upon the fulcrum 
‘is equal to the weight of the prism. 


Prop. II? If two weights acting pérjfendicu- 
larly at the extremities of the arms of a [hori- 
zontal] straight lever on opposite sides of the 
fulcrum balance each other, they are inversely as 
their distffnces from the fulerum, and the pressure 
on the fulerum is equal to their sum. 


40 _ MECHANICS. 


Let P,,Q be the two weights, - ° 

Let there be a uniform a M p c N B 
prism of the length AB, P à 
equal in' weight to P + Q (Post. 1), and let AD: DB 
: P: Q. Therefore, componendo, AD + BD : AD 
:P+Q:P. But AD + BD is cqual in weight to 
P + Q, and the prism is uniferm; therefore by Cor. 
to Lemma 6, the prism AD is equal in weight to P. 
In like'manner the prism BD is equal in weight 
to Q. 

Let C be the middle point of AB; M, the middle 
point of AD; N, tha middle point of DB. By Prop. I. 
Cor. 1 and 2, the prism AB will balance on the point 
C, and the pressure on that point will be equal to the 
weight of the prism, that is to P + Q. 

* But by Prop. I. the prism AD will produce the 
same effect as if it be collected at its middle point M; 
that is, the same effect as the weight P at M. And 
in like manner the prism DB will produce the same 
effect as the weight Q at N. Therefore the whole 
prism AB will produce the same effect as the weight 
P at M, and the weight Q at N; that is, the weight 
P at M,'and Q at N wäl balance on C. 

But since MD is half AD, and DN is half DB, 
the sum MN is half the sum AB, and is therefore 
equal to 4C. Hence taking away the common part 
MC, the remainder CN is equal to 4M, or MD. 
And to MD and CN adding the common part DC, 
MC is equal to DN. 6 

Now P:Q:: AD: DB by construction; that is, 

P:Q::2MD:2DN; or : MD: DN; 
hence, by what has been proved, 
P: Q: CN : MC. 
Therefore the weights P, Q*are inversely as their 
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e . 
distances from the point C on which thty balance. 
Q. E. D. e œ 

Also the weights P, Q collected at M, N produce 
the same effect on the fulerum C as the prisms 4D, 
DB; that is, as the prism 4B; that is, they produce 
a pressure P + Q, as has been shewn. Q. g. n. 

Con. If two forces acting perpendicularly on a 
straight lever on opposite sides of tlte fulerum balance 
each other, they are inversely as their distances from 
the fulcrum, and the pressure on the fulcrum is equal 
to the sum of the forces. A 

For any forces may be represented by weights ; 
and what is true of the weights is true of the forces. 


Pror. A. If two wcights acting perpendicularly 
at the extremities of thc arms of a straight horizontal 
lever on opposite sides of the fulcrum are inversely as 
their distances from the fulcrum, they will balance 
‘each other. 

As in the la«t Proposition, let there be a uniform 
prism 42, equal in weight ¢o the sum of the weights 
P + Q; and let it be divided in D, so that 4D: DB 
z P: Q; then, as before, AD is equal in weight to P, 
and 2D to Q. 

Let M be the middle point of AD; N, of DB. 
And let C be a point, such that CN: MC :: P : Q. 


Then CN : MC :: AD: DB.» y 
: 2MD:2DN : MD: DN, 
whence MC + CN : CN :: MD + DNs MD, 


and the first and third are equal; therefore CN is 
equal to MD. 

* Hence adding DC to' both, MC is equa] to DN 
or NB; age hence AM and MC together are equal 
to CN and NB together; that is, AC is equal to 
CB; and C is the middle point of 4B. 
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Therefore the prism AB will balance on C ; and 
by Prop. I. if the part 4D, that is, P, be collected at 
M, and the part. DB, that is, Q, be collected at N, 
the effect will still be the same; that is, P and Q will 
balance on C. Therefore, &c. Q. E. D. 


Com. 1. In this case also the pressure upon the 
fulerum C is equal to P 4 Q. 
d 


Cor. 9. If for weights be put any forces, the 
lever being in any position, the same proposition is 
true. 

Fror. IIT. If two forces acting perpendicu- 
larly on a straight lever in opposite dircctions 
and on the same side of the fulerum balance each 
ofher, they are inversely as their distances from 
the fulerum ; and the pressure on the fulcrum is 
equal to the difference of the forces. 


Let MCN be the lever on which the two forces 
P and Q acting perpendicularly P R 


at M and N in opposite direc- 
tions balance each other. Let R | N | 
be a force such that P + R is 
equal to Q, aná let MNC be 


Q 
supposed to be a lever on which two forces P, R, 
acting perpendicularly at M, C on opposite sides of 
the fulcrum, balance each other. Then, by Prop. II. 
the pressure upon the fulcrum N is equal to P + R, 
that is to Q, and is in the direction of the forces 
P and R. Hence if a force P + R, that is Q, act 
perpendicularly to the lever MC at N in the direc- 
tion opposite to P and R; it will supply the plac? of 
the fulcrum, and the forces, P, Q, R wilkctill balance 
each other by Ax. 11. And if we place an immove- 
able fulcrum ‘at C, it will supply the place of the 
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force R, and the forces P, „Q, will still balance each 
other by Ax. 10. « . 
But since P, R balance on the Ere MNC, we 
have by Prop. I. — . 
R:P:: MN: NC; and therefore 
R+P:P:: MN+NC: NC;; that is* 
Q:P: MC: NC; : 
the forces P, Q are inversely as their distances from 
the fulcrum C. 
Also the pressure on the fulerum C, which re- 
places the force Je is equal to the*force R, that is to 
the difference of the forces P and Q. Q. E. D. 


Prop. IV. To explain the different kinds 
of levers. 

When material joe are used, the two forces 
which have been spoken of, as balancing cach other 
upon the lever, are exemplified by the weight to be 
raised or the resistance to be overcome, as the one 
force, and tlre pressure, weight, or force of any hind, 
employed for the purpose, as, the other force. The 
former of these forces is called the Weight, the latter 
is called the Power. . 

The preceding Propositions give the proportion 
of the Power and Weight in the case of equilibrium, 
that is, when the weight is not raised, but enly sup- 
ported; or when the resistance is not overcome, but 
only neutralized. But knowing the Poweg which 
will produce equilibrium with the weight, we know 
that any additional force will make the Power pre- 
ponderate. (Ax. 2.) x 

Straight,-levers are divided into three kinds, ac- 
cording to the position of the Power and Weight. + 

1. The Lever of the First kind is that in which 
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the Power'and Weight are on opposite sidesof the Ful- 
crum, as in Proposition TI. and A. 

We have an example of a lever of this kind, 
when a bar is-used to raise a heavy stone by pressing 
down one end of the bar with the hand, so as to raise 
the stone with the other end: the Power is the force 
of the hand, the Fulcrum is the obstacle on which the 
bar rests, the Weight is the weight of the stone. 

We have an example of a double lever of this 
kind in a pair of pincers used for holding or cutting 
the Power is the force of the hand or hands at the 
handle, the Weight is the resistance overcome by the 
pinching edges of the instrument, the Fulcrum is the 
pin on which the two pieces of the instrument move. 


* 2, The Lever of the Second kind is that in which 
the Power and the Weight are on the same side of the 
Fulcrum, the Weight being the nearer to the Fulcrum, 

We have an example of a lever of this kind, 
when a bar is used to raise a heavy stone by raising 
one end of the bar with the hand, while the other end 
rests on the ground, and the stone is raised by an 
intermediate part of tne bar. The Fulcrum is the 
ground, the Power is the force exerted by the hand, 
the Weight is the weight of the stone. 

"We have an example of a double lever of this 
kind in a pair of nutcrackers. The Power is the 
force of the hand exerted at the handles; the Weight 
is the,fo-ce with which the nut resists crushing; 
the Fulcrum is the pin which connects the two pieces 
of the instrument. 


Q3. . The Lever of the "(hird kind is that in which 
the Power and the Weight are on the same side of the 
fulcrum, and the Weight is the further from the fulcrum. 

In this kind of lever, the Power must be greater 
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than the Weight in order to produce equilibrium, by 
Prop. III. Therefore by the use of such a lever, force 
is lost. The advantage gained by the lever is, that 
the force exerted producgs its effect ut an ihcreased 
distance from the fulcrum. 

We have an example of a lever of this kind in the 
anatomy of the fore-arm of a man, when he raises a 
load with it, turning at the elbow. «The elbow is the 
Fulcrum, the Power is the force of the muscle which, 
coming from the upper arm is inserted into the fore- 
arm near the elbow, the Weight is the load raised. 

We have an example of a double lever uf this 
hind in a pair of tongs used to hold a coal. The 
Fulcrum is the pin on which the two parts of the 
instrument turn, the Power is the force of the fin- 
gers, the Weight is the pressure exerted by the coal 
upon the ends of the tongs. 


Prop. V. If two forces acting perpendicu- 
larly at the extremities of the arms of any lever 
balance each other, they ate inversely as the arms. 


Let MCN be any lever: and let P, Q acting per- 
pendicularly on the arms CM,'CN balance eath other ; 
then P: Q :: CN: CM. 

Produce NC to OQ, taking CO equal to CM ; and 
at O let a force R equal to P act perpendicularly on the 
lever NCO, to turn it in the same direetion as P. 'Then 
since CM is equal to CO, and xw 
therefore P to the force R, ,¥ 
both acting perpendicularly 


; NP 
to the arms, by Axiom 6, P Á i 
and R will produce the same R Q 
effect to turn the lever round 


the fulcrum C ; and therefore 
since P balances Qy R will 
balance Q. 


e 
. 
el 
e 
" 
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But since forces R and Q balahce on the straight 
lever OCN, by Prop. II. B:Q:: CN: CO; and 
since P is equal to R, and CO to CM, P:Q: 
CN : CM; or the forces P, Q are inversely as their 
arms. Q.E.D. 


Pnor."VI. If two forccs acting at any angles 
on the arms of any lever balance each other, they 
are inversely as the perpendiculars drawn from the 
fulerum to the directions in which the forces act. 


«Tat ACB be the lever on which the forces P, Q 
acting at any angles balance cach other; and let CM, 
CN be the perpendiculars from the fulerum C in the 
directions of the forces; then P: Q :: CN : CM. 

* The lever ACB is supposed to be rigid, so that the 
arms AC, BC cannot alter their respective positions. 
Hence we may suppose the M 
plane ACB w wa ripiu 
indefinite plane, moveable 
about the point C, and AU, 
BC to be lines in this plane. 
Therefore the forces P, Q, 
which act at the ppints 4, B, 
will by Axiom 7, produce the 
- same effect as if they act at 


Y 


thepoints M, N respectively : P 
therefore if they act at these points M, N they will 
still balanez. 

Hence by Prop. V. P:Q: CN: CM; 
or the forces are inversely as the perpendiculars CM, 


CN. Q.E.D. í 


Con. 1. The converse is true, that if 0: Q:: CN 
: CM, the forces will balance. 


Con.2. If P, Q, CM, CN be expressed in num- 
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bers when P, Q^ balance, Px CM=Qx CN 1 and when 
P x CM =Q x CN, P and Q balance. 

Definition of the moment of a force. If lines be 
expressed in numbers, the product which arifcs when 
a force acting on a lever is multiplied by the perpen- 
dicular from the fulcrum of the lever upon the direc- 
tion of the force is called the moment of the force. 

It appears by the last Corollary, that when two 
‘forces balance on a lever, their moments are equal ; 
and when their moments are equal they balance. 

Also if the moment of one force be the greater, 
that force will preponderate. . pg 


Con. 3. If .Y be any force acting on the lever 
ACB, and CO the perpendicular upon its direc- 
tion, and if Y x CO P x CM, the force X wjli 
produce upon the lever the same effect as P. For 
Xx CO-QxCN; therefore, by this Proposition, 
A will balance Q; which is what P does. 


Con. 4. If the two forces P, Q act at the same 
point D, the proposition is still true. * 


Pnor. VII. If two weights balance each other 
on a straight lever when it is horizontal, they will 
balance each other in every position of the lever. 

Let it be supposed that the weights P, Q, acting 
at A, B, balance each other upon the lever when it is 
in the horizontal position ACB; the weights P, Q will 
balance each other upon the same lever in apy other 


position, as DCE. 5 
Draw DM, EN vertical, cA | 
meetingthehorizontalline4C B. * NB 

Then, in the triangles DCM, 
ECN, thevértical angles DCM, D A 
ECN are equal; and DMC, P e 
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ENC areecqual, being right angles? therefore the 
remaining angles of the triangles are equal, and the - 
triangles are equiangular and similar. "Therefore DC 
: CM :* EC «CN, and alternately DC: EC :: CM 
: CN. But since P, Q balance each other on AB, 
Q: P: AC: CB; and AC is cqual to DC, and 
CB to EC, because ACB' and DCE are the same 
lever ; therefore Q: P: DC: EC; therefore by 
what precedes, Q : P :: CM : CN; therefore, by’ 
Prop. VI. the weights P, Q, acting at the points D, 
E, will balance each other. Q.E.D. 


` Com. The pressure upon the fulcrum C in every 
position of the lever DE is equal to the sum of the 
weights P and Q. For in every position the effect of 
the weights P, Q is the same as if they acted at M, N, 
by Axiom 7. But in this case, by Prop, II. the pres- 
sure on the fulcrum C is the sum of the weights. 


Pror. D. If any number of forces act upon a 
lever, and tend to turn it opposite ways, and if the 
sum of the moments of the forces which tend to turn 
the lever one way be equal to the sum of the moments 
of the forces which tend to turn it the other way, the 
forces will balance each other. 


, Let the forces P, Q, R, tend to turn the lever 
one way, and let CM, CN, a 
CO be the perpendiculars 
on their directions ; and let 
the forges p, q, tend to ES 
turn the lever the other 
way, and let Cm, Cn be y 
the perpendiculars on their 
directions; and let Px CM È 
4 Q x CN 4 E x CO be equal to p x Cn + x Cn 
the forces will, balance each other. 
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Let ayy two lines CO, Co be taken, and let forces 
act at O and o, nerpendicellarly to CO, Co, to turn 
the lever opposite ways, namely, at O, a force X, 
such that CO : CM :: P: LX, by Post:.3. that is, such 
that X x COS P x GM; and also a force I. such that 
Y x CO = Q x CN, and a force R; and also at o, a 
force e, such that v x Co =px Cm, and a force y, 
such that y x Co=q x Cn. 

Then, by Cor. 3 to Prop. VI, the force X" will pro- 
duce the same effect as the force P, and the force Y 
will produce the same effect as the force Q ; and there- 
fore the forces P, Q, R wilt prodace the same eft as 
.Y, Y, R acting at O. In like manner the forces p, 
q will produce the same effect as a, y, acting at o. 

But the forces X, Y, R, acting at O, will balance 
the forces m, y, acting at o, if (X + F+ R) x CO*be 
equal to (æ + y) x Co, "by Prop. VI; that is, if 
X x CO - Y x CO 4 H x CO be equal to æ x Co 
+y x Co; that is by the construction, if P x CM 
+ Q x CN 4 x CO be equal to p x Cm+qx Cn. 
Therefore, &c. Q.E.D. 


Con. 1. If the forces be weights actjng on a 
straight horizontal lever, the same is true, putting for 
the perpendiculars on the directions of the forces, the 
portions of the lever CM, CN, &c. intercepted between 
the fulerum and the weights. (See nest figure). 


Cor. 2. The converse of this Proposition and of 


Cor. 1 are true. Pan 


Pror. C. If any forces act perpendicularly upon 
a lever, the pressure on the fulcrum is equal to the 
sum of the forces. . 

It will first be proved that if any number of forces 
acting perpendicularly upon a lever balance each other, 
they may be separated into parts, so«that, retaining 

M, E. 3 
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their positions, they form pairs, each of which pairs 
would balance on the fulcrum separately. 


Let P, Q, R, p, q be any forces which balance 
each other on the lever OM g wr © ees 
NCmn. If each force on one I RE Y 
side of the fulcrum has its mo- R P ? DN 
ment equal to that of a corresponding force on the 
other side, it is clear that each force will balance the - 
corresponding one on the other side, and the forces 
are already in such pairs as are mentioned above. 
But if not, let any moment on one side, as P x CM, 
be less than a moment on the other side, as p x Cm. 
Assume a force u such that Cm: CM : P : u, by 
Post. 3: therefore P x CM = u x Cm; therefore 
- ux Cm is less than p x Cm, and u is less than p; let 
p-ucm. Then if p be s parated into parts u and 
æ, the pair P and u will balance each other separately, 
because their moments are equal. 


In the same manner, of the forces Q, R, 7, q, 
take any other as Q, of which the moment Q x CN 
is less than the moment of q x Cn of a force q on 
the other side of the fulerum. Assume a force v such, 
that Cn : CN :-Q : v, therefore Q x CN =v x Cn; 
and, let g=o+y. Then if q be separated into v 
and y, the pair Q and v will balance each other 
separately, for tlte same reason as before. 


And of the forces R, », y, the moment v x Cm 
must be ‘less than Rx CO. Assume X x CO- « 
x Cm; and let R= X + Y. The pair X, æ will ba- 
lance each other separately, as before. 

But because the forces’, Q, R, p, q balance on the 
lever, it follows (by Cor. 2 to Prop. B) that 


PxCM+QxCN+RxCO+px Cm t qx Cn; 
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*. 
and hence? since s 


R=X+Y, and b =u 4 a, and q =v +y, 
PxCM+QxCN+XxCO+4Yx GO 
=uxCm+an Cm+uxCn+yx Cn; 
and it has bcen supposed, that s 
PxCM-ux Cm, and Qx CN=vx Cn, 
and X x CO=ax Cm; . 
hence the remainder 
Y x CO is=yx Cn; 
and the pair Y, y will balance cath other. 2i 
Therefore the forces have been separated into pairs, 
P, u; Qv; X, æ; Tey; 
which balance each other separately. 


Also it is plain that the same proof may be applied 
in any case; for at each step the number of forces 
which are not in pairs is diminished by one; and 
therefore the reduction may,always be effected by as 
many steps as there are forces, wanting one. 

IIence the Proposition is manifest; for she pres- 
sure upon the fulcrum atising from eachepair is equal 
to the sum of the two forces of that pair (Prop. II); 
therefore the whole pressure is equal to the sum of all 
the pairs; that is, to the sum of all the forces. 


3—2 
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SECTIQN II. 


COMPOSITION AND RESOLUTION OF FORCES. 


DLIFINITIONS. 


1. WHEN two forces act at the same point, they 
preduce the same stqtical effect as a certain single force, 
acting at that point. This single force is called the 
resultant of the two; they are called its components. 
The two forces produce the single force by being com- 
pounded, and it may be resolved into the two. 


‘ 

2. Straight lines may represent forces in diyection 
and magnitude, when they are taken in the direction of 
the forces and proportional to their magnitude. When 
forces are so represented, if 4B represent any force, 
BA represents an equal and opposite force. A force 
represented by any line, as AB, is often called “ the 
force AB.” í 


3. Forces may be represented by lines parallel 
to them in direction and proportional to them in mag- 
nitude. : e 


Prop. VIII. If the adjacent sides of a 
parallelogram represent the component forces in 
direction and magnitude, the diagonal will repre- 
sent the resultant force'in direction and magni- 
tude. i x 


The proof will consist of two parts; for the di- 
rection, and for the magnitude. 
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First, ghe diagonal will represent the resultant 
force in direction. TEN 


Let Ap, Aq represent in mag- a 
nitude and direction the forces 
P, Q, acting at 4; complete the 
parallelogram ApCq; and draw 
AC; draw also CM, €N perpen- ^ 
-dicular upon Ap, Aq. 

The triangles Cp M, CaN M 
have right angles at Af and N, 
and ihe angles MpC,CqN are P 
equal, cach being equal to MAN; therefore the triangles 
Cp M, Cq.N are equiangular and similar. Therefore 
CM : CN :: Cp: Cq; that is, CM : CIN: Aq: Ap. 
But Ap, Aq represent the forces P, Q in magpi- 
tude; therefore CAL: CN :: Q: P. Therefore, by 
Prop. VI, Cor, 4, if the forces P, Q act on the plane 
PAQ, supposed to be moveable about the point C, 
they will balance each other, producing a pressure 
on the fulcrum C. 


Therefore the single force which produces the 
same effect as P, Q will produce a pressure upon the 
point C, but will not turn the plane about C. But 
this cannot be the case except the single force act in 
the line 4C; for if it acted in any other direction, 
a perpendicular might be drawn from C upon the 
direction, and the force would produce motion, by 
Axiom 2. Therefore the resultant acts in,the direc- 
tion AC. ° 


Hence if a point, acted upon by two forces 4p, 
Aq, be kept at rest by æ third force, this force must 
act in the direction CA. For otherwise it would not 
balance the force in the direction AC, to which the 
forces Ap, Aq are equivalent. . 
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Hence also if three forces act on a point, and keep 
each other in equilibrium, each of them is in the direc- 
tion of the diagonal of the parallelogram whose sides 
represent the other two. 


Secondly, the diagonal will represent the resultant 
force in magnitude. i 


By the proof of the former part the two forces 
Ap, Aq will be kept in equilibrium by a force in the 
direction C4. Let Ar represent this force in magni- 
tude. Therefore the three forces Ap, Aq, Ar keep 
each ether in equilibrium. Complete the parallelogram 
Ap Dr, and draw its diagonal DA. Then by the 
proof of the former part, the force Aq is in the direc- 
tion DA; and therefore DAq is a straight line. 


‘Hence in the triangles CA4q, DAr, the vertical 
angles C.Aq, DAr are equal; p 
and Cq, Dr are parallel to 
each other, because C4 and 
Dr are both parallel to Ap; 
and Cr meets them ; there- 
fore the angle g C 4 is equal 
to the alternate angle Dr A. 
Therefore thetriangles C .4q, 
DAr are equiangular. Also 
Cq and Dr are equal, for 
each is equal to 4p, being 
opposite sides of parallelo- 
grams pq. pr. Therefore 
(Euc. vi. 8) the other sides 
of the triangles C49, DAr 
are equal; therefore C4 is:equal to Ar. But Ar 
represents in magnitude the force which kceps in equi- 
librium Ap, Ag; and since Ar acting in the opposite 
direction would balance 47, the force which produces 
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the same effect as 4p, Aq, is Ar acting in the opposite 
direction. ‘Therefore 4C, Which is equal to Ar, repre- 
sents in magnitude the force which produces the same 


effect as Ap, Aq; that is, the resultant of AP, Aq. 


Hence, if the components be represented in mag- 
nitude and direction by, the sides of a pérallelogram, 
the resultant is represented i in magnitude and direction 

` by the diagonal of the parallelogram. Q. E. D» 


Prop. IX. If three forces represented in 
magnitude and direction by the sides of a tristgle 
taken in order, act on a point, they will keep it in 
equilibrium. 


Let three forces, represented in magnitude and 
direction by the three fines AB, 
BC, CA, act on the point 4, 
they will keep it in equilibrium. 4 c 
Complete the parallelogram ABCD, 
then the force which is' repre- ° 
sented by BC is also represented — D 
by AD, (Def. 3 of this Sect.) and acts at the point 4. 
And the resultant of the forces AB, AD is represented 
in magnitude and direction by AC (Prop. VIIT);, 
therefore the forces AB, BC produce the same effect 
as AC; and therefore the forces 4B, BC, CA produce 
the same effect as AC, CA; that is, they will keep the 
point A in equilibrium. x 


e 
Con. 1. If three forces which keep a point in equi- 
librium be in the direction of three lines forming a 
triangle, they are proportional to those lines. 


Cor. 2. Any two forces AB, BC, which act at a 
point A, are equivalent to a force ACh 
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Prov. D. If any number of forces, represented 
in magnitude and direction by the sides of a polygon 
taken in order, act on a point, they will keep it in 
equilibrifm. < 

Let forces AB, BC, CD, DE, EA act upon a point 
A; they wil keep it in eyuili- C 
brium. By Prop. IX, Cor. 2, the 
forces AP, BC are equivalent to a 
force AC; therefore the forces D 
AB, BC, CD are equivalent to the A 
forces AC, CD; that is, by the 
same corollary, to a force 4D. Therefore again, the 
forces AB, BC, CD, DE are equivalent to the forces 
AD, DE; that is, again by the same corollary, to a 
-foree AE. Thercfore, finally, the forces AB, BE, 
CD, DE, EA are equivalent to forces AE, EA, and 
therefore will keep the point 4 in equilibrium. 
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SECTION III. 


MECHANICAL POWERS. 


TOE WHEEL AND AXLE. 


Der. THe Wheel dnd Aerle is a rigid machine, 
which is moveable about an axis, and on which two 
forces, tending to turn it opposite ways, act in two 
planes perpendicular to the axis; the one force (the 
Power) acting by means of a string stretched" and 
wrapt on the circumference of a circle perpendicular 
to the axis, called the Wheel; the other force (the 
Weight) acting by means of a string wrapt on the 
surface of a cylinder having the axis of motion for its 
axis, and called the Axle. ° 


Prop. X. There is an equilibrium upon 
the wheel and axle, when the power is to the 
weight as the radius of the axle to the radius 


of the wheel. 


Let AB be the whecl, and DEB the axle, the 
whole being moveable about the axis $C DK ; the 
power P, acting at A, perpendicular to C'A, the radius 
of the wheel; and the weight W, acting at Æ, perpen- 
dicular to DE, the radius of the axle. Also let P : W 
: DE : CA; then there will be an equilibrium. 


In the plane o£ the wheel AB, det CB be drawn 
3—5 


Li 
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from the axis, equal to DE 
the radius of the axle; and 
let a force Q, equal to W, 
act at B perpendicular to 
CB. Then, by Axiom 8, | 
the two forces Q, W pro- 
duce equal effects in turn- 
ing the machine. But the 
force Q will balance P, by 
Prop. VI, Cor. 1, because 
P: W:: DE: CA, and therefore P: Q:: CB: CA, 
Q being equal to W, and CB to DE: therefore W will 
balance P, and there will be an equilibrium. Q.E.D. 


Con. 1. On the wheel and axle when there is 
gquilibrium, the moments of the power and weight 
are equal. 


Cor. 2. If the power and weight do not act per- 
pendicularly to the radii of the wheel and axle, it will 
appear, by the reasoning of Prop. VI, that there will 
still be an equilibrium if their moments are equal. 


Con. 3. If several forces acting upon a body 
moveable about a fixed axis, and acting in planes per- 
pendicular to the axis, tend to turn it opposite ways, 
there will be an equilibrium when the sum of the mo- 
ments of the forces which tend to turn the body one 
way is equal to the sum of the moments of the forces 
which tend to turn the body the other way. 'This may 
be proved hy reasoning similar to that of Prop. B. 

Cor. 4. Ifa heavy body be moveable about any 
axis, it will be in equilibrium when the moments of 
the weights of the two parts into which it is divided 
by a Vertical plane passing through the axis, are 
equal: for these two parts will tend to turn it oppo- 
site ways. * 
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In thí case, the moment of each pdrticle of the 
body is found by drawing "from the particle a vertical 
line meeting a horizontal line which is perpendicular to 
the axis. The length of this perpendicular, measured 
from the vertical to the axis, multiplied into the weight 
of the particle, is the moment of the particle, if the 
axis is horizontal; and is proportional to the moment 
if the axis be in any other position? 


b 
Cor. 5. Conversely, if these moments are not 
equal, there cannot be equilibrium. 


THE PULLEY. 


Drr. A Pulley is a machine in which one part, 
(the Block) being stationary, a stretched string can 
pass freely round another part, (the Sheave). f 

A pulley is fired when the block is fixed, and 
moveable when the block is moveable. 

The Power is the force which acts at the string ; 
the Weight is the weight supported. 


Prop. XI. In thé single moveable pulley, 
where the strings are parallel, there is an equili- 
brium when the power is to the weight as 1 to 2. 


Let ABC represent a pulley tn which B is the 
block, AC the sheave, and in which the strings H " 
PA, HC are parallel: there is an equilibrium 
when P: Wi: 1: 2. i ° 

By Axiom 9, since the string passes 
freely round the sheave AC, the forcé ,P, 
which is exerted on the string P4, is equal 
to that which the string CH exerts on the C{ (^) J^ 
fixed point H; and therefore the reaction B 
which the fixed point H exerts by means of 
the string HC, is also equal to P. And the — x 
two forces, each equal to P, which’ act by means of 
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the parallel strings 4P, CH, may be considered as 
balancing each other upon a lever AC, the fulcrum 
of which is in the point of the block B, by which 
the weight W is supported. Therefore by Prop. II, 
the pressure on the fulerum is the sum of these forces, 
that is, it is the double of P ; and this pressure on 
the fulcrum of the block B is balanced by the pressure 
or weight of W upen the block in the opposite direc- 
tion, in the case of equilibrium ; therefore, in the case 
of equilibrium, IW is double of P, or P: W :: 1:2. 


Prop. XII. In a system in which the 
same string passes round any number of pulleys, 
and the parts of it between the pulleys are 
parallel, there is an equilibrium. when powcr 
CP) : weight (W) :: 1 ::the number of strings 
at the lower block. 


Let AC represent the system of pulleys; the 
string 4BCDEF(GIIK passing round all the 
pulleys, and the portions CB, DE, GF B 
HK, being all parallel. By Axiom 9, the 
forces exerted by each of these strings will 
be equal to P; therefore the forces which 
they .exert upon the lower block will each 
be equal to P. And these forces may be 
considered, ^s acting upon a lever, the ful- 
crum pua is in the point of the block e 
Z, by ia the weight W is supported. 
Therefore by Prop. C, the pressure upon 
this fulerum is equal to the sum of the 
forces of the strings, that is, "it is as many — Ww 
times P as there are strings at the lower block. And 
this pressure on the fulerum in the lower block is 
balanced by the pressure or weight of W in the 
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opposite difection in the case of equilibrium ; there- 
fore in the case of equilibrium, P : W :: 1 : number 


of strings in the lower bloch.» Q. r.p. n 


Pror. XIII. ‘In a system in which cach 
pulley hangs by a separate string, and the strings 
are parallel, there*is an equilibrium when P 
DV s 1 : that power of 2 whose index is the 
number of moveable pulleys. 


Let AL represent the system of pulleys; each pulley 
A, C, E hanging by a separate stsing, and , ky 
the strings being all parallel. It appears 
by the reasoning of Prop. XI, that 

P : force of string BC :: 1:2; 
force of string BC : force of string DE 

SolicgeQes 
force of string DE force of string FW 
wv 1:2. 

And there will be as many such propor- 
tions as there are moveable pulleys 4, C, E. 
Also in compounding these proportions 
the proportion compounded of the former 
ratios in each proportion will be P : force 
of string FW; and the proportion com- 
pounded of the latter ratios in each propor- W 
tion will be 1 : 2 raised to that pewer whose index 
is the number of ratios. Therefore 

P : force of string FW :: 1 : 2 raised to that 
power. And the force of the string FW is*equal to 
the weight W, because it supports it in the case of 
equilibrium. Therefore, &c. Q.E.D. 


THE INCLINED PLANE. 


Der. The Inclined Plane, when spoken of as a 
mechanical power, is‘a plane supposed" to be perfectly 


parallel to AC. * 
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smooth and hard. The ipclined plane is ‘represented 
by a line drawn in a vertical ‘plane, and is supposed 
to pass through this line and to be perpendicular to 
the vertical plane. A vertieal line is supposed to be 
draw in the vertical plane from the upper extremity 
of the inclired plane; and both this vertical line, and 
the line which represents the ihclined plane, are cut 
by a horizontal line or base, drawn in the same ver- 
tical plane. The portion of the inclined line and of 
the vertical line intercepted between the upper point 
of the plane and its horjzontal base, are the length 
and the height of the inclined plane respectively. 


Prop. XIV. The weight (W) being on an 
inclined plane, and the force (P) acting parallel 
to the plane, there is an equilibrium when 
P: W x the height of the plane : its length. 


Let AC be an inclined plane of which AC is the 
length, and lef W be,a 
weight on the inclined plane 
supported by a force P, 
acting in the direction EF 


F 
Pe 


"The force of the weight P ^ G D 
W acts in a vertical direction; draw EG vertical to 
represent “this force. Also draw EH perpendicular 
and GH parallel to the plane AC. E 

The torce EG is equivalent to the two forces 
EH, HG, (Prop. IX, Cor. 2); of these, the force 
EH is balanced by the reaction of the plane AC, 
which will balance any force perpendicular to AC, 
by Axiom 12; and the weight W will be kept at 
rest, if the force JIG be counteracted by an equal 
and opposite force P, acting ih the direction EF. 
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Therefore there will be equilibrium if P be repre- 
sented by GH, when W is represented by EG; that 
is P: W:: GH: EG. : 

But since EH is perpendicular and GH parallel 
to the plane 4C, EHG is a right angle and therefore 
equal to ABC. Also the angle EGA is, by parallels, 
equal to GED, that is, to BFD, that is, to BCA. 
Therefore the two triangles 4BC, ‘EHG, have two 
angles equal, each to each, and are therefore equi- 
angular, and therefore also similar. Hence GH : EG 
: BC: AC, and therefore, by what has been proved 
already, P : W: BC: AC, that is, P : W :: height 
of plane : length of plane. "Therefore, &c. Q.E.D. 


VELOCITY. 


© 

Der. If two points pass through certain spaces 

respectively in the same time, the Velocities of the two 

points are to each other in the proportion of these 
two spaces. 


Pror. XV. If P and*JF balatice each other 
on the wheel and axle, and the whole be put in 
motion, P : W :: W’s velocity : P's velocity. 

The construction being the same ‘as in Prop. X, 
let the machine turn 
round its axle CD 
through an angle 4Ca, 
or EDe; so that the 
radius of the wheel 
at which the power 
acted, moves out of 
the position Ca into 
the position CA; and 
so that the radius of 
the axle at which the t, 
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power acted, moves out of the position 2e into the 
position DE. Then the string by which the power 
P acts will be unwrapt from the portion a4 of the 
circumference of the wheel,-and therefore P will move 
through a space equal to a4. Also in the same time 
the string at which W acts will be wrapt upon the 
axle by a space equal to e£, and therefore W will 
move through a space equal to eE. Thercfore by 
the definition of velocity, a 4, eE are as the veloci- 
tieg of P and W. 

But since the wheel and axle is a rigid body, 
turning about the axis CD, all the parts move in 
planes perpendicular to the axis, and turn through the 
same angle; and since the plane of the wheel ACa, 
and of the axle EDe are both perpendicular to the 
axis, the angles ACa, Ee are the angles through 
which the radii CA, DE turn. Therefore the angles 
ACa, EDe, at the centers of the circles 4Ca, EDe 
are equal; and therefore, by the Lemma 3, DE : CA 
s Ee: Aa. . 1 

But by Prop. X, DE : CA: P : W; and by 
what has been just shewn, Ee : Aa :: W's velocity 
: P’s velocity; therefore P: W :: W's velocity : P's 
velocity. Q.E.D. 

` Pror. XVI. To shew that if P aud W 
balance,each other in the machines described in 
Propositions XI, XII, XIII, and XIV, and thc 
whole bt put in motion, P : W :: W's velocity 
in the direction of gravity : P’s velocity. 

Part first: proof for the systems of pulleys de- 
scribed in Propositions X1, XII, XIII. 

In Prop. XI, if W be raised through any space, 
as one inch, the string on cach side of the pulley A 
will be liberated for one ingy and therefore P will 
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be at liberfy to descend two inches; thetefore W’s 
velocity : P's velocity ::.1 : 2; and since by Prop. XI, 
P:W::1:2, P: W:: Ws velocity : P's velocity. 

In Prop. XII, if,W bt raised through any space, 
as one inch, each string at the lower block will be 
liberated one inch, and,therefore as mamy inches of 
string will be liberated as there are strings at the 
lower block; and P will be at liberty to .descend 
through a space equal to the whole of this. There- 
fore the space described by WW > space described by 
P :: 1 : number of strings.at the lower block; and 
hence by Prop. XII, and by the definition of velocity, 
P:W: W’s velocity : P's velocity. 

In Prop. XIII, if W be raised through any space, 


as one inch, each of the two strings at the lowest 


pulley £ will be liberated one inch; therefore the’ 


pulley C will be liberated 2 inches, and will rise 
thiough 2 inches; therefore on each side the block 
C, 2 inches of string will be liberated; therefore the 
pulley A will be liberated °2 x 2 inches; therefore 
the string on each side the pulley 4 will be liberated 
2 x 9 inches; therefore the string at whiclr P acts 
will be liberated 2 x 2 x 2 inches, and since this hap- 
pens in the same time that W is liberated one inch, 
W’s velocity : P's velocity :: 1:2 x 2 x 2. And 
it is clear that the last term is that power of 2 whose 
index is the number of moveable pulleys. 


But by Prop. XIII, P: W:: 1:2*2x2 as 
beforé; therefore, by what has been proved, P:W 
: W's velocity : P's velocity. , 

Part second ; proof for the Inclined Plane described 
in Prop. XIV. 


Let AC be thesinclined plane, the weight W 
" 
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being supported by the 

force P acting parallel to d 
the plane. Let W move to 
w, and P? to p'in the same 
time; and draw Wv hori- 
zontal and wv vertical. 
Then wv is the space 
through which W: moves in the direction of gravity, 
while P moves through the space Pp, or Ww, which 
is equal to Pp, because the string w P is always of 
the same length. Therefore by the definition of 
velocity, W's velocity in the direction of gravity : 
P's velocity :: wv : Ww. 

But since Wv is horizontal, or parallel to AB, 

and wv vertical, or parallel to CB, the triangle 
: Wwo is similar to ACB. Therefore wv : Ww :: BC 
: AC, that is, wv : Ww :: height of the plane: 
length of the plane. But by Prop. XIV, this pro- 
portion is that of P : W; therefore by what has 
been proved, P : W :: W's velocity in the direction 
of gravity : P's velocity. 

Con. In the case of the inclined plane, if the 
string by which W is supported pass over a point 
C and hang vertically, as WCQ, and if Q balance W, 
Q will descend through a space Qq equal to Ww, 
when W descends through a space Ww; and we may 
prove, asbefore, Q : W :: W's velocity in the direc- 
tion of gravity : P's velocity. 
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SECTION IV 


THE CENTER OP GRAVITY. 


Dur. Tur Center qf Gravity of apy body or 
system of bodics is the' point about which the body 
or the system will balance itself in all positions. 

Con. Ifa straight line pass through the center of 
gravity of a body, the body will balance itself on this 
line in all positions. For since the body will balance 
itself in all positions upon the center of gravity, if this 
center be supported, the body will be supported in all 
positions, But if the line passing through the center 
of gravity be supported, the center will be supported ; 
and therefore if the line passing through the center of 
gravity be supported, the body will be supported in 
all positions; therefore it will balance itself on this 
line in all positions. 

It is assumed that every body has a center of 
gravity. 

Pror. XVII. If a body balance -upon a 
straight line in all positions, the center of gravity 


is in that line. 

Let HK be a line on which she system balances 
itself in all positions; and 
since every system has a 
center of gravity, if possible 
let G, which is not in HK, 
be the center of gravity. 

Let GF be drawn parallel 
to HK; then, if any line in 
the plane FGHK, as LM, or ON, be reada 
to ane of these parajlels, it will be perpendicular to 
the other. Let the body, with these lines, be turned 
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round the line "HK, till LM is horizontal, in which 
case any other perpendicular, as ON, will also be 
horizontal. Let P be a particle, the vertical line from 
which meets the horizontal line MZ, produced if neces- 
sary, in 4; let Q be a particle, the vertical line from 
which meets the horizontal line ON in B; and in like 
manner let vertical lincs be drawn from the other par- 
ticles of the body; mecting horizontal lines which are 
perpendicular to FG and HK. Also let P, Q, be the 
weights of particles from which the vertical lines‘ P A, 
QB are on opposite sides of the lines GF, HK. 

Since the body‘ balances on the line HK, the 
sum of all such moments as P x AM on the one side 
of the line HK must be equal to the sum of all such 
moments as Q x BN on the other side of the line 
by Prop. X, Cor. & And since, by the corollary 
to the Definition of the center of gravity, the body 
balances on the line GF, the sum of all such moments 
as P x AL on the oue side of the line GF must, for 
the same reason. be equal to the sum of all such mo- 
ments as Q x BO on the other side of the line GF. 

But when we take the moments of the particles 
of the body with respect to the line GF, instcad of 
HK, each of the taoments on the side 4, as P x AM, is 
diminished by P x LM, so as to become P x AL; and 
each of the moments on the side B, as Q x BN, is in- 
_ creased by Q x NO, so as to become Q x BO: besides 
which there are particles, the vertical lines from which 
fall between the lines HK, GF, which are on the 
side A of the line HX, and on the side B of the 
line GF; and of which the moments still further 
diminish the sum of the motaents on the side 4, and 
increase the sum of the moments on the side B, when 
we exchange the line HK for the line GF. 

Therefore tf the sums of the moments on the sides 
A and B of the lines HX be equal, the sums cannot 
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be equal when We move the line into the position GF, 
and therefore by Prop. X$ Cor. 5, the equilibrium 
cannot subsist for this second line also. 

Therefore the point G, out of HX, canwot be the 
center of gravity ; ahd therefore the center of gravity 
must be in HK. QED. | 


Pnor. XVIII.* 'To find the center of gra- 
vity of two heavy points. : 

Let A, B, be the two heavy points ; their weights 
being P and Q. Join AB; and Q 


take in AB a point C, such that t 
P+Q:Q: AB: AC; C wil ee 
be the center of gravity of A, B. 

Since P+Q:Q2 AB: AC, 
by division P: Q : BC : AC. 
Therefoie by Prop. IT, Aand B will balance each other 
on the line 4B in a horizontal position, because in 
that case the weights act perpendicularly to the lever. 
Therefore by Prop. VII, 4, B will balance each other 
on C in every other positiop of the ine AB. There- 
foie by the definition of the center of gravity, C is 
the center of gravity of the heavy points 4, B. 

Cor. The pressure upon the center C in every 
position is cqual to P+ Q, by ‘the Soray to 
Prop. VII. i 


Pror. XIX. To find the çenter of gravity 
of any number of heavy points. 

Let 4, B, C, D be any number of heavy points; 
their wcights being P, Q, B Pa 5 
R, S. Join AB, and 
take a point E in AB, 
such that P 4 Q : Q*: 
AB : AE; join EC, and ^ 
take a point F in EC, P 
such that P+Q+R:R 
s EC: EF; join FD, S 


w 
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and take a point G in FD, such that P+Q+R+S 
: S s FD: FG; G will be the center of gravity 
of P, Q, R, S. 

Since P4-Q : Q : AB: AE, by Prop. XVIII, and 
Cor. E is the center of gravity of the points 4, B; and 
in every position of AB the, pressure upon E is equal 
to P+ Q. But since P - Q- EE: R : EC: EF, by 
division P+ Q : 'R : CF : EF; therefore P + Q at 
E and R at C will balance upon F when EC is hori- 
zontal by Prop. II, and when EC is in any other 
position by Prop. VII; and the pressure upon F' in 
any position will be P+ Q + R, by the Cor. to Prop. 
VII. Therefore in any position P, Q, R will balance 
upon F, and F is the center of gravity of P, Q, R. 

. Again, since P+Q4+R+S:S8:: FD: FG, 
by division, P+ Q--R : S : DG: FG; and P+Q+R 
at F, and § at D, will balance in every position of 
FD, by Propositions II and VII. And the pressure 
upon G will, in every position of FD, be P4-Q--E «S, 
by Cor. to Prop. VII. , 

Therefore in every position of FD, EC, and BA, 
the points A, B, C, D will balance upon G; and 
therefore G is the center of gravity of 4, B, C, D. 

Con. 1. It has been shewn that in every position 
of 4, B, C, D the pressure upon G, the center of 
gravity, is equal to the sum of the weights. 

Cor. 2, Every system of heavy points has a 
center of gravity; for the above construction is 
always possible. 

Pror. XX. To find the center of gravity 
of a straight line. 

Let AB be the straight line; bisect it in C; C will 
be the center oft gravity. o 


BOOK I. STATICS. SECTION IV. 71 


Take CM and CN equal, and the 
line may be considered as composed 
of pairs of equal particles, plgced 
at points such as M, N, by Axiom 
13. But the two particles at M, N A 
balance each other upon the point C in all positions, by 
Prop. II and VII.  And*all the other pairs of particles 
will balance for the like reasons. Therefore the whole 
line will balance upon C in all positions. Therefore 
the point C is the center of gravity of the whole line. 


Pror. XXI. To find the center of gravity 
of a plane triangle. 


Let ABC be the triangle; 
bisect BC in D, and join 4D; and 
bisect AC in E, and join BE; 
let G be the point of intersection 
of AD, B.E; G is the center of 
gravity of the triangle. 

Draw any line PQ parallel to BC, meeting 4D in 
O; it is easily seen that the triangles AOP, ADB 
are similar, as also 40Q, ADC. 

Hence OP: OA:: DB: DA; * 
and OA: OQ: DA; DC; . 
therefore OP : OQ :: DB: DC. 
But DB is equal to DC, aoi OP is equal to OQ, 
and O bisects PQ. 

By Axiom 14, the triangle ABC may be considered 
as made up of straight lines PQ, parallel] to C. And 
the center of gravity of any one of these lines, as PQ, 
is at O in the line 4D; therefore each of these lines 
will balance upon AD in.any position; therefore the 
whole triangle, which is made up of these lines, will 
balance upon AD in any position, and therefore the 
center of gravity of the triangle is in the line AD. 
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In like manner, the triangle may be cbnsidered as 
made up of straight lines parallel to AC, and it may 
be proved by similar reasoning that the center of 
gravity vf the triangle is in the line BE. 

"Therefore the center of gravity of the triangle is 
at G, the iytersection of AD and BC.  q.x.». 

Cor. If we join DE, it is easily shewn that the 
triangles CBA, CDE are similar as also AGB, DGE, 

therefore DE : AB :: CD: CB; 
but by construction CD : CB :: 1:2; 
therefore DE : AB :: 1 : 2. 
Again GD : AG : DE: AB, 
therefore GD : 4G :: 1:2; 
and by composition 4D : AG :: 3: 2 
ÁG is two-thirds of 4D. and DG is one-third of AD. 

In like manner BG, and GE, are two-thirds and 

one-third of BC respectively. 


Pror. E. Any body will have the same effect in 
producing equilibrium about a given fixed line, as if 
it were collected at its center of gravity. 

Let’ EF be the given fixed line, and G the center 
of gravity of the body. Let 
PA, QB vertical lincs from 
any particles P, Q of the 
body, meet horizontal lines 
AM, BN, which are per- 
pendicula to EF; and let 
GH be'a vertical line which 
meets the horizontal line HK 
which is also perpendicular +o EF. 

The effect of the body in producing equilibrium 
depends upon the excess of the moments such as 
P x AM, on orte side of the line KP, above the moments 
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such as Q& BN, on the other side of the'line ; and is 
the same so long as this excess is the same. This fol- 
lows from Prop. X, Cor. 3. 


Now since G is in thq center of gravity,the body 
balances on the poit G, and therefore on the line 
HL; for if HL be supported, G is supporged. There- 
fore the sum of all the moments, such as P x AL, on the 
one side, is equal to the sum of all the moments such as 
Q x BO, on the other side. And Q x BO is equal to 
Qx BN * Qx NO. Therefore adding P x LM to both, 
the sum of moments such as P x AL 4 P x KM, or 
P x AM, is equal to the sum*of moments such as 
Qx DN --Qx NO+Px LM. "Therefore the excess 
of moments such as P x 4M over moments such as 
Qx BN is the sum of moments such as Qx NO -Px LM; 
that is, such as Q x HK 4 Px HK, or (Q + P) x HK; 
because LM and NO are each equal AK. 

Now if all particles such as P and Q be trans- 
ferred to G, thcir effect in producing equilibrium 
depends upon the sum of moments,,such as (P + Q) 
x HK; therefore it is the same as before. 

Hence if all the particles P, Q be transferred to 
the center of gravity G, the effect in producing equi- 
librium is the same as before. Bút the-whole body 
may be considered as made up of such particles; by 
Axiom 15. Therefore if a body be collected at its 
center of gravity, its effect in producing dtuilibrium 
will not be altered. Q.E.D. 


Cor. 1. The effect of the body to disturb equi- 
librium about a line will be the same as if the body 
were collected at its cepter of gravity G. For the 
effect to disturb equilibrium is the effect to produce 
equilibrium when an adequate force is applied to 
counteract the tendency to disturb equilibrium. 

M. E, 


[ad 
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Con. 2. The effect of a body to prod&ce or dis- 
turb equilibrium about a point, is the same as if the 
body were collected at the center of gravity. For any 
line being drawn through the point, the cffect is the 
same about this line, by Cor. 1; and the equilibrium 
cannot be disturbed ‘about a point, without being dis- 
turbed about some line passing through that point. 


Note. If the ‘fixed line be horizontal, the moment 
of each particle, which measures its effect in producing 
equilibrium, is the product of the weight of the par- 
ticle multiplied by the horizontal line perpendicular to 
the fixed line and intércepted by a vertical line drawn 
from the particle. 

If the fixed line be not horizontal, take in it any 
point Z, draw ZY vertical, and YX perpendicular to 
the fixed line. Then the moment of any particle about 
the fixed line will be less than the above product in 
the proportion of YX to YZ. Yor the force arising 
from the weight of the particle being represented by 
the vertical line ZF, may be resolved into forces ZX, 
XY; of which ZX will not produce any effect to turn 
the body about the fixed line, and XY only will be 
effective. 

Der. By the Base of a body is meant a side 
of it, touching another body, and on which its direct 
pressure is supported. 

If the'body fall over, it tends to turn round one 
edge of its base, whether the base slide or not. 


Pror. XXII. When a body is placed upon 
a horizontal plane, it will stand or fall, accord- 
ing as the vertical line, drawn from its center 
of gravity, falls within or without its base. : 
Let ABCD be the body, AB its base, G its center 
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of gravity. First let 
GF, the vertical line 
drawn from the center 
of gravity, fall upon 
the horizontal plane BA 
without the base, as at. * : 
F. Take in GF any line GH to POEM the weight 
of the body, and draw GK perpendicular to*4G and 
HK parallel to AG. 

(Fig. 1) Ifthe body fall over the edge 4 of the base, 
it will tend to turn round the edge A of the base, that 
is, to describe the are GE of which the radius is 4G. 
Now by Prop. E, the effect of the body is the same 
as if it were collected at the point G. Thercfore the 
force exerted to produce this effect may be represented 
by the vertical line GH. * And the force GH is equi- 
valent to the forces GK, and KH, (acting at G). 
Of these, the force KH acts in the line GA, passing 
through 4, and therefore produces no tendency to 
motion about 4. But the force GK*'tends to make 
the body move in the direction GK, which is a tangent 
to the arc GE; and thus to make the base 4B turn 
round the point 4, quitting the plane at B. And there 
is no force to counteract this tendency; therefore the 
body will turn round the edge 4, on the side on which 
the perpendicular GF falls. 

(Fig.2.) But if the perpendicular GH fall between 
A and B, as before, the effect may be represented by 
the vertical line GH, and the force GH is equivalent 
to the forces GK, KH. Of these KH (which acts 
at G) passes through 4 and does not tend to make 
the body turn round the edge A; but the force GK, 
which is a tangent to the arc GE, tends to make the 
body turn round 4 in the direction GE. But since 
the body is rigid, and* 4B is in contact with the sup- 

. 42 
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porting plane, the body cannot turn round the point 
A in the direction GE, for the pressure thus pro- 
duced or the horizontal plane is resisted and sup- 
ported. In like manner the body cannot turn round 
the edge B by the action of the force GH ; there- 
fore in this 'case the body cannot fall. 


Prop. XXIH. When a body is suspended 
from a fixed point, it will rest only with its 
center of gravity in the vertical line passing 
through the point of svspension. 

Let AB be a body suspended from a fixed point C, 
and G its center of gravity. If CG be not vertical, draw 
GII vertical, and (in the vertical plane CGH,) GK per- 
péndicular to CG, and HK parallel to CG. The weight 
of the body will produce the same effect as if it were 
collected at the point G, and may be represented by the 
line GH. But the force GH is equivalent to GK, KH; 
and of these, the force KH (which 
acts at G) is in the line CG, and is 
supported by the fixed point at C ; 
and the force GK tends to make 
the body move in GK, which is a 
tangent to GE, the path in which the 
point G can move round the fixed 
point C; and there is no force to 
counteract this tendency, therefore 
the body will move in this path; and will not rest 
in the position AB. 

i But if CG be vertical, the weight will be sup- 


orted by the fixed point C, and there will be no 
orce to produce ‘motion ; therefore the body will rest 
in that position. 

Therefore ,the body will rest only when CG is 
vertical. Q.E.D. 
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Peor. F. “If two forces tending to'turn a body 
about a fixed point,.and'acting in a.plane perpen- 
dicular to the axis of motiop, balance each other, 
the pressure on the fixed point is'the s&me as it 
would be if the two forces were transferred to the 
point retaining their direction and magnitude. 

Let P, Q, be two férces, acting to turn a body about 
a fixed point C. Draw CA 
parallel to the force P, and CB 
parallel to the force Q; the 
pressure on C is the same as 7 
if the forces P, Q, acted in the* g 
lines 4C, BC. Q 

Produce the directions of the à 

forces to meet in D, and com- | 
plete the parallelogram (ADB. 
The force P produccs the same effect as if it acted at 
the point D in P’s direction by Axiom 7; and similarly 
the force Q produces the same effect asif it acted at D. 
And if Dp, Dg represent, the forces P, Q, and the 
parallelogram D prq be completed, the diagonal Dr will 
represent the force at D to which P and Q are equiva- 
lent. But the direction of the force Dr ‘must pass 
through the point C, as in Prop. VIII, and will pro- 
duce the same effect as if it acted at C ; and the.force 
Dr acting at C is equivalent to the forces qr, pr, act- 
ing in directions parallel to qr, pr, by Prop. VIII: | 
that is, the force Dr is equivalent to the forces Dp, 
Dq, acting in the lines AC, BC; that is,«he forces P, 
Q, acting in the lines BP, 4Q are equivalent to forces 
P, Q acting in AC, BC. Therefore the pressure upon 
the fixed point C is the same as if the forces P, Q were 
transferred to that point. Q.E.D. 

Cor. 1. If, instead of the fixed point at C, we 
substitute the pressure which that point exerts, there 


C 


x 


78 MECHANICS, 


will be equilibrium by Axiom 11. Hence, if a body be 
acted upon by three forces in the same plane, of which 
one passes through the intersection of the other two, 
and is equal to’the resultant of the other two, the 
body will be in equilibrium. 


Con. 2. Conversely if there be equilibrium, these 
conditions obtain. This follows from Axio 2. 


Prov. G. If two forces tending to turn a body 
round a fixed axis, and acting in two planes perpen- 
dicular to the axis, balance each other, (as in the 
Wheel and Axle) the pressures upon the points of the 
axis where the body is supported, are the same as they 
would be, if the two forces, retaining their direction 
and magnitude, were transferred to the axis, at the 
points where the perpendicular planes meet it. 

Let P, Q, be two forces acting perpendicularly 
at the arms CA, DE, 
to turn a body round 
the axis HK, the 
planes CAP, DEQ 
being perpendicular 
to HK; and let the * 
forces balance. Let 
X, Y be the pres- 
sures exerted by the 
fulerums at H ard 
K. which pressures 
balance the forces P, Q. Then X and Y are the 

_s if the forces P and Q, continuing parallel 
to themselves, were transferred to C and D. 

Let AC be produced to F, CF being equal to CA, 
and at F in the plane PAC, and perpendicular to AF; 
let two forces P', P", each equal to P, act in opposite 
directions, "These forces will balance each other and 


BOOK I. STATICS. SECTION IV. 19 


will be equivalent to no force ; ; and therefore if the 
forces P’, P” are added to the system, the equili- 
brium will not be disturbed. , 

In like manner prqduce 'ED fo G, OG being 
equal to ED, and at G, in the plane QED, and per- 
pendicular to DG, let two forces Q’, Q”, each equal 
to Q, act in opposité directions: these forces will 
not disturb the equilibrium. Therefore the six forces 
P, P', P", Q, Q, Q”, acting in the manner described, ` 
will be supported by the forces X, Y ; that is, the 
eight forces P, P', P", Q, g, q^ AX, Y, balance each 
others 

The forces P", Q", are sei in exactly the 
same manner with regard to vertical lines and planes 
drawn upwards, as P, Q are, with regard to vertical 
lines and planes drawn, downwards, Therefore P’, : 
Q”, would balance cach other on the axis HK, 
and would produce at H and K pressures equal and 
opposite to those which P, Q produce. But the forces 
X, Y are equal and opposite to the pressures which 
P, Q produce, for they balance those pressures, 
Therefore the forces P", Q” produce at H, K the 
pressures X, Y. 

The forces P, P' are equivalent to a force double 
of P acting at C, parallel to P; and the forces Q, Q' are 
equivalent to a force at D double of Q, parallel to Q. 

Hence the six forces P, P’, P" Q, Q', Q” are equi- , 
valent to .X, Y, at H, K, and to 2P, 2Q at C, D. 
And the eight forces P, P', P", Q, Q’, Q', X, Y are 
equivalent to 2X, 2Y at H, K, and to 2P, 2Q, at 
C, D. 

But these eight forees balance each other; there- 
fore 2.X, 2Y, acting at H, K, balance 2 P, 2Q, acting at 
C, D: and therefore X, Y, which balance P, Q, acting 
at A, E, would balance P, Q, acting:at C, D. Q.E.D. 
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HYDROSTATICS. 


DEFINITIONS AND FUNDAMENTAL NOTIONS. 
LI 


1. Hyprostatics is the science which treats of 
the laws of equilibrium and pressure of fluids. 


-2. Fluids are bodies the parts of which are move- 
able amongst each other by very small forces, and 
which when pressed in one part transmit the pressure 
to another part. 


8. Some fluids are compressible and elastic ; that 
is, they are capable of being made to occupy a smaller 
space by, pressure applied to the boundary within 
which they are contained, and when thus compressed, 
they resist the compressing forces and exert an effort 
"to expand themselves into a larger space. Air is such 
a fluid. 


L] 
a 


4. Other fluids are incompressible and inelastic; 
not admittirfg of being pressed into a smaller space nor 
exerting any force to occupy a larger. Water is consi- 
dered as such a fluid in most hydrostatical reasonings. 


5. In all fluids which have weight, the weight of 


the whole is composed of the sum of the weights of all 
the parts. 


Y 
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AXIQMS. 
1. Ifa fluid of which the parts have no weight 
be contained in a tube of . 


which the two engs Are 
similar and equal planes, two 
equal pressures applied ,per- 
pendicularly at the two ends 
will balance each other. 

Let ABCD be the tube, 
AB, CD its two equal ends: 
the equal forces P, Q, acting 
perpendicularly on these ends will balance each other. 

2. If two forces acting upon two portions of the 
boundary of a fluid balance each other, and if a force 
be added to one of them, it will prevail, and drive 
out the fluid at the part of the surface acted on by 
the other force. 

Cos. Hence if P and Q in Axiom 1 balance, 
they are equal. : 2 

3. Ifa fluid be at rest in any vessel, and if any 
forces, acting on two portions of the boundary of the 
fluid, balance each other, they will also balance each 
other if any portions of the fluid béogme rigid with- 
out altering the magnitude, position, dr weight of any 
of their parts. 

Thus if the two forces P, Q, a acting on*4 B, CD, 


parts of the surface P 5 Q 
of a vessel containing A 
fluid, balance each ~ 

other; they will also c 


balance each other if 
the parts E and F of the fluid be supposed to 
become rigid, the magnitude, position and weight, 
of all the parts of EF, remaining’ career 
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4. Any plane surface pressed by a fuid may be 
divided into any number of particles, and the pressure 
on the whole is equal to the sum of the pressures 
on each of the particles. 


5. When a plane surface is pressed by a fluid, 
the pressure exerted on the surface, and the pressure 
of the surface op the fluid, are perpendicular to the 
plane. 


6. We may reason concerning fluids supposing 
them to be without weight: and we shall obtain the 
pressures which exist in heavy fluids, if we add, to 
the pressures which would take place if the fluids had 
no weight, the pressures which arise from the weight. 


. 4. When a finite mass of fluid is considered as 
consisting of small particles of any form or size, and 
when the consequences of our reasoning do not depend 
upon the magnitude of the particles, we may, in our 
reasoning, neglect the magnitude or weight of any 
single particle, and the eonsequences will still be true 


in a heavy fluid. 


REMARKS ON THE AXIOMS OF HYDROSTATICS. 


1. As the Axioms of Geometry are derived from the idea of 
space, and the Axioms of Statics from the ideas of pressure and 
of solid coherent matter; the Axioms of Hydrostatics are derived 
from the idea of pressure, and from the idea of fluid matter ;— 
matter whicn, without coherence or rigidity, can still sustain 
pressure and transmit it in all directions; or, as we may express 
it more briefly, from the idea of fluid pressure. It is not enough 
to conceive a fluid as a body the parts of which are perfectly 
; moveable: for the mere notion of mobility includes no concep- 
, tion of force or pressure. We must conceive fluid as transmitting 

‘pressure, in order to perceive the evidence of the Axioms of 


Hydrostatics. 
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2. The First Axiom of our Hydrostatics,—tha& if a fuid be 
contained in a tube of which the«two ends are similar and equal 
planes acted on by equal pfessures, it will be kept in equilibrium 
—follows from the principle of sufficient reason, for there is no 
reason why either pressure should preponderale. If, §3r example, 
the curvature of the tube*or any such cause, affected the pressure 
at either end, this condition would be a limitation of the property 
of transmitting pressure in all'directions, and would imply im- 
perfect fluidity ; whereas the fluidity is supposed to be perfect 


3 For the like reasons, we might assume as an e4ziom the 
First Proposition of the Hydrostatics, that fluids transmit pressure 
equally in all directions, from one part of their boundary to the 
other ; for if the pressure transmitted were different according to 
the direction, this difference might be feferred to some cohesion 
or viscosity of the fluid; and the fluidity might be made more 
períect, by conceiving the difference removed "Therefore the 
proposition would be necessarily and evidently true of a perfect 
fluid. . [ 


4. But instead of laying" down this as an axiom, Axiom 3 
is introduced—that any part of a fluid which is in equilibrium, 
may be supposed to become rigid. This axiom leads immediately 
to Proposition I, and it is, besides, of great use in all parts of 
Hydrostatics. ` 2 

If we had to reason concerning flexible bodies, we might 
conveniently and properly assume a corresponding axiom for 
them ;—namely, that, of a flexible body which is in equilibrium, 
any part may be supposed to become rigid. And we might give 
a reason for this, by saying that rigidity’ implies forces which 
resist a tendency to change of form, when any such tendency ° 
occurs; but in a body which is in equilibrium, there is no tend- 
ency to change of form, and therefore tht resistinggforces vanish. 
It is of no consequence what forces would act if there were a stress 
to bend the body: since there is not any such stress, the rigidity 
is not called into play, and therefore it makes ao differefice 
whether we suppose it to exist or not. 

The same kind of reasons may be given, in order to shew, 
what Axiom 3 asserts, the*admissibility of introducing, in the 
case of equilibrium of a fluid, rigidity, instead of that susceptibility 
of change of figure, (still greater than flexibility,) which fluidity 
implies, Since the mass is perfectly fluid, its particles exert ‘no 
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constraint on each others motions; but then; becduse they are 
in equilibrium, no constraint is needed to keep them in their 
places. They ate as steadily kept there (so long as the same 
forces continue to act) as if they were held by the insurmountable 
forces whide, connect the parts of a perfectly rigid body. We 
may therefore suppose the inoperative forces of rigidity to be 
present or absent, among the particles, without altering the other 
forces or their relations*. And hence we see the truth of Axiom 3 
of the Hydrostatics. 

5. The last axiom of Hydrostatics (Ax. 7) is introduced in 
order that we may be able to reason concerning the quantity of 
fluid pressure, by supposing the fluid divided into small particles. 
To speak of the particles as finite would lead us into error, since 
they are not of any known finite magnitude; and to speak of 
them as indefinitely small, would involve us in the difficulties 
of the Higher Geometry, in which the Ideas of Limits or Differ- 
entials are introduced. The Axiom will be self-evident if we 

, consider the particles as microscopic in magnitude, and of cor- 
responding weight. n 


* This Axiom is employed familiarly by Newton and many other 
eminent mathematicians. 
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SECTION, I. 


PRESSURE QF NÓN-ELASTIC FLUIDS. 


PROPOSITIONS. 


Prop. I. Frvips press equally in all direc- 
tions. 


First, a fluid at rest presses equally in all direc- 
tions on equal plane portions of the vessel which 
contains it, if we neglect the weight of the fluid. 


Let LMN be the close vessel, 4B, CD, EF, GH, 
similar and equal plane por- 
tions of the surface of the 
vessel; let two forces P, Q P 
acting on 4B, CD, portions 
of the boundary of the fluid, : 
balance each other; and let 
a tube ACBD be imagined, 
passing from AB to CD. 
Let the portions of the 
fluid, ACL, BDN become rigid ; then, by Axiom 3, , the 
forces P, Q still balance edi other; but by Cor. to 
Ax. 2, in this case the forces P, Q are equal. And in 
like manner it may be shewn that the forees P, R are 
equal, as also the forces P, S. And P, Œ R, S the 
forces which act on the boundary of the fluid and 
balance each other, are.the pressures on similar and 
equal portions of the containing vessel. "Therefore the 
pressures exerted on all such portions are equal. 

Secondly, in a fluid at rest any particle is equally 
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pressed in all directions upon similar and equal plane 
surfaces. ‘ 

Let 4 be any point, in a fluid, and let 4M, AN be 
any two &rections. Let AB, bea 


plane perpendicular to 4M, and. € 
AC a similar,and equal plane per- (EX 
pendicular to AN. Let the (geo. / A : 


metrical) solid, uf which the B 

planes AB, AC are boundaries, 

be completed, and be considered 

as a particle of the fluid. And M 

let P, Q be the forces which act on the planes AB, 
AC, and preserve the equilibrium. Let the whole 
of the fluid, which surrouuds the solid ABC be sup- 
, posed to become rigid: therefore, by Axiom 3, the 
' forces P, Q still balance each other. 

Let the portion BAC of fluid have no weight; there- 
fore, by the proof of the first part, the forces P, Q are 
equal to each other. 

But by Axiom 7, since this consequence does not 
depend upon the magnitude of the particle ABC, we 
may neglect the weight of the particle ABC, and the 
consequetice will be true. 

Therefore, in a fluid at rest, the pressures P, Q, 

* which act upon a particle in the two directions MA, 
NA, are equal. Q.E.D. 


Cor. “A particle of fluid is equally pressed on 
any two equal and similar portions of its surface. 


Prop. II. The pressure upon any particle 
of a [heavy] fluid of uniform density is propor- 
tional to its depth below the surface of the fluid. 


Ffirst, when there is a vertical column of fluid 
reaching from the particle to the upper surface. 
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Wie the surface pressed is horizontal, let 4B 
be the horizontal surface pressed, and ABCD the 
column reaching to the surface, the. sides 
AD, BC being vertical., 

Let the colum& ABCD be divided 
into any number of equal particles hy 
horizonta] planes, drawn at equal vertical 
intervals, And each of these partieles will 
sustain the pressure of the particle above 
it, and will transmit this pressure to the x 
particle below it, by Prop. I; and will also press upon 
the particle below with its weight, by Ax. 6. There- 
fore the pressurcs on the particles at the distances of 
1, 2, 3, &c. intervals below the surface will be as 
1, 2, 3, &c.: that is, they will be as the depths. 

When the surface pressed is not horizontal, "let 
AX be another plane surface of the particle pressed, 
equal to the plane 4B. By Prop. I, the pressure 
upon AX is equal to the pressure upon AB; therefore 
it is as the depth AD. 


Secondly, when there is not a vertical column 
reaching from the particle to the upper suyface. 

Let AB be the horizontal surface pressed, OP the 
surface of the fluid, OD horizontal ; ; and AD vertical. 


Draw AH vertical till it 
mects the side of the vessel; 
take HE = AB, and draw 
EN horizontal till it meets 
the opposite side of the ves- 
sel; take NK = AB, and 
draw KO vertical; and,so on 
if necessary ; we shall in this 
way arrive at the upper sur- 
face of the fluid. Draw HM, NP, so as to com 
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plete the zigzag tube ABEMO which passes from 
the plane AB to the upper surface of the fluid. Also 
the surfaces GH, EF,.LM, are all equal to AB. 

Let the column MP, and also the column BC be 
divided into equal particles by aorizontal planes at 
equal vertical intervals, as in the former part of the 
proof. 'Then the pressure upón .EF is eqval to the 
pressure upon GH, together with the weight of the 
particle GE, by Axiom 6. But the pressure upon 
GH is equal to the pressure upon ML, by Prop. I, 
because GH is equal to ML. Therefore the pressure 
upon EF is the same as if a column ED extended to 
the surface: and therefore, as in the proof of the former 
part, the pressure on any particle in 4E is the same as 
if a column AD extended to the surface; that is, by 
‘the former proof, it is as the depth AD. Q.E.D. 


Con. 1. Hence it appears that if a heavy fluid be 
contained in a vessel of which some parts are over the 
fluid, any particle of such a part exerts a pressure 
downward upon the fluid, »qual to that which would 
exist if there were, instead of the particle of the vessel, 
a vertical column of fluid extending to the horizontal 
surface of the fluid. 

Thus the particle of the side of the vessel which is 
'over GH, presses downwards with the same force as if, 
instead of that particle of the vessel, there were a 
vertical column of fluid GZIDC. 


Cor. 9. Any portion of the side of a vessel which 
is over the fluid, presses downwards upon the fluid 
with the same force as if there were a vertical column 
of fluid over that part, and the side of the vessel were 
removed. 

The part OH of the side of the vessel presses 
downwards with the same force as if the side OZ were 
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removed, and there were a column of fluid OHD over 
the fluid OLH. ` 

For the pressure of the part pf the ade OH down- 
wards is the sum of the pressures of éach particle of 
OH downwards; which is, by Cor. 1, the sum of 
vertical columns, reaching, to the horizongal surface, 
and standing upon each particle of OH : and the sum 
of these vertical columns, is a column standing on the 
part OH, and reaching to the surface. "Therefore 
the whole downward pressure is equal to the whole 
column. 


Prop. III. The upper surface of a heavy 
fluid of uniform density, and at rest, is hori- 
zontal. : 

Let PQ be the upper surface of a heavy fluid. 
If possible, let P, Q not be in a horizontal plane. 
Let A be any point in the fluid, 4X the plane sur- 
face of a particle. Draw PC, QD horizontal, and 
ACD vertical. 

Dy Prop. II. the pressure upon AX arising from 
the weight of the fluid is as 4C 
on the side P ; and for the same 
reason it is as AD on the side Q: 
and these are opposite pressures 
upon the plane 4X. Therefore 
the fluid cannot be at rest ex- 
cept these are equal; that is, 
except AC = AD; therefore PQ is not otherwise than 
horizontal. Q.E.D. 


Pror. IV. Ifa vessel, the bottom of which 
is horizontal, and the sides vertical, contain a 
heavy fluid, the pressure upon the bottom is equal 
to the weight of the fluid. 
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The pressures of the vertical sides are horizontal, 
and do not. increase or diminish the pressure dowp- 
wards. Therefore the whole weight of the fluid will 
be sustajned in the same manner as if there were no 
forces acting on the sides. Let the whole fluid beceme 
rigid. Then since it is now a solid (rigid) body, the 
pressure upon the base is equel to the weight of the 
body. But by Axiom 3, the pressure is the same 
as before; therefore the préssure of the fluid on the 
base is equal to the weight. Q.E.D. 


Cor. 1. The pressure of a vertical column of 
height H on its horizontal base B is as B x H : for 
this is the content of the column. 


Cor. 2. If AX (fig. p. 87) be a particle of the 
bottom which is not horizcatal, the pressure on AX 
is as AX x AD: for if dB = AX be horizontal, the 
pressure on AB is as AB x AD, by Cor. 1: and the 
pressure on 4X is equal to the pressure on 4B, by 
Prop. I. , i 


Prov. V. To construct and explain the 
hydrostatic paradoxes. 
- The hydrostatic paradoxes are, 
1. That any pressure P, however small, may, by 


means of a fluid, be made to balance any other pressure 
W, however great. 


2. That any quantity of fluid, however small, 
may, by means of its weight, be made to balance a 
weight W, however great. 


1. The ratio of W to P, however great, may 
be expressed by a number n. 
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Let two planes, AB, CD be taken, ‘such that 
1: n : 4B: CD; and let'a close ma- . p 
chine be constructed in which these 
planes are moveable, so as they can ^ 1] 
exert pressure on the fluid: as, for 
example, if AB be a piston, or plug 
sliding in à tube, which enters a ves- 
sel, and if CD be a rigid plane cles- 
ing a flexible part of the vessel, like a 
the board of a pair of bellows; and 
let P act on AB, and let the fluid be 
in equilibrium. Then the*plane CD 
may be divided into n surfaces, each (MN) equal to 
AB. By Prop. I., the pressure upon each of these sur- 
faces is P, and hence the whole pressure on CD is (B. 1. 
Prop. C.) the sum of all these pressures: that is, it i8 
n times P; and if therefore W be n times P, W act- 
ing at the surface CD will be balanced by P acting 
at AB. 

2. Let the given quantity of fluid be a column 
of which the base is B and the L f 
height H, and let the given O E: 
weight W be equal to » times the i ot 
weight of this column. Take a 
plane CD equal to n times B, 
and let a machine be constructed 
in which there is a vertical tube , 
LM, of which the horizontal 
section AB is the surface B, and ud 
which enters a vessel; and let CD $ ° € 
be a horizontal plane moveably connected with the vessel, 
as before. And let the yessel LMAND be filled with 
the fluid up to the plane CD, and let the weight W be 
placed on the plane CD, and the tube LM be filled 
with fluid to the point O at the height H above CD, 
so that ABCD being'horizontal, AO is equal to H. 


D 
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The Huid BO and the weight W will balance each 
other. 


For the plane. CD may be divided into n 
particles as EF, each equal to the plane B; and 
OG being horizontal, the pressure of the fluid up- 
wards on.each of these is equal to a column of 
fluid of base B and height 40 or H, by Prop. IV. 
and its Cors. "Therefore the whole pressure upwards 
is m times this column. Therefore, if the weight W 
be n times this column, the pressures downwards and 
upwards will balance each other, and there will be 
an equilibrium. ‘ ` 


Prop. VI. If a body floats in a fluid it 
displaces as much of the fluid as is equal in 
Weight to the body; and it presses downwards 
and is pressed upwards with a force equal to 
the weight of fluid displaced. 


First, if the fluid be entirely under the body. 

Let LM be a particle of the surface of the body ; 
and on LM let a vertical column be erected, meeting the 
upper surface of the fluid in DE. Draw the horizontal 
section LZ of the column; and take KL perpendicu- 
lar to LM to represent the pressure on LM, and 
draw KH perpendicular on the ver- p 

. . R 
tical lina DL. » 

The force KL may be resolved into 
KH, HL, of which HL represents the 
vertical force; and the whole force on 
LM istothe vertical force on LM as KL 
to HL; that is, by Lemma-7, as LM 
to Li; or as DL x LM to DL x LI. AIL 
But the whole force on LM is equal to M! 

a column of fluid DL x LM, by Cor. 2. a " 


to Prop. IV.; therefore the vertical force 
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on LM is equal to a column, of fluid DL x "Ll; that 
is, to the column EDA, by Lemma 6; that is, to 
the column EDZM, because the, single ain LIM 
may be neglected, by Axiom 7. 

And, in like manner, the vertical pressure upon 
any other particle of the surface of the flgating body 
is the weight of fluid équal to the vertical column 
which stands upon that particle, reaching up to the 
surface of the fluid. 

And the whole vertical pressure upwards is equal 
to the sum of all these columns, that is, to the weight 
of the fluid displaced. à ; 

Secondly, if the fluid be above any part of the body, 
the excess of the vertical pressures upwards above the 
vertical pressures downwards is equal to the weight of 
the fluid displaced. . 

Let ABC be a vertical section of the body, EF 
the upper surface of the fluid, LM any particle of 
one of the lower surfaces of the body. 

Draw the column LDME vertical, meeting the 
upper surface of the fluid 
in DE, and cutting off a par- —E 
ticle QR in the upper sur- 
face of the body. It may CB 
be proved, as in the for- 
mer part, that the vertical 
pressure upwards on the par- 
tide LM is equal to the 
weight of the column of fluid ^ 
LDEM. And in the same : 
manner it may be proved that the vertical pres- 
sure downwards on the particle QR is equal to 
the weight of the column of fluid QDER. There- 
fore the excess of the pressures upwards above the 
pressures downwards on this vertical column is the 
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excess of the weight of the column of fluid LDEM 
over that of QDER; that is, it is the weight of the 
column LQRM. e 

In th? same manner, in'any other vertical column, 
the excess of the pressure upwards above the pressure 
downwards:is the weight of a quantity of fluid equal 
to the vertical column intercepted within the body. 
And the whole excess of the vertical pressures upwards 
is the sum of all such interecpted columns ; that is, 1t 
is the weight of the fluid displaced by the body. 

Therefore in all cases, the weight which can be 
supported by the pressure upwards, or by the excess of 
the pressure upwards, 1s the weight of the fluid dis- 
placed. Bat if a body float the weight of the body 

. must be supported. Therefore the weight of the fluid 

displaced must be equal to the weight of the body. 

And in this case the body presses downwards with 
its weight, that is, with the weight of the fluid dis- 
placed ; and it is supported by an equal pressure 
upwards. Q.Ł.D. 


Prop. A. If any horizontal prism be wholly or 

partially immersed in a fluid of uniform density, the 

, horizontal pressures of the fluid on the sides of the 
prism destroy each other. 


Let ABC be æ vertical section of the prism per- 
:pendicular to its length, 
| EF the upper surface of 
the fluid; LM any par- 
ticle of one of the sur- 
faces of theprism. Draw Or 
» LQ, M horizontal, cut- P 
' ting off QR, a particle 
, Of, the opposite surface 
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of the prism. Draw LD, ME, QF, RG, vertical, to 
the upper surface of the fluid’ à 

Since the plane ABC is perpendicular to the 
length of the prism, the pressures on the „sides of 
the prism, which, by Axiom 5, are perpendicular to 
the sides, are in the plane ABC. Take KZ, perpen- 
dicular and,equal to LM, to represent the pressure 
on LM, and draw NLZ horizontal, and KH vertical. 

By Prop. IV. Cor. 2, the pressures on the particles 
LM, QR are as LM x LD and QR x QF; that is, 
as LM and QR, because LD and QF are equal. 
Therefore, if a line KL, equal to*LM, represent the 
force on LM, a line equal to QR will represent the 
force on QR. Let, therefore, PQ, perpendicular and 
equal to QR, represent the force on QR, and draw 
SQO horizontal and PO yertical. : 


Since MLK, LHK are right angles, the angles 
MLN, LKH are equal: and hence, LK being equal 
to LM, the triangles KHL, LNM are equal in all 
respects, so that LH = MN ;,also in like manner the 
triangles POQ, QSR are equal in all respects, so that 
OQ = RS. But MN is = RS; therefore LH = OQ. 

The force KL may be resolved into KH, HL, of 
which HL is the horizontal part ; and the force PQ 
may be resolved into PO, OQ: of which OQ is the 
horizontal part; and OQ, HL have been shewn to be 
equal: therefore the horizontal forces on the fwo par- 
ticles LM, QR are equal and opposite ; therefore they 
destroy each other. e 


In the same manner, if any other lines be drawn 
horizontally in the plane o£ the figure, they will cut off, 
in the surface of the prism, opposite particles, on which 
the horizontal forces will destroy each other; and the 
horizontal forces on all such particles are the whole 
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horizontal pressures of the fluid on the sides of the 
prism. Therefore the whole horizontal pressures de- 
stroy each other. Q.E.D. 


Pros. B. If a body bounded by plane surfaces 
be wholly or partially immersed in a fluid, the hori- 
zontal prestures of the fluid on the sides of the body, 
in any direction and its opposite, destroy zach other. 

Let LM be a particle of the immersed surface of 
the body, and on LM let a horizontal prism be con- 
stituted, (of which QL is one of the edges,) meeting 


the opposite surface of the body, and cutting off the 
particle QR. Draw LD, QF, vertical lines, to the 
upper surface of the fluid. Take KZ to represent 
the pressure on LM, and draw KH perpendicular on 
QE produced. And let L/, Qq be the sections of the 
horizontal column by vertical planes. 

The force KZ may be resolved into KH, HL, of 
which HZ is the horizontal force parallel to the line 
LQ. And the whole force on LM is to this horizontal 
force as ‘KL to HL; that is, by Lemma 7, as LM to 
Li, oras LD x LM is to LD x Li, But the whole 
pressure on LM is the weight of the column of fluid 
LD x LM, by Prop. IV. Cor. 2. "Therefore the hori- 
zontal force on LM parallel to LQ is the column 
LD x Li. 
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In like matner, it may be shewn that the’ hori- 
zontal force ôn QR, parallel to QL, is the weight of 
the column of fluid QF x Qq, which is equal to the 
column LD x Li, because, by Lemma 5, Ll, Qq are 
equal. 

Therefore the horizontal pressures pn LM and 
QR, parallel to the line LQ, are equal and opposite, 
and therefore they destroy each other. 

And, in the same manner, the horizontal ‘pressures 
on any other two opposite particles, parallel to the line 
LQ, destroy each other. And the sum of all such 
horizontal pressures on opposite particles is the whole 
pressure on the surface of the body parallel to LQ. 
Therefore the whole of the horizontal pressures parallel 
to LQ destroy each other. 

And, in like manner, the whole of the horizontal 
pressures parallel to any other horizontal line destroy 
each other. 

Therefore the whole of the horizontal pressures 
in any direction and .its opposite destroy each other. 
Q.E D. 


SCHOLIUM. 


The last two Propositions are' true of bodies 
bounded by curvilinear, as well as by plane surfaces. 
For the curvilinear figure is the limit of a polyhedral 
figure of a great number of sides. “And wlfát is true 


up to the limit is true of the limit. 
. 


Pror. C. When a body floats in a fuid, the’ 
centers of gravity of the body and of the fluid dis. 
placed are in the same wertical line. 

When a body floats, its weight is balanced by the 
vertical pressures of the fluid on each particle of the 
immersed surface of the body; and these latter pref. 

M. E, : n 
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sures, by Prop. VL, are equal to ‘the weight of 
vertical columns which would make up the fluid dis- 
placed. And the weights of these vertical columns 
will produce thé same effect as if they were collected 
at their center of gravity, and ,acted upwards there, 
(Book I. Prop. E.), that is, at the center of gravity 
of the fluid displaced. And «he weight of the body 
produces the sanre effect as if it were collectcd at 
its center of gravity, and acted downwards there. 
Therefore the two equal forces, one acting vertically 
upwards at the center of gravity of the fluid di-placcd, 
and the other acting +ertically downwards at the center 
of gravity of the body, balance cach other. But 
this cannot be, except they act in the same vertical 
line; therefore the two centers of gravity are in the 


€ . . 
same vertical line. Q.E.D. , 
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SECTION II. 


SPBCIEI € GRAVITIES. 


Drr.1. The Specific Gravity of a substance is 
the proportion of the weight of any magnitude of that 
substance to the weight of the same magnitude of a 
certain standard substance (pure water). 

For example, if a cubic foot vf stone be three times 
as heavy as a cubic foot of pure water, the specific 
gravity of the stone is 3. - 


Dir. 29. The density is as the quantity of matter e 
in a given magnitude, (1% t. Art. 13), and the quantity 
of matter is conceived to be as the weight: therefore 
the density of a body is as the specific gravity. 


Der. 3. When a body lighter than water is en- 
tirely immersed in water, itetends to*ascend by a cer- 
tain force which is called its levity. 


Prop. VII. If M be the magnitude of a 
body, S its specific gravity, and W its weight, IV, 
varies as MS. 


If the specific gravity increase in anyeratio, the 
weight of a given magnitude increases in the same 
ratio, by the Definition of specific gravity ;ethat is, the 
.weight W varies as the specific gravity S; álso if the' 
specific gravity be given, the weight W increases as the 
«magnitude M; therefore by the Introduction, Art. 57, 
if neither" S' nor M be given, W varies as MS. 
Cog. If A be the weight of a unit of magnitude 
` ‘of the standard substance (pure water), W = AMS. 
Í ý 5—2 
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For W is equal to MS with some multiplier, whole 
or fractional, by the Proposition. And when M is 1, 
and S is 1, by supposition W =A; therefore W= AMS 
in all cases, 
SCHOLIUM. 


0 
The weight of a cubic foot of water (4) is 63 
pounds avoirdupois nearly. 
The following is a list of the specific gravity of va- 
rious substances; the standard (1) being pure water :— 


Gold......... viuda euet 19.3 
Mercury (s.vriei ects vns 136 
Lead -11.83 


Silver Ai sesers tes sen! «10.5 
Coppob.. e eceewera iesur 89 
Iron Foe cee stet dr tuy E 
Marble: 2.022359. neis 9, 

AN ater cosas edic voee sek 1.0 


pe lei veces 50 
Cork...... BO Perot d Me. Qh 
ATS M MT noes es .00125 or i 
800 
EXAMPLES. 


To find the weight of a cubic inch of silver. 
The formula W= 4MS being applied in this case, 


: m 1 : 
A is 63 pounds, M is 1 inch, or — — foot, S is 10.5; 


1728 
63 x 10.5 16 x 661.5 
whence W = --———— pounds = ——- ounces 
1728 p 1728 


= 6.1 ounces. 
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2. To find the weigh} of 10 feet square of gold 
leaf one thousandth of an inch thick. ' 


1 " — 63x19 1215. 
Te ENE a x us 
= 10.1 pounds. 
3. To find tha weight of a cubical block of 
marble 1000 feet in the side. 
IV = 63 x 1000" x 2.7 = 130100000000 pounds 
= 58531950 tons. 


4. To find the weight.of a column of air one inch 
base and 5 miles high. 


5 x 5980 63 x 5 x 110 
WW «63 x —-- x ,00195 = ———— 
144 3 x 800 


M 2100 x 


= 14 pounds. ' 


Pnor. VIII. When a body of uniform density 
floats on a fluid, the part immersed is to the whole 
body as the specifie gravity of the body is to thc 
specific gravity of the flufd. ° 

For the magnitude of the part immersed is to that 
of the whole body as the fluid equal in bulk tó the part 
immersed is to the fluid equal in bulleto the whole body. 
But the fluid equal in bulk to the part immersed is equal ' 
in weight to the whole body, by Prop. VI. Therefore 
the part immersed is to the whole as the woigrht of the 
body is to the weight of an equal bulk of fluid; that 
is, by the Definition of specific gravity, a* the specific 
gravity of the body to that of the fluid. — o-x.p. 

Prop. IX. When a body is immersed in a 
fluid, the weight lost in the fluid is to the whole 
weight of the body as the specific gravity of the 
fluid is to the specific gravity of the body. 
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When, the body is wholly immersed, the pressure 
of the fluid vertically upwards *s equal to the weight 
of a bulk of fluid equal io the body, by Prop. VI. But 
this pressur? upwards.diminisbes the weight of the body 
when it is immersed in the fluid, ard so much weight is 
lost. Therefore the weight lost in the fluid is equal 
to the weight of a bulk of fluid equal to the body. 
And the specific gravity of the fluid is to the specific 
gravity of the body, as the weight of a bulk of fluid 
equal to.the body is to the weight of the body (Def.); 
that is, as the weight lost is to the whole weight. 
Q.E.D. 


Pror. X. To describe the hydrostatic ba- 
lance, and its use in finding the specific gravity of 
a body. . 


First, when the body is heavier than the fluid in 
which it is weighed (water). 

The hydrostatic balance is a balance in which a 
body (P) can be weighed, | 
either out of water, in the 
scale 4, in the usual manner, 
or in the water (as at P). A 

In order to find the spe- 
cific gravity of any body, R 
let it be weighed out of 
water, and in water; the difference is the weight 
lost in water; and hence the specific gravity is known 
by the last Proposition. 


Cor. If U be the weight of the body out of 
water, V the weight in water, W the weight of an 
equal bulk of water, and S the specific gravity, 


U v 
Ww U-V 


wW 


W=U-F, and S= 
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Secondly, when the body is lighter than water. 

Let the proposed body be weighed out of water; 
also let it be fastened to a sinker of which the weight 
in water is known, and. let the compound body be 
weighed in water. » 

'The excess of the weight in water cf the sinker, 
above tha weight if water of the compound body, 
is the levity of the proposed body: for by attach- 
ing the proposed body, its levity or tendency up- 
wards in water diminishes the weight in water of the 
sinker, : 

The levity of the proposed body, together with its 
weight out of water, are equal to the weight of an 
equal bulk of fluid; for the levity of the..body in 
water is the excess of the pressure upwards above the, 
pressure downwards ; that is, the excess of weight of 
an equal bulk of fluid above the weight (out of water) 
of the body. 

IIence the weight of an equal bulk of water is 
known, and hence the spegjfic gravity, by the Defi- 
nition of specific gravity. 

Cor. If U be the weight of the body out of 
water, Q the weight of the sinker in water, and R the 
weight of the compound body in water. The levity of 
the proposed body is Q — R. Hence Q- R +U is 
the weight of an equal bulk of fluid ; and 


U 
Q-R+U . 

Ex. The weight of the body is 2, and by attach- 
ing to it a sinker which weighs 4 in water, the com- 
pound body weighs 3 in’ water. Therefore the levity 
of the body is 4 — 3 or 1, and the weight of an equal 
bulk of fluid is 2 + 1 or 3. Hence the specific gravity 
is $. 


S= 


104 MECIEANICS, 


Prop. XI. To describe the common hydro- 
meter, and to shew how to ‘compare the specific 
gravities of two fluids by means of it. 


The common Hydrometer is, an instrument con- 
sisting of a.body and a slender stem, and 
of such specific gravity that in the fluids, 
for which it is to be used, it floats with 
the body wholly immersed and the stem 
partially immersed. 

The part immersed is to the whole as the 
specific gravity of the body is to the specific 
gravity of the fluid (Prop. VIII); and if the 
specific gravity of the fluid vary, the part 
, immersed will vary in the inverse ratio of 
the specific gravity. 

But since the stem is slender, small 
variations of the part immersed will occupy 
a considerable «pace in the stem, and will 
be very easily ascertained. 

If the magnitude of the whole instrument be repre- 
sented by 4000 parts and each of the divisions of the 
stem by 1 such part; and if the whole length of the 
stem contain 100 such parts, the instrument will mea- 
sure with great accuracy specific gravities of fluids 
within certain limits. 

Let tro fluids Se compared with a certain ** proof” 
standard, as 50, in the middle of the scale. If the 
instrument wink to 30, the specific gravity of the fluid 
is known. For the part immersed is 4000 — 30, or 
3970: and the **proof" fluid, the part immersed is 
4000 — 50, or 3950. Therefore the specific gravity 
of the fluid is to that of **proof fluid" as 3950 to 
3970, or as 395 to 397. 
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SECTION" III. 


DING lTLUIDs ` 
e 
Pror. D. PERE Princtpir L. Water and 


other liquids have weight in all situations. 
The facts included in this induction are such as 
the following — 


(1). Water falls in air as solid bodies do. 
(2). A bucket of water held in air is heavy and 
requires to be supported in the same matoer as a 


sold body. 
(^) A bucket of water held in water appears less 
heavy than in air, and may be immersed so far as 
not to appear heavy at all. 
(2. A lighter liquid, remains, at rest above a 
heavier, as oil of turpentine upon water. 


(3). The bodies of divers plants, and other T organ- 
ised bodies, though soft, are not compressed or “injured 
under a eonaderable depth of water. 

The different effects (2) and (3) led to the' doc- 
trine that all the elements have their proper places, the 
place of earth and heavy solids being lowest, of heavy 
fluids next above, of light fluids next, of air next; and 
that the elements do not gravitate when they are in 
their proper places, as water in water; but that water 
in air, being out of its proper place, gravitates, or is 
heavy. In this way also (1) and (4) were explained. 

But it was found that this explanation was not 
capable of being made satisfactory ; for—<(6) a solid 


body of the same size and weight as the bucket of water 
: 5—5 
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in (3) gave rise to the same results; and these could 
not be explained by saying that the solid body was 
in its proper place. 

These facts can he distinctly explained and rigor- 
ously deduced, by introducing the Idea of Fluid 
Pressure ; and the Principle that water is a heavy 
fluid, its weight producing effec.s according to the 
laws of fluid pressure. 


For on this supposition (1) and (2) are explained, 
because water is heavy; and (3) is explained by the 
pressure of the fluid upwards against the bucket, 
according to Propositions I., II, IV. 


Also it may be shewn by experiment that in such 
a case as (1) the lighter fluid increases the pressure 
‘which is inserted iu the lower fluid. 

Facts of the nature of (5) are explained by con- 
sidering than an equal pressure is exerted. on all parts 
of the organised structure, in opposite directions ; 
such pressures balance each other, and no injury re- 
sults to the structure, except in some cases a general 
contraction of dimensions. If there be a communi- 
cation between the fluids which are within the struc- 
ture and the fluid in which it is placed, these pressures 
are exerted from within as well as from without, and 
the balance is still more complete. 


Also all the otker observed facts were found to 
confirm the idea of fluids, considered as heavy bodies 
exerting fluid pressure: thus it was found —(7) that 
a fluid presses downwards on a lighter body which is 
entirely immersed ; and presses upwards on a heavier 
body which is partially immersed ; and presses in all 
directions against surfaces, according to the deduc- 
tive Propositions which we have demonstrated to 
obtain in a heavy fluid. 


€ 
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Prop. XII. Iwauerive Priverrre II. 
Air has weight. 


The facts included in this induction are such as 


the following:— , 


(1). We, existing in air, are not sensible of any 


weight belonging to it. ° 
@ 


(2). Bubbles of air rise in water till they come 
to the surface. 


(3) If we open a cavity, as in a pair of bellows, 
the air rushes in. 


(4). If in such a case air cannot entcr ed water 
can, the water is drawn in; as when we draw wateg 
into a tube by suction$ or into a pump by raising 
the piston. 


(5^. Ifa cavity be opened and nothing be allowed 
to enter, a strong pressure is exerted to crush the 
sides of the cavity togetlier. 


If facts (1) and (2) were explained at first by 
saying that the proper place of air is above water ; 
that when it is in its proper place, as in (1), it does 
not gravitate (asin Prop. D.), but that when’ it is 
below its proper place, as in (2), it tend. upwards to 
its place; the facts (3) (4) (5) were explained by say- 
ing that nature abhors a vacuum. 


But it was found by experiment :—* 


(6). That water could not by suction or by a 
pump be raised more than 34 feet; and stood at that 
height with a vacuum above it. 


(7). That mercury was supported in a tube with 
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a vacuum above it, at the height of 30 inches (Torri- 
celli's experiment). 


(8). "That at the top of a high hill this column of 
mercury was less than 20 inches (Pascal's experiment). 
L 


These facts overturned the explanation derived 
from nature's horror of a vacuum; for men gould not 
suppose that nature abhorred a vacuum less at the 
top of a hill than at the bottom, or less over 34 feet 
of water than over one foot. 


But all the facts were distinctly explained and 
rigorously deduced by adopting the 7/dea of fluid 
pressure, and the Principle that air has weight, its 
weight. nraducing its cffects according to the laws of 
fluid pressure. This will be seen in the Deductive 
Propositions which we shall demonstrate as the con- 
sequences of assuming that air has weight. 


The Inductive Proposition was further confirmed 
by—(9) experiments with the air-pump ; for it ap- 
peared that as the'receiver was exhausted the mercury 
in the Torriccllian experiment fell. 


Prop, XIII. Lwovcrive Princrpere III. 
Air is elastic; and the elastic force of air at a 
giver temperature varies as the density. 

The facts which shew air to be clastic are such 
as follow :— 

(1. A 9ladder containing air may be contracted 
by pressure, and expands again when the pressure 
is removed. 

(2). Atube closed above.and open below, and con- 
taining air, being immersed in water, the air contracts 
as the immersion is deeper, and expands again when 
the tube is brought to. the surface. 
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(3). If a close vessel containing water and air, 
fitted with a tube making a communication between 
the water and the exterior, be placed in the exhausted 
receiver, the water is expelled through the tube. 

The principle that the elastic force increases in 
proportion to the density, was experimentally proved 
(first by Boyle*) in’ the following manner:— 

A uniform tube ABCD was taken, ¿D 
closed at A and open at D, and bent 
so that BA and CD were upright at N} 
the same time.  Quicksilvep was poured 
in, so that its ends stood at '"M and 
P. Again, more quicksilver was poured 


in, so that its ends stood at N and > - 

Q. And Pp, Qq being horizontal — . 

AQ and Nq were measurfd. | A 
And the observations of the results EE 

of this experiment were registered as 

in the two first columns of the annexed p P 

table, ° : Cc ie 


a); @)} (3) | (9 
AQ | Nq : Barom, | Press. 
in. in, | in. in. 


30 30 
30 36 
30 - 45 
30 60 
30 00 


The whole pressure on the air 4Q at Q is the 
pressure of the column of, mercury Ng, together with 
the pressure of the atmosphere upon W. The latter 
pressure being taken to be equal to 30 inches of mer- 


* Shaw's,Dgyle, Vol. 11. p. 671. 
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cury, as in column (3), and added to Nq, we have, as 
in column (4), the pressure upon the air 4Q. And it 
appears by comparing columns (1) and (4) that this 
pressure is always inversely as the space occupied by 
the air ; 


for 10 : 6 :: 50 : 36, 
and so for any other of the observations. 


Now the pressure on the air AQ at Q is balanced 
by the elastic force of the air in AQ; these two forces 
acting upon the same surface, namely the surface of 
the mercury at Q. And the pressure upon Q has 
been found to be inverscly as AQ; therefore the elas- 
ticity "ofthe air in AQ is inversely as AQ; that is, 
inversely as the space occupied. 

'The quantity of air remaining the same, the den- 
sity is inversely as the space occupied: therefore the 
clastic force is as the density. 


Pror. XIV. Iwnvcrr E Pnurwcr LE IF. 
The elastic force of air is increased by an increase 
of tefiiperature. 

The facts included in this induction are such as 
the following : E 

(1). 1f g bladder partly full of air be warmed it 
becomes more completely full. 

(2). IY an inverted vessel confining air in water 


be warmed the air escapes in bubbles. 


It was experimentally n ned how much 
the elastic force of air is" increased by heat (first 
by Amontons*) in the following manner :— 


* Mem. de l'Acad. Roy. des Sciences de Paris. 1699. p 113. 
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A bent tube ABC, with a bulb D con- 
taining common air, Was filled yith mercury 
from B to E, B.being 3 inches higher than 
the horizontal plane Ee. "The bulb was thefi 
placed in boiling water, and it was found 
that a small portion of* the mercury was 
driven out*of the bulb, so that the extremity 
of the column was clevated to F, BF being¢ 
11 inches. 


The air occupied very nearly the same 
space in the last case as in tht first; for 
the bore of the tube was very small, and E 
the surface of the mercury continued nearly 
in the same position at Æ. The pressure 
on the air in D at first is the pressure of the atmosphere 
(30 inches of mercury,) together with the weight of 
the column Be (3 inches;) therefore it is 33 inches. 
And the pressure on the air in D when immersed in 
boiling water is, in the same manner 39 inches, together 
with the weight of the column F'e (which is 14 inches ;) 
that is, it is 44 inches; that is, air, in this experiment, 
has its elasticity increased from 33 to 44, by fieating 
the water to boiling: that is, the elasticity was in- 


t>] 
creased one third. 


yv 
Pror. XV. To describe tle construction of 
the air-pump and its operation. 


A valve is an appendage to an orificc, Closing it, 
and opening in such a manner as to allow fluid to pass 
through the orifice in one direction and not in the 
opposite direction. 


A piston is a plug capable of sliding in an orifice 
or tube so as to prodyge or remove fluid pressure. 
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The Air-pump consist: of a barrel and piston with 


valves, the suction-pipe com- i 
municating with a close vessel S | 
called the receiver. ^ 
Let AB be the barrel, B E = 
the inwards-opening valve at, D 
the bottom of the barrel, D C d M. B 


the pistón with its outwards- 
opening valve, BC the pipe, E the recciver. 


The piston D being in its lowest position, is raised 
to its highest position ‘by the handle JZ. During the 
rise no air is admitted at D; and the air in CD, by 
its elasticity, expands and follows the piston in its 

,ascent, passing through the valve B; and thus air is 
drawn out of the receiver E 


The piston is then made to descend again to its 
lowest position: no air returns through the valve B, 
and the air in BD escapes by the valve at D. 


The piston is again raised, and more air is drawn 
out of E as before: and so on without limit. 


Pror. E. To explain the construction of the 
siphon-guage. 

The Siphon-gauge is a twice-bent tube, closed at 
one end, containing fluid, fixed to an L 
air-pump C or other machine, to determine 
the degree of rarefaction of the air. 

Let GH KL, closed at L, be the siphon- 
gauge, (fixed to G in the last or in the next 
Proposition), and let MK N.be a portion of 
the tube filled with mercury, LN being a 
vacuum. Then the vertical height of N G 
above M measures the density ef the air in GH M. 

` l ; 
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If GHM were a vacuum (that is, if the exhaustion 
in the air-pump were complete) M, N would be at 
the same level. 


Pror. XVI. To describe the condenser and 
its operation. $ . 


The C8ndenser consists of a barrel and piston with 
valves, opening the contrary way from 
those of the air-pump, and communicating 
by a pipe with a closed receiver. 


Let AB be the barrel, B the outwards- 
opening valve at the bottom of the barrel, 
D the piston with its inwards-opening 
valve, BC the pipe, E the receiver. 

* 

The piston D being in its highest | 
position, is foreed to its lowest position 
by the handle 7/. During the descent —— —— 
no air escapes through D, and the air in BD is driven 
through the valve B, and "increases the quantity in 
the receiver E. 


The piston is then made to ascend, and no air 
enters the barrel at B, because the valve opens out- 
wards; but air enters the barrel BD by the valve D. 


The piston is again forced down, and mgre air is 
diiven into the receiver E as before: and so on with- 
out limit. . 


The pipe BC has a stop-cock F, and when this is 
closed, the pump may be screwed off, after the con- 
densation is made. » 


d 
Pror. XVII. To explain the construction 


of the common barometer, and to shew that the 
°} 
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mercury in the tube is sustained by the pressure 
of the air ón the'surfaec of the mercury in the 
basin. í 

A Batometer is a (glass) tube, closed H 
at one end and open at the other, which, 
being filled" with a fluid (as mercury) is 


inverted with its open end in a basin. In A 
any place, the fluid stands at a certain 
height (if the tube be long enough,) leav- P 


ing a vacuum above. 

Since the air has weight, it presses upon 
the surface CD of the mercury in the 
basin, and this pressure is resisted by the 
pressure of the column of mercury PM, 

arising from its weight. The mercury in 
the tube is sustained by the pressure of 
the mercury in the basin CD, which pres- 
sure again is sustained by the pressure of 


the atmosphere on the surface of the mer- 
cS b 
cury in the basin. CX 


Pror. XVIII. In the common barometer, 
the ‘pressure of the atmosphere is measured by 
the height of the column of mercury above the 
surface of the mercury in the basin. 
Let 4M be the vertical tube, 4 its closed end, CD 
the basin and MP the height at which the fluid stands. 
The upper parts of the atmosphere are less dense 
than the dower; but so long as the whole is in equi- 
librium, this condition does not affect the laws of fluid 
pressure; and Propositions Ir, II., III., IV., V., VI. 
of this Book will be still tr ie. 
Take, on the surface of the basin, NO equal to 


: NM, the horizontal section of the tube; and suppose 
€ t 
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a tube HN, with vertical sides, standing on the base 
NO, to be continued upwards to the limits of the 
atmosphere. By Axiom 3, if all the rest of the atmo- 
sphere become rigid the pressure is not altqred ; and 
hence by Prop. IV., tbe pressure upon ANO is equal 
to the weight of the column ZIN. But on this sup- 
position, the pressures on MN, NO are equal, by 
Prop. I. And the pressure on MN is equal to the 
weight of the vertical column of mercury M P. There- 
fore the weight of the column of mercury is cqual 
to the weight of the column of atmosphere on the 
same base. 'lherefore the "weight of the column of 
atmosphere is measured by the weight of the column 
of mereury ; that is, the pressure of the atmosphere 
on a surface equal to the section of the tube made at. 
the surface of the mercure in the basih, is equal to 
the weight of the vertical column of mereury which 
stands on the same section. 

Therefore the pressure of the atmosphere is mea- 
sured by the weight of the golumn of mercury, that 
is, by the height, if the section and the density con- 
tinue constant; for the weight of a column is as | 
section x height x density. as 


Con. 1. If, instead of mercury, the tube be filled 
with any other fluid, as water, the fluid will stand at 
such a height as to support the wejght of the atmo- 
sphere ; Ed the height will be greater as tlic density 
of the fluid is less. NT 

The mean height of the mercury-barometer being 
30 inches, and the specific gravity of mercury 13.6, 
the mean height of the svater-barometer is 13.6 x 30 
inches 2 408 inches — 34 fgt. 

Cor. 2. If the tube AM be not vertical, the 
Proposition is still iue. the vertical height of 4 above 


116 MECHANICS. 


M being still taken for the height of the fluid; for 
the pressuré on MN is the same as if AM were 
vertical, by Prop. II. 


Cor.3. If the portion of the tube 4P*, instead 
of being empty, contain air” of less density than 
the atmosphere, a column of fluid PM will still be 
sustained, smaller than the column whcre AP is a 
vacuum’; for if P were to descend to M, the pressure 
on MN would be less than the pressure on NO, which 
is impossible. 


Con. 4. If a tube AM t, inclined or vertical, 
having its lower end, M, immersed in a fluid, and its 
upper end, Æ, closed, be full of water; the water will be 
supported if the vertical height of .4 above M be less 
than the height of the wate.-barometer. 


In this case if HM be the height of the water- 
barometer, and if AP, drawn horizontal, meet HM. 
in P, the pressure upwards on the fluid at M would 
support a column of water of the vertical height HM. 
The pressure arising from the water in AM is equi- 
. valent,to the weight of a column of the height PM 
(Prop. IV). Therefore the pressure upwards at M 
will support the column 4M ; and will, besides, pro- 
duce at 4, a pressure upwards equal to the weight 


of a column HP. 


Con. 5. If the interior of a tube AM T, inclined 
or vertical; hàving its lower end M immersed in water, 
and its upper end A closed, become a vacuum, (that 
is, empty of air as well as other fluids) the fluid will 
rise in the tube; and will fili the whole tube or part of 
it, according as the vertica "height of the closed end is 
less or greater than the height of the water-barometer. 


* See fig. p. 114. 1 See fig. p. 119. 


à 
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For when thé surface within the tube is not pressed 
by the column of fluid requisite to produce cquili- 
brium, the pressure on the other parts of the surface 


will prevail, and drive the fluid intó the, vacuum. 
(Axiom 3.) 


Prov. XIX. Tq describe the construction 
of the corimon pump, and its operation. 


The Common Pump consists of a cylind rical barrel 
AB, closed at bottom with an up- 
wards-opening valve B, and of a 
piston D with an upwards-opiening 
valve, which moves up and down 
in the barrel. A suction-pipe BC 
passes downwards from the valve 
B to the well at C, and tke water 
which rises above the piston is de- 
livered by the spout E. 

The operation of the pump is 
as follows. he piston D being in 
its lowest position, is raised ‘to its Ic 
highest position by means of the lever HAL. Since 
the valve D opens upwards, no air is admitte& at D ` 
during this rise; and since the valve B opens up- 
wards, the air which occupied CD follows the piston in 
its ascent; in consequence of its elasticity (Prop. XIII) 
it expands, and its pressure on the water ate€ is di- 
minished. Hence the water in the suction-pipe rises 
by the pressure of the atmosphere on the surface of 
the well to some point F. (Cor. 3 to Prop. XVITT). 

The piston is then made to descend to its lowest 
position, the valve B is clesed, and therefore the quan- 
tity of air in FB is not che'yged, and the water remains 
at F, while the air in BD escapes by the valve at D. 


The piston is then again raised, the air in DF 
* 
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expands as before, and the surface of the water at F 
comes to a new position at G. 

The same movements being repeated, the water will 
again rise; and so on, till it reaches the piston D, 
after which time the piston in its ascent will lift the 
water, and when it has lifted it high enough, will 
deliver it out at the spout LZ. - 

Con. The water in the common pump is raised 
by the weight of the atmosphere, and cannot be raised 
toa height. greater than that of the water-barometer. 
(See Prop. XIL) The height of the water-barometer 
is 34 feet (Prop. XVIII. Cor. 1.) 


Pror. XX. To describe the construction of 
the forcing pump and its operation. 


The Forcing Pump ccnsists of a cylindrical bar- 
rel AB, closed at bottom with an upwards-opening 
valve B; of a piston D with no valve; and of a 
spout E with an outwards-opening valve. The pis- 
ton moves up and down, and the suction-pipe de- 
scends from the bottom of the barrel to the well, as 
before, and the spout carrics the water upwards. 

Tt operation of the pump is p T 
as follows. The piston D, in as- 
cending from its lowest to its high- fas 
est position, draws the water after it 
as in the. common pump. When the D 
piston descends, the air is forced g 
out at the valve Æ; and after a 
certain number of ascents, the water 
comes into the barrel 4B. When 
the piston next descends it forces 
“the water through the valy E, and 
continues afterwards to draw the 
water through the valve B in its 
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rise, and to extrude it through the valve E in its 
descent, by which means it is forced into the tube 
EF, which may be upright, or in any other position. 

Con. By means of the, forcing g pump water may be 
raised to any height; the tube EF being prolonged 
upwards, and an adequatq force applied *o force the 
piston downwards. e * 


Pror. XXT. To describe the siphon and 
its action. 


A Siphon is a bent tube, open at both ends, and 
capable of being placed with one end in a vessel of 
fluid, and the other end lower than the upper surface 
of the fluid in the vessel. 
gw Let BAC be the bent tube placed so that “tie 


end B is immersed in éhe water FED, and the 


outer end C is below the surface ED. 

If the tube BAC be filled with water, and if the 
vertical height of the portion MA 
be less iai the height of the water- 
barometer, the tue wil act as a 
siphon, that is, the water will con- 
stantly run through the tube BAC 
and out at C. 

For the tube being filled with 
water, let the end C be stopped; and 
let HM be the height of the water-¢ 
barometer; AP, CQ horizontal. 
Suppose HM to be a column of water of the height 
of the water-barometcr; and suppose the ‘water in 
the tube HMAC to remain fluid, while all the rest 
becomes rigid: the pressures at M, A, and C will 
not be altered by this su *position (Axiom 3). But 
on this supposition the pressure downwards at C 
is equal to the height of a vertical column HQ 


( 
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(Prop. II.) And the pressure of ‘the atmosphere 
upwards at.C is cqual ‘to the weight of a vertical 
column HM (Prop. XVIII. Cor. 2). "Therefore the 
column 4C, being acted upon by a pressure down- 
wards equal to the weight of a column HQ, and a 
pressure upwards equal to the weight of a column 
HM, if the tube be opened at C, the former will 
prevail and the column AC will descend. " 


Also the column A/A will ascend, so that no inter- 
val shall exist in the fluid at 4. For the interval, 
if any should take place, must be a vacuum, since 
the air has no access to it. And since the vertical 
height of MA is less than that of the water-baronicter, 
by Cor. 5 to Prop. XVIIL, the fluid will rise in 
.the tube and will fill this vacuum. 

Therefore the whole flüid MAC will move along 
the tube and flow out at C. 


Con. 1. The fluid in the siphon BAC will be urged 
in the direction BAC by a force cqual to a column of 


fluid MQ. 


Cor. 2. If the vertical height of MA be greater 
than that of the water-barometer, there will be a 
vacuum formed above the fluid at 4 (Prop. XVIII. 
Cor. 5), and the siphon will not act. 


Com.3. Also, if instcad of water and the water- 
barometer, we had taken any other fluid and the cor- 
responding barometer, the reasoning, and the result, 
would have been the same as above. 


Prop. F. Jwoucrive Princirte V. Many (or 
all) fluids expand by heat y and the amount of expan- 
sion at the heat at which water boils, and at the heat 
which ice melts, are each a fixed quantity. 
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The former part of this proposition is proved by 
including the fluids in Bulbs, which: open into a 
.slender tube; for a small expansion of the fluid in 
the bulb is easily scen, when it takes place in the 
slender tube. 


. 

It was at first supposed, that when à fluid is ex- 
posed to heat, (as, fof instance, when a vessel of water 
is placed on the fire,) a constant addition of beat takes 
place, increasing with the time during which the fire 
operates. 


But it appeared, that when a £ube containing air is 
placed in water thus exposed to heat, the expansion of 
the air (observed in the way described in Prop. XIII) 
goes on till the fluid boils, after which no additional 
expansion takes place. | . 


This fact is explained by assuming the expansion 
of air as the Measure of heat, and by adopting the 
Principle that the heat of boiling water is a fixed 
quantity. : . 

This principle was first experimentally established 
by Amontons. Afterwards it was ascertained by, 
Fahrenheit (1711), and others, that the expansion of 
oil, spirit of*wine, mercury, at the heat at which water 
boils, is a fixed quantity ; and hence F'ahrenheit made 
the boiling point of water one of the fixed points of his 
thermometers, which were filled with spirit of wine 
or with mercury. 

For another fixed point he took the cold, produced 
by a mixture of ice, water and salt; and he assumed 


this to be the point of absolute cold. 
e 
But it was found by*.Reaumur (1730), that the 
freeving point of water, or the melting point of ice, is 
more fixed than the point of absolute cold determined 
M. E. p 6 
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in the above manner. This was proved in the same 
manner in which the heat'of boiling water had becn 
proved to be a fixed point. The freezing point was 
then adopted as one of the fixed points of the measure 
of heat. 


Prop. XXII. To shew how to graduate a 
common thermometer. 


The common Thermometer is an ins ument con- 
sisting of a bulb and a slender tube of uniform thick- 
ness, containing a fluid (as mercury or spirits of winc) 
which expands by heat and contracts by cold, so that 
its surface is always in the tube*. 

Let the instrument be placed in boiling water, and 
«let the point to which the surface of the fluid expands 
in the tube be marked as thé boiling point. 


Let the instrument be immersed in melting icc, 
and let the point to which the surface of the fluid con- 
tracts in the tube be marked as the freezing point. 


For Fahrenheit's division, divide the interval be- 
tween the freezing point and the boiling point into 180 
*equal parts ; and continue the scale of equal parts up- 
wards and downwards. Place 0 at 32 parts below the 
freezing point, 32 at the freezing point, 212 at the boil- 
ing point ; and the other numbers of the series at other 
convenient points, and the scale is graduated, the num- 
bers expressing degrees of heat according to the place 
of the surface of the fluid in the tube. 


For the centigrade division, divide the interval 
between the freezing and boiling points into 100 equal 
parts; mark the freezing pojnt as 0 degrees, the boil- 

_ing point as 100 degrees, agi so on as before. 


* [n practice, the part of the thermometer not occupied by the thermo- 
metrical fluid is rendered a vacuum. 
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Pror. XXIII. To reduce the indications of 
Fahrenheit's thermometer to the centigrade scale, 
and the converse. . 


7 9 * 
To reduce Fahrenheit to centigrade, subtract 32, 
which gives the number of degrees above the freezing 


255 
point: and multiply *by " because 180 degrees of 


Fahrenheit are equal to 100 centigrade. 
Thus 


ee 7 E I rr NET 
59 F =27°F above 32°F = — o centig. above 0 
= 150 cent. 

To reduce centigrade to Fahrenheit, multiply by 
9 ; : E 
=, which gives the numlfer of Fahrenheit’s degrees 
o 
above the freczing point, and add 32, which gives the 
number above Fahrenheit's zero. 


'Thus 
60 centig. = 90F above freezing = 907 + 39F = 1922 F. 
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NOTES RESPECTING TIIE EXAMINATIONS IN 
THE PRECEDING SUBJECTS. D 


UNIVERSITY REGULATIONS. 


PLAN* OF EXAMINATION FOR QUESTIONISTS WHO ARE NOT 
CANDIDATES FOR HONORS. 


1. Tuar the subjects of the Examination shall be the first 
fourteen, or the last fourteen Chapters of the Acts of the Apos- 
tles, and one of the longer, or two or more of the shorter 
Epistles of the New Testament, in the original Greek, one of the 
Greek and one of the Latin Classics, three of the six Books of 

, Paley's Moral Philosophy, the History of the Christian Church 
from its Origin to the assembliny of the Council of Nice, the 
Mistory of the English Reformation, and such mathematical Sub- 
jects as are prescribed by the Grace of April 19, 1837, at pre- 
sent in force. 


2. That in regard to these Subjects, the appointment of the 
Division of the Acts—of the £pistle or Epistles—of the Books 
of Paley's Moral Philosophy, and both of the Classical Authors 
and of the portions of their Works, which it may be expedient 
to select, shall be with the persons who appoint the Classical 
Subjects for the Previous Examination. 


3. That publie notice of the Subjects so selected for any year 
shall be issued in the last week of the Lent Term of the year 


next but dne preceding. R 


4. That the Examination shall commence on the Wednesday 
preceding the first Monday in the Lent Term. 


5. That on the Monday previous to the commencement of 
the Examination the Examiners shall publish the names of the 
persons to be examined, arranged'in alphabetical order, and sepa- 
rated into two divisions. € > 


6. That the distribution of the Subjects and Times of Ex- 
amination shall be according to the following Table: 
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Ibis. 91012, | Div. 12} to 34. 
"Wednesdav.: 1 Euclid .. DEM RNC Subject. ................ 
Thursday... 1 Greek Subject. sss 2 |Etchd... . ccccecceccceseseeees ; 
Friday... 1 {Mechanicsand y drostuties 2 {Latin SpWect.... T 
| Saturday ..., 1 [Latin Subjecs............ cree 2 |Mechanicsand Hydrostaties 


M inday l [Paley and Eccles. Mistory..| 2 |Actsand Epistle or Epistles. 
Tuesday .. eal Acts and Epøtlo or Epistles. 2 Paley und Eccles, History... 
| Ww Ls l |Arithmetic and SUUM edd 2 Arithmetic and Algebra..... 


n ET the Examination shall be conducted cai by 
printed papers. 

8. That the Papers in the Classical Subjects and in the 
Acts and Epistles shall consist of passages to be translated, accom- 
panicd with such plain questions in Grammar, History, and 
Geography, as arise immediately out of those passages. 

9. That the Papers in the Mathematical subjects shall consist 
of questions in Arithmetic and Algebra, and of Propositions in 
Euclid, Mechanics, and Hydfostatics, according to the annexed 
schedule. 

10. That no person shall be approved by the Examiners, 
unless he shew a competent knowledge of all the subjects of the 
Examination. 

11. That there shall be tree additional Examinations in 
every year; the first commencing on the Thursday preceding 
Ash-Wednesday, the second on the Thursday preceding the Divi- 
sion of the Easter Term, and the third on the Thursday preceding 
the Division of the Michaclmas Term. 

12. Thatin these additional Examinations the distribution of 
the subjects and the hours of the Examination shall be at the, 
discretion of the Examiners, the subjectsebeing the same as at the 
Examination in the preceding January. 

13. That no person shall be allowed to attend any Examina- 
tion whose name is not sent by the Prelector of his College to the 
Examiners before the commencement of the Examination. 

14. That in every year at the first Congregation after the 
10th day of October, the Senate shall elect four Examiners, (who 
shall be Members of the Senate, and nominated by the several 
Colleges according to the cycle of Proctors and Taxors) to assist 
in conducting the Examinations of the three following terms. 
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15. That two of these Examiners shall confine themselves to 
the Classical Subjects, and two to Paley's Moral Philosophy, 
Ecclesiastical History, the Acts of the Apostles, and the Epistles. 

16. That the two Examiners in the Mathematical Subjects, at 
the Examination in January, be as hitherto the Moderators of the 
year next but ohe preceding ; and that at the other three Examina- 
tions the Moderators for the time being examine in the Mathe- 
matical Subjects. . 

M. That cach of the six Examiners shall receive £20 from 
the University Chest. 

18. That the Pro-Proctors and two at least of the Examiners 
attend in the Senate-House during each portion of the Examina- 
tion in January. 

19. That the first Examination, under the Regulations now 
proposed, [that is, in the theological subjects] shall take place 
in the Lent Term of 1846. 


Scoepune or Matuematican Sunsects of Examination, for the 
"- degree of B.A of Persons not Candidates for Honors. 
ARITHMETIC. 

Addition, subtraction, multiplication, division, reduction, rule of 
three ; the same rules in vulgar and decimal fractions : practice, 
simple and compound interest, discount, extraction of square 
and cube roots, duodecimals: tqgether with the proofs of the rules 
and the reasons Jor the processes employed *. 

ALGEBRA. 
1. Defiastions and explanation of algebraical signs and terms. 
2. Addition, subtraction, multiplication and division of simple 
algebraical quantities and simple algebraical fractions. 
3. Algebraical definitions of ratio and proportion. 
4, Ifa: 6: c: d then ad «bc, and the converse: 
% alsob® an dic, 


anda:e: b:d 

and a+b: b::c+d:d, 
5. ]f a: b :: e: d, 
and e:d: e: 
thna:bz e: 
6. Ifa: bie: ad, 


andb:ezd:/, 
thena:ezc:J. 
' Added by Grace, March 20, 1046. 
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7. Geomctrical definition of proportion. (Evc. Book v. Def. 5.) 

8. lf quantities be proportional according to the algebraical 
definition, they are proportional agcording to the geometrical 
definition. 

9. Definition of a quantity varying as another, directly, or in- 
versely, or as two others jgintly. 

10. Easy equations of a degree not higher than the second in- 
volving one or two unknown “quantities and questions producing 
such equations *. 

Evcim's ELEMENTS, 
Book r. rr. n1. 
Book vi. Props. 1. 2. 8. 4. 6. 6 
MxciANICS. 
Definition of Force, Weight, Quantity of Matter, Density, 
Measure of Force. 
. The Lever. 
Definition of the Lever. . 
: Axioms. 

Prop. 1. A horizontal pfism or cylinder of uniform density 
will preduce the same effect by its weight as if it were collected at 
its middle point. 

Prop. 2. If two weights acting perpendicularly on a straight 
lever on opposite sides of the fulcrum balance each other, they are 
inversely as thcir distances fromethe fulcrum ; and the pressure on 
the fulerum is equal to their sum. 

Prop. 3. If two forces acting perpendicularly on a straight 
lever in opposite directions and on the same side of*he fulenfm 
balance each other, they are inversely as their distances from the 
fulcrum; and the pressure on the fulcrum is equal to the difference 
of the forces. 

Prop. 4 To explain the kind of levers. 

Prop. 5. If two forces acting perpendicular!” at the extre- 
mities of the arms of any lever balance each other, they are in- 
versely as the arms. ° 

Prop. 6. If two forces acting at any angles on she arms of any 
lever balance cach other, they are inversely as the perpendiculars 
drawn from the fulcrum to, the directions in which the forces act. 

Prop. 7. If two weightsbalance each other on a straight lever 
when it is horizontal, they will balance each other in every position 


of the lever. 
* Added by Grace, March 20, 1846, 


128° . NOTES, 


Composition and Resolution of Forces. 

Definition of Component and’ Resultant Forces. 

Prop. 8. If the adjacent sides of a parallelogram represent the 
component forces in direction and magnitude, the diagonal will 
represent the resultant force in direction and magnitude. 

Prop. 9. If three forces, represented in magnitude and direc- 
tion by the sides of a triangle, act on a point, they will heep 
it at rest. ` 

Mechanical Powers. ; 

Definition of Whecl and Axle. 

Prop. 10. There is an equilibrium upon the wheel and axle 
when the power is to the weight as the radius of the axle to the 
radius of the wheel. 

Definition of Pulley. 

Prop. 11. In the single moveable pulley where the strings 

are parallel, there is an equilibrium when the power is to the 
weight as J to 2. 
-- Prop. 12. In a,system in which the same string passes round 
any number of pulleys and the parts of it between the pulleys 
are parallel, there is an equilibrium when power (P) : weight 
(I) 5 1 : the number of strings at the lower bloch. 

Prop. 13. Ina system in which cach pulley hangs by a sepa- 
rate string and the strings are parallel, there is an equilibrium 
when P: W x 1: that power of 2 whose index is the number 
of moveable pulleys. 

. Prop. 14, _ The weight ( W7) being on an inclined plane and the 
force (P) acting parallel to the plane, there is an equilibrium 
when P : W':: the height of the plane : its length. 

Definition of Velocity. 

Prop. 15. Assuming that the arcs which subtend equal 
angles at the eontres of (wo circles arc as the radii of the circles, 
to shew that if P and W balance each other on the whecl and 
axle, and the whole be put in motion, P : W :: W's velocity : 
P's velocity. | 

Prop.1& To shew that if P and W balance each other in the 
machines “described in Propositions 11, 12, 13, and 14, and the 
whole he put in motion, P : W :: W's velocity in the direction 
of gravity : P's velocity. E 

The Centre of Gravity. 

Definition of Centre of Gravity. 
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Prop 17. Ifa body balance itself on a line in pe positions, the 
centre of gravity is in that line. 

* Prop.18 To find the centre of ptavity of two heavy points; 
and to shew that the pressure at the centre of gravity is equal to 
the sum of ihe weights in all’positions. 

Prop 19. To find thé centre of gravity of any number of 
heavy points; and to shew, tat the pressure at the centre of 
gravity is cĝual to the sum of the weights. in all positions. 

Prop 20. To find the centre of gravity “of a Straight linc. 

Prop. 21. To find the centire of gravity of a triangle. 

Prop. 22. When a body is placed on a horizontal plane, it will 
stand or fall, according as the vertical line, drawn from its centre 
of gravity, falls within or without its habe. 

Prop. 28. When a body is suspended from a point, it will rest 
with its centre of gravity in the vertical line passing through the 
pont of suspension. 

Hypgosratics. > 

Definitions of Fluid; of elastic and non-clastic Fluids. 

Prop. 1. Fluids press equally in all directions. 

Prop. 2. The pressure upon any particle of a fluid of uniform 
density is proportional to its depth below the surface of the fluid. 

Prop. 3. The surface of every fluid at re8t is horizontal. 

Prop. 4. lf a vessel, the bottom of which is horizontal and the 
sides vertical, be filled with fluid, the pressure upon the bottom | 
will be equal to the weight of the fluid. ac 

Prop. 5. To explain the hydrostatic paradox. 

Prop. 6. If a body floats on a fluid, it displaces as much of the 
fluid as is equal in weight to the weight of the body; and it presses 
downwards and is pressed upwards witha force gqual to the 
weight of the fluid displaced. 

Specific Gravities. . 

Definition of Specific Gravity. 

Prop. 7 If M be the magnitude of a body, S its specific gra- 
vity, and W its weight, W= QS. 

Prop. 8. When a body of uhiform density floats on a fluid, the 
part immersed : the whole body :: specific gravity of the body : 
the specific gravity of the fluid. 


6—5 
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Prop.9. When a body is immersed in a fluid, the weight lost : 
whole weight of the body :- the specific gravity of the fluid : the 
specific gravity of the body. ‘ 

Prop. 10. To describe the hydrostatic bulance, and to shew 
how to find the specific gravity of a body by means of it, Ist, 
when its specific gravity is greater than that of the fluid in which 
it is weighed ; 2ndly, when it is less. 

Prop. 11. To describe the common hydrometer, and to shew 
how to compare the specific gravities of two fluids by means of it. 
Elastie Fluids, 

Prop. 12. Air has weight. 

Prop. 13. The elastic forcc of air at a given temperature 
varies as to the density. 

Prop. 14. The elastic force of air is increased by an inerease of 
temperature. 

Prop. 15. To describe the cvastruction of the common uir- 
pump, and its operation, 

Prop. 16. To describe the construction of the condenser, and 
its operation. 

Prop. 17. To explain the construction of the common baro- 
meter, aud to shew that the mereury is sustained in it by the 
pressure of the air on the surface of the mercury in the basin, 

Prop..!8. The pressure of the atmosphere is accurately mea- 
sured by the weight of the column of mercury in the barometer. 

Prop. 19. To describe the construction of the common pump, 
and its operation. 

Prop. 20. T o describe the construction of the forcing-pump, 
and its operation. 

Prop. 21. To explain the action of the siphon. 

Prop. 22. To shew how to graduate a common thermometer. 

Prop. 23. Having given the number of degrees on Fuhren- 
heit's thermometer, to find the corresponding number on the 
centigrade thermometer. e 

Also such Questions and applications as arise directly out of the 
aforementioned Propositions of Mechanics and 1Igdrostatics *. 


* Added by Grace, March 20, 1846. 
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"MECHANICS AND HYDRQSTATICS. 


Sisi E SL. | Fripay, dan. 12, “1849, 9... 12. 


FIRST DIVISION. 


(A) 


1. Derine force, shew how density is measured. 


2. If two forces acting ecrpendicularly ®n a straight lever 
in opposite directions and on the same side of the fulerum balance 
each other, they are inversely as their distances from the fulerum ; 
and the pressure on the fulcrum is equal to the difference of the 
forces. 


3. One end of a given straigat lever rests upon a fulcrum, and 
the other end is sustained by a force of S3]bs. acting upwards, 
where must a weight of 121hs. be placed in order that there may 
be equilibrium ? x 


4. Assuming that the resultant of two forces acting on a 
point lies along the diagonal of the parallelogram whose sides 
represent the forces in magnitude and direction, shew that it is 
represented in magnitude by the diagonal, 

Find the magnitude and direction of the resultant? of two equal 
forces at right angles to one another. 

5. In that system of pulleys in which cach pulley hangs by 
a separate string, shew that P : IV :: Ws velocity : P's velocity. 

6. When a body is placed on a horizontal plane, it will stand 
or fall, according as the vegtieal line, drawn from its centre of 
gravity, falls within or withoM its base. 

Construct a triangle upon a given horizontal base such that 
the vertical line through the centre of gravity shall pass through 
an angle at the base. 


NOTES. 


132 


7. Fluids press equally in all directions. 


8. A given cubical vessel resting on one side in a horizontal 
position contains a given quantity of fluid, a body is placed in it 
which floats, the weight of the body,being given, find the pressure 
on the base, and the height to which the fluid rises in the vessel. 


9. When a body of uniform density floats on a fluid] the 
part immersed : the whole body :: the ‘specific gravity of the body 
: the specific gravity o&the fluid. 

‘10. Ifa cubic inch of iron weigh 4} ounces, and a cubic foot 
of water 1000 ounces, what is the specific gravity of iron? 


11. Explain the construction of the common barometer, and 
shew that the mercury is sustained in it by the pressure of the 
air on the surfacc of the mercury in the basin. 


12. ]f a barometer stands at 30 inches, what is thc greatest 
vertical length of the suction-pipe of a common pump that will 
pump up mercury T 

13. Shew how a common thermometer is graduated. 

* Temperate” is marked on Fahrenheit’s thermometer at 56°, 
what is its height on the centigrade ? 


MECHANICS AND HYDROSTATICS. 


Sinatr-Hovser. Finpay, Jan. 12, 1849, 9. 12. 


FIRST DIVISION. 
i ' (B) 


1. DzriwE weight, and shew how a statical force is measured. 


2. If twe weights acting perpendicularly on a straight lever 
on opposite sides of the fulerum balance each other, they are 
inversely as their distances from the fulcrum ; and the pressure 
on the fulcrum is equal to their sum.‘ 


3. Two forces of 8 and 5lbs respectively act upon a given 
straight lever, where must the fulcrum be placed for equilibrium, 
supposing the forces to act in opposite directions ? 


. 
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4. If two forces acting on a point are represented in mag- 
nitude and direction by the two sidep of a parallelogram, shew 
«that their resultant is represented in direction by the diagonal 


of the paralellogram. > 
. . 


If three forces acting on a point will keep it at rest, shew 
that they will also when their insensity is doubled 


5. If Pand W balané& cach other on the inclined plane, shew 
that P : W :: W's velocity in direction of gravity : P's velocity, 


6. Find the centre of gravity of two heavy points; supposing 
the two points rigidly connected aud a fulcrum placed under the 
centre of gravity, what is the pressure on the fulcrum? would 


the bodies be in equilibrium? e 


7. Ifa vessel, the bottom of which is horizontal and the sides 
vertical, be filled with fluid, the pressure upon the bottom will be 
equal to the weight of the fluid. 


8 A crooked horn is fill] with fluid, mg a hid being placed 
over the top it is then inverted and made to rest upon its top; 
find the amount of pressure upon the lid 


9 When a body is immersed in a fluid, the weight lost 
: whole weight of the body :: the specific gravity of the fluid : the 
specific gravity of the body. S 


10. A piece of wood which weighs 31bs. and whose specific 
gravity . that of water :: 3 : 4 floats in water, wMat weight 
placed upon it would just sink it ? 


11. The pressure of the atmosphere is accurately measured 
by the weight of the column of mercury in the barometer 


12 What difference will be producfd in the*action of a 
siphon by taking it to the top of a mountain where the barometer 
is 26 inches, the barometer below being at 30 inchese? 


18. Shew how a centigrade thermometer is graduated. 
A centigrade thermometer stands at 35°, what is the height 
of Fahrenheit’s ? á 
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SyrNA11-lorsr. Fnipav, Jan. 12, 1849. 123... 34. 


© ¢ 


" SECOND DIVISION. 


(A) 


|. Ir two weights acting perpendicularly on a straight lever 
on opposite sides of the ‘fulcrum balance each other, they are 
inversely as their distances from the fulerum ; and the pressure 
on the fulcrum is equal to their sum 


The arms of a straight lever are 12 and 18 inches respectively ; 
and a weight of 34bs. is suspended at the extremity of the shorter 
arm, what is the pressure on the fulcrum ? 


9, Iftwo weights balance each other on a straight lever when 
it is horizontal, they will balance each other in every position of 
the lever. 

Is the converse "necessarily: true? Why docs the common 
balance not rest in all positions ? 


* 8. If.three forces represented in magnitude and direction 
by the sides of a triangle act on a point they will keep it at rest. 
If two forces of 5 lbs. and 121bs. act at right angles upon a point, 
find the magnitude of the force which will keep the point at rest. 
Find also the directions in which the two given forces must be 
applied, in twder that the point may be kept at rest by the least 
possible force, and find its magnitude. 


4. In a System of pulleys in which each pulley hangs by a 
separate st ng, and the strings are parallel, there is an cqui- 
librium when P : W :: 1 : that power of 2 whose index is the 
number of moveable pulleys. 


5. If the weight W be supported on an inclined plane by a 
force P acting parallel to the plane, and the whole be put in 
motion, shew that P : W :: W’s velocity in the direction of 
gravity : P’s velocity. 
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6. Find the centre of gravity of any number of heavy points, 
and shew that the pressure on the ceptre of gravity is equal to the 
sum of the weights in all positions. 


Three weights 11b., 21bs., 3lbs. are placed in ẹ straight line 
at equal distances of 12 inches, find the distance of the common 
centre of gravity from thé middle weight. 


7. When a body is suspended from a point, it will rest with 
its centre of gravity in the vertical line passing through the point 
of suspension. 


8. Ifa body floats in a fluid it displaces as much of the fluid 
as is equal in weight to the weight of the body; and it presses 
downwards and is pressed upwards with a force eqwal to the 
weight of the fluid displaced, 


A prismatic solid whose height is five inches floats at a depth of 
three inches in a fluid, compare the specific gravities of tlte solid 
and fluid. 


e e 
9, Describe the hydrostatic balance, and shew how to find 
by means of it the specific gravity of a solid lighter than the fluid 
in which it is weighed. 


10. The elastic force of air at a given temperature varies as 
the density. . 4 


11. Describe the construction of the condenscr and its opera- 
, 


tion. 
se zi 


12. Explain the construction of the common baromcter, and 
shew that the mercury is sustained in it by the pressure of the air 
on the surface of the megcury in the basin. 

What would be the effect 1st of a hole at the bottom of the 
tube ; 2nd at the top? 


13. Two vertical tubes are connected by a horizontal tube of 
2 inches; supposing 12 inches of mercury poured ipto one tube, 
and 26 inches of water into the other; find the altitudes of the 
water and mercury in the two branches, the specific. gravity of, 
mercury being supposed 13 mes the specific gravity of water. 
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SECOND DIVISION. 
(B) '* « 


iJ 

1. Ir two forces acting perpendicularly on a straight lever in 
opposite directions and on the same side of the fulerum balance 
cach other, they are inversely as their distances from the fulcrum ; 
and the pressure on the fulerum is equal to the difference of the 
forces. ` . i 
If the arms of the lever are 12 and 18 inches respectively, and 
a weight of 4lbs. is suspended at the extremity of the longer 
arm, what is the magnitude and direction of the pressure on the 
fulcrum ? 


v 


9. If two forces acting ‘at any angles on the arms of any 
lever balance each other, they are inversely as the perpendiculars 
drawn from the fulcrum to the directions in which the forces act. 

P and Q are two forces whose directions make equal angles 

with the arms of a bent lever ; the lengths of the arms are 6 and 
8 inches respectively ; find the relation between P and Q when 
they balance each other. 
* 8. If three equal forces act upon a point and keep it at rest, 
find the inclinations of their directions to each other. Find also 
the directions in which three forces represented by 3lbs., 5lbs. and 
8lbs. must be applied to a point so as to keep it in equilibrium. 


4. Inagystem of pulleys in which the same string passes round 
any number of pulleys, and the parts of it between the pulleys are 
parallel, there is an equilibrium when the power : the weight 
:: 1 : the number of strings at the lower block. 

5. Shew that if P and W balance each other on the wheel 
. and axle and the whole be put in motion, P : W :: W's velocity 
: P’s velocity. j 

i e 

6. Ifa body balance itself on 8 line in all positions, the centre 
of gravity is in that line. If a body balance itself on a line in a 
certain position, what will be the position of the centre of gravity ? 
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7. Find the centre of gravity of a triangle, and also of three 
equal weights placed at three angular points and shew that they 
cpincide. 

8. The surface of every fluid at rest is horizontal. : 


9. Define a fluid, and, prove that the pressure upon any 
particle of fluid of uniform density is proportional to its depth 
below the surface of the flyid. Two vessels are filled with fluid 
and placed ufon a horizontal plane. The bases are 1 square foot 
and 2 square fect respectively, and altitudes 9 and*6 inches, 
compare the pressures upon the bases of the vesscls. 


10. When a body is immersed ,in a fluid, the weight lost 
: whole weight :: the specific gravity of the body : the, specific 
gravity of the fluid. 

If the specific gravities of iron and gold be 8 and 19 times the 
specific gravity of water respectively ; find the weight in water 
of a substance combined of 11b. of iron and 11b. of gold. 


e 
11. A weight of 41bs. when placed upon a piece of wood 
whose specific gravity : that of water :: 3 : 5 just causes it tQ 
sink ; find the weight of the wood. 


12. Describe the construction of the common air-pump, and 
its operation. . : 


13. The pressure of the atmosphere is accurately measured 
hy the weight of the column of mercury in the barometer, 


If 13 inches of water be inserted in the tube upon the mercury, 
what will be the altitude of the upper surface of the water when 
the common barometer stands at 30 inches, the specific gravity of 
mercury being supposed 13 times that of water? How much will 
the top’ of the water fall, when the mercurfal barometer sinks 
an inch ? 
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BOOK III. 


THE LAWS’ OF MOTION. 


A 
DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 


1. Ter science which treats of Force producing 
Motion, and of the Laws of the Motion produced, is 
Dynamites 


2. In Dynamics we adopt the Ideas, Definitions, 
Axioms, and Propositions of Statics. e 


3. We require also several new Ideas, Definitions, 
and Principles, which are obtained by Induction, and 
will be stated in the succeeding Propositions. 


4. Velocity is the degree in which a body moves 
quickly or slowly : thus, if a body describes a greater 
space than another in the same time, it has a greater 
velocity. zi 


5. The velocity of a body is uniform when it 
describes equal spaces in a// equal times. 

6. The velocities of bodies, when uniform, are 
as the spaces which they describe i in equal times. 


Der. 1. The velocity of a body moving uni- 
formly is measured by the space described, in a unit 
of time. 


When the velocities of bodies are not uniform, 
they are increasing or decreasing. 


Axiom 1. Ifa body move with an increasing ve- 
locity, the space described in any time is greater than 
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the space which would have been described in the 
same time, if the velocity had continued uniform for 
the same time and the same as it was at the beginning 
of that tim-. 

And the space described in any time is less than 
the space which would have been described in the 
same time, if the velocity had veen uniform for the 
same time and the same as it is at the end of that 
time. š 

Axiom 2. If a body move with a decreasing ve- 
locity the above Axiom is true, putting **less" for 
** greatc1," and ** greater" for ** less." 

Axtom 3. If two bodies move, having their velo- 
cities at every instant iu a constant ratio, the space 
described in any time by one body and by the other 
will be in the same ratio. 

Axtom 4. If several detached material points, 
acted upon by any forces, move in parallel lines, 
parallel to the forces, in such a manner as to retain 
always the same distances from cach other, and the 
same rclative positions; they may be supposed to be 
‚rigidly connected, and acted upon by the same forces, 
and their motions will not be altered on this suppo- 
sition. 

AxioM 5. On the same supposition, the parallel 
forces mev be supnosed to be added together so as to 
become one force, and the motions will not be altered. 

Axtom ^ When bodies in motion exert pressure 
upon each other, By means of strings, rods, or in any 
other way, the reaction is equal and opposite to the 
action at each point. 

Definition? (of Force), Def. 3 (of the Direction 
of Force), stand after Prop. 3; Def. 4 (of Uniform 
Force), stands after Prop. 3; Def. 5 (of Composition 


or 
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of Motions), after Prop. 8; Def. 6 (of Accclerating 
Force), after Prop. 15; Def. 7 (of Momentum), Def. 8 
(of Elastic and Jadan Bodies), Def. 9 (of Direct 
Impact) after Prop. 17 of this Book. 

Axiom 7 stands after Prop. 2; Axiom 8 and 9 
after Prop. 17 of this Book. -— 


e . 
Pnuor.'Il. In uniform motion, the space de- 
scribed with a velocity v in a time £ is tv. 


For (Def. 1.) v is the space described in each unit 
of time, and 7 the number. of units; therefore the 


whole space described is tv. 2 


Pror: I]. Iwpvcrrrg Prixcrrre I. First 
Law of Motion. 


. e * M 
A body in motion, not acted upon by any 
force, will go on for ever with a uniform velocity. 


The facts which are included in this induction are 
such as the following :— 


(1) All motions which we produce, as the motions 
of a body thrown along the ground, of a whecl revolv- 
ing freely, go on for a certain time and then stop. 


(2) Bodies falling downwards go on moving 
quicker and quicker as they fall farther. 

It was attempted to explain these facts, by saying 
that motions such as (1) are forced motions, and 
motions such as (2) are natural motions, and that 
forced motions decay and cease by their natyre, while 
natural motions, by their nature, increase and become 
stronger. 

But this explanation Yas found to be untenable ; 
for it was seen—(3) that forced motions decayed less 
‘and less by diminishing the obvious obstacles. Thus a 
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body thrown along the ground goes farther as we di- 
minish the roughness, of the surface; it goes farther 
and farther as the ground is smoother, and farther stil! 
on a sheet of ice. The wheel revolves longer as we 
diminish the roughness of the axis; and longer still, 
ive diminish the resistance of the air by putting 
the wheel in an exhausted receiver. 

Thus a decay of the motion in the cases (1) is 
constantly produced by the obstacles, Also an increase 
of the motion in the cases (2) is constantly produced 
by the weight of the body. 

The: efore there is in these facts nothing to show 
that any motion decays or incrcases by its nature, 
independent of the action of external causes. 


(3) By more exact experiments, and by further 
diminishing the obstacles, the decay of motion was 
found to be less and less; and there was in no case 
any remaining decay of motion which was not capable 
of being ascribed to the remaining obstacles. 

Hence the facts are explained by introducing the 
Idea of force, as that which causes change in the mo- 
` tion of & body; and the Principle, that when a body 
is not acted upon by any force, it will move with a 
uniform velocity. 


Cor. 1. When a body moves freely (not being 
retained by any akis or any other restraint), and is not 
acted upon by any force, it will move in a straight 
line. ri: t 

For since it is not acted on by any force, there 
is nothing to cause it to deviate from the straight line 
on any one side. r 


Der, 2, Force is that which causes change in the 
state of rest or motion of a body. 
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Der. 3. When a Force apts upon a body, and 
puts it in motion, the line of direction of the motion 
*is the direction of the force. 

Axiom 7. When a Force acts upon "& body in 
motion, so that the djrection of the force is the di- 
rection of the motion, the force will not alter’ “the 
direction qf the motión: 


Pnor. III. Inpucrive Principe FI. Gra-" 
vily is a uniform force. 
'The facts which are included in this induction are 


such as the following :— , 


(1). Bodies falling directly downwards fall quicker 
and quicker as they descende ° 

It was inferred, as we have seen in the last Pro- 
position, that the additiofs of velocity'in the falling 
bodies are caused by gravity. 

An attempt was made to assign the law of the 
inerease of velocity conjecturally, by introducing the 
Definition, that a uniform forge is a fonce which, acting 
in the direction of a body's motion, adds equal veloci- 
ties in equal spaces, and the Proposition that gravity , 
is a uniform force. 

The Definition is self-contradictory. But if it had 
not been so, the Proposition could only have been con- 
firmed by experiment. 


(2). It appeared by experiment ‘that when bodies 
fall (down inclined planes) the spaces descr: d are as the 
squares of the times from the beginning of "the motion. 

This was distinctly explained and rigorously de- 
duced by introducing the Definition of uniform force ; 
that it is a force which, acting in the direction of the 
body's motion, adds equal vélocities in equal times ; 

And the Principle that gravity (on inclined planes) 
is a uniform force. 

M. E. ° 4 
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For it may be proved deductively, as we shall see, 
that this definition beiifg taken, the spaces described in 
consequence of the action of a uniform force are as the» 
squares of ofie times from the beginning of the motion. 
And if the force be other than uniform, the spaces will 
not zollow this law. Therefore the Proposition, that 
gravity on iuclined planes is a uniform force, is thc only 
one which will account for the results of experiment. 

Also if the force of gravity on inclined planes bc a 
uniform force, the force of gravity when bodies fall 
frcely is uniform, for when the inclined plane becomes 
vertical, the law musi remain the same. 

(3). The Proposition is further confirmed by shew- 
ing that its results, obtained deductively, agree with 
experiments made upon two bodies which draw cach 
other over a fixed pulley (Atwood’s Machine); and— 
(4) by the times of oscillation of pendulums. 

Also it appears that when gravity acts in a di- 
rection opposite to that of a body’s motion, it subtracts 
equal velocities in cqual times. 

Hence we introduce the following Definition. 

Der. 4 A uniform force is that which, acting in 
the direction of the body’s motion, adds (and in the 
opposite direction, subtracts,) equal velocities in cqual 
times. 

Prop. IV. If a uniform force act upon a 
body, moving it from rest, and if a be the velocity 
at the en. of a unit of time, v, the velocity at 
the end of ¢ units of time, is £a. 

For the body will move in the direction of the 
force (Def. 3), and therefore the force is in the 
direction of the motion; and therefore by Axiom 7, 


the direction of the motion is not altered by the 
action of the force. Hence by Def. 4, the velocity 
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added to the velocity in cach! second ie a, and in ¢ 
seconds from the beginning of the motion it is £a. 


1 OR: ; 
Cox. 1. At the end of 5 of a unit »f time the 


s d : 
velocity is " ar? 
e 


Cor.*2, At the end of Æ wits of time, the 
20. ma 5 
velocity is ---. 
£ n 
Cor. 3. Ifv bethe velocity at gs end of fes time 


t, the velocity at the end of the mec 2 - will be dip 
n n 


Prop. V. Ifa uniform force act upon a body 
moving it from rest, and if a be the velocity 
at the end of a unit of time, s, the space de- 
scribed at the end of ¢ units of time, is 4al. 

Let cach unit of time be divided into n equal 


1° 
portions; each of these will be —; and the whole 
n 


number will be ¿v ; and the velocity at the lyginning * 


of the first, second, third, dns &c. of these portions 
will be, by Prop. 1, Cor. 


a 2a 8a 
0, —, is » &c. (£n terms). 


Suppose spaces to be described in these portions of 
time with the velocity at the beginning ur each por- 


tion continued uniform during that portich ; these ` 


spaces arc by Prop. 1, 
1 a 1 2a.]1 


a 
0x—, —x—, —Xr, — x = (én terms) 
n n n n ^ n 


which form an arithmetical series, And the last 


term of this series is 
i—2 


* 
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(/n--1)a 1 

omia Ge TEN 
n n 

And the sum of it is (Introd. Art. 60) 


(in—-1)a 1 tn 
— X TL 


, 


rue F m 152 
(£n—1)at ^ ‘af at 

or --—————- or — — —. 

“ 2n 2 Qn 


In the same manner the velocity at the end of 
the first, second, third, &c. of these portions is 
_a@ 2a 3a 
s PR. &c. (Zn terms). 
Suppose spaces to be described in these portions of 
time with the velocity at the end of each portion con- 
tinued uniform during the tire. These are as before 


a 1 2a 1 3a 1 4a 1 
=, —X-, —x-—, — x — (tn terms); 
n N n n n N n n 


an arithmetical progression, of which the last term 


. tna 1 3 ~. ftna 1 a 1I1\tn 
is — x —, and the sum is GERTIE — 
n n n n mn 9 
` (fn-1)at af at 
or 2——.— o - 
270 9 204 
But in this case the body moves with a constantly 


y 
increasing velocity. Therefore by Axiom 1, the 


: i : 1, 
space described in each of the times — is greater 
n 


than the spuce described on the former of the above 

suppositions; and less than the space described on the 

latter of the above suppositions. Hence the whole 
e P at 

space s is greater than T uer and less than 
n 


af? at 


2 2n 
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at? 
Therefore it is equal to cud for if. not, let it be 


af? 
equal to a greater quantity, as ES +6, and let 
e (d 


at 
n = —: then 22m b; and therefore the spage. de- 
n 
ee 
ME at at feb . 
scribed is equal to EET but it is less than thig; 
n . 
which is impossible. Therefore the space is not equal 


2 


r4 


Y at ur : 
to a greater quantity than, — ; and in like manner it 


may be shewn that it is not equal to a less. There- 


at? 


fore the space is equal to — . Q.E.D. . 
Q 


LJ . 
Cor. Hence if £, T, be any two times from the 
beginning of the motion and s, S the spaces through 
which a body falls in those times, s : S =: £^ : T". 


Prov. VI. The space described in any 
time from rest by the action of a uniform force 
is equal to half the space described by the last- 
acquired velocity continued uniform for the time. 


As in last Proposition, let ¢ be the whole time, 
and a the velocity acquired in one unit of time. 
Then at is the velocity acquired M the whole time f. 
And a body moving with this velocity for the time ¢ 
would describe thaspace af by Prop. 1. But a body 
moving from rest by a uniform force déscribes the 
space at? by Prop. 5. Therefore the latter space, 
is half the former. Q.%.D. 


Cor. 1. A body falling from rest by the uniform 
force of gravity, describes 16 feet in one second. 
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Therefore with the velocity acquired it would de- 
scribe 32 feet in one second. Therefore gravity gene- 
rates a velocity of 32 fcet in one second of time. 


Con. 2.; If g represent 22 feet, the space through 
which a body falls in £ seconds by the action of 


gravi, is dg’. 
Pnor. VII. When a bod i is projected in 


a direction opposite to the direction of a uniform 
force, with a velocity v, the whole time (/) of 
its motion till its velocity is destroyed, and the 
space (s) described in that time, are known by 
the equations v = at, s = at’. 


For by the Definition of uniform force, the force, 
acting in a direction opposite to the motion, subtracts 
in equal times the same velocities which the same 
force adds when it acts in the direction of the motion. 
Therefore at a series of units of time the velocities 
will be v, v — a, v — 2a, v — ta, till v — £a becomes 0, 
when all the velocity is destroyed ; and when this 
'weccurs, o — fa = 0, or v = fa. 

Also by Ax. 2, the same reasoning would hold as 
in Prop. 5, putting less for greater and greater for 
less; and therefore the same conclusion is true, 

1 2 
namely, six laf". . 


Prop. VIII. Iwoucrive Principre III. 
Second Luw of Motion. When any force acts 
.upon a body in motion, the motior which the 
force would produce in the body at rest is 
compounded with the previous motion of the 


body. 


è 
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The facts which the Induçtion includes are, in 
the first place, such as the following :— 


(1). A stone dropped by a person in motion, is 
soon left behind him. . " 

From (1) it was inferred that if the earth were in 
motion, bodies dropt or thrown would be left behind. 


Dut if appeared that the stone was not left behind 
while it was moving in free space, and 'was only 
stopt when it came to the ground. Again it was found 
by experiment, 

(2). That a stone drópt by a person in'motion 
describes such a path that, relatively to him, it falls 
vertically. 

(3). A man throwing objects and catching them 
apain uses the same effort whether bht be at rest or 
in motion. 

Again, such facts as the following were considered: 


(+). A stone thrown horizontally or obliquely de- 
scribes a bent path and cores to the ground. 


It was at first supposed that the stone does not 
fall to the ground till the original velocity is expended. 
But when the First Law of Motion was understood, 
it was seen that the gravity of the stone must, from 
the first, produce a change in the motion, and deflect 
the stone from the line in which it was thrawn. And 
by more exact examination it appeared that (making 
allowance for the resistance of the air),— 5) the stone 
falls below the line'of projection by exactly, the space 
through which gravity in the same time would draw 
it from rest, ' 


These facts were distinctly explained and rigor- 
ously deduced by introducing the Definition of Compo- 
sition of Motions ;—that two motions are compounded 
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when each produces its separate effect in a direction 
parallel to itself; 

And the Principle, that when a force acts upon a 
body in mstion, the motion which the force would 
produce in the body at rest is compounded with 
the- rrevious motion of the body. 

The Proposition is confirnec by shewing that its 
results, deduced by demonstration, agree with the facts. 


Der. 5. Two motions are compounded when cach 
produces its separate effect in a direction parallel to itself. 


Pror. IX. If a body be projected in any 
direction and acted upon by gravity, in any time 
it will describe a curve line of which, the tangent 
intercepted by the vertical line, and the vertical 
distance from the tangent, are respectively the 
spaces due to the original velocity and to the 
action of gravity in that time. 


Let AR be the direction of projection ; and in any 
time, let AR be the space which 
.the body would have described 
‘with the velocity of projection in 
that time, and AM the space 
through which the body would 
have fallen in the same time. 
Then, cotopleting the parallel- 
ogram AMPR, the body will, 
by the Second Law of Motion , 
(Prop. 8) be found at P, and RP 
_ is equal to AM. Also AR is a 
tangent to the curve at Á, be- 
cause at A the body is moving 
in the direction AR. There- 
fore, &c. Q.E.D. N 
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Cor. If P,Q be the points at which the pro- 
jectile is found, at any two times £, T' from its being 
at 4, and if PR, QS be vertical lines, meeting the 
tangent at 4 in R, S, then 


PR: QS : AR? : AS. 
For PR : QS :» ë : T? by Cor. to Ptop. oe: 
But z : T : AR : AS; whence 
DOCCT v AW AS. z 
Therefore PR : QS : AR? : AS. 
Pnor. X. A body,is projected from a given 
point in a given direction; to find the range upon 
a horizontal plane, and the time of flight. 


* . 

The range is the distance from the point of pro- 
jection to the point whtre the 
projectile (or body projected) 
again strikes a plane passing 
through the point of projec- 
tion. 

Let a body be pr ojected i in 
a direction AX, such that, 4H, 
HK being horizontal dnd ver- 
tical, AH : HN :: m:n. Hence 


AH m AK” | BIT a n* + m* 
HK n? H^ HR 5m qw 
HK n AH m HK m 


AK — v m-m AK n AK fn? xm 

Let v be the velocity of projection, 4Q the path 
described, Q§ vertical; and let the time of describing. 
AQ be t. Therefore, by the last Proposition, AS, the" 
space described with velocity v in the time ¢, will be 
vt. Also SQ, the space fallen by gravity in the time ¢, 


will be 4gt’, by P on. 6, Cor. 2. 
1—5 
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SQ HK let n 
And oh EI that is, * — ile nrc 
AS AK ; á ví n? +m : 
gt n 2v n 


ae nl ig mac ee, 3 whichis the time 
wW An + a E vim +n? 
of fight. 


AQ AH AQ -m 


Also d tis E IU RR S AQ = 
AS AK’ È K ntn’ : 
m 9v! mm ME l 
vi—==—— ; AQ=— —, --;, which is the range. 
A/ mË + n? g m+n 


Pror. XI. If any particles, moving in pa- 
rallel directions, and acted upon each by a cer- 
tain foree in the direction of its motion, move 
with velocities which are cqual for all the par- 
ticles at every instant, the motions of the par- 
ticles will be the same if we suppose them to be 
connected so as to form a single rigid body, and 
the forces to be added together so as to form a 
single force. 


` Let A,B, C, be any particles acted upon by any 
forces, and moving in parallel " 
directions with velocities which mue N 
are equal at every instant. X 
Since the velocities at evcry Dae p 
instant are equal, the spaces C d 
described in the same time are equal for all the par- 
ticles, by Axiom 3. 


Let Aa, Bb, Cc be the spaces described in any 
time, which are therefore equal and parallel. There- 
fore ab is equal and parallel to 4B, and be to BC, 
and so on. Therefore the relative positions and dis- 


r] 
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tances of the particles A, B,C are ngt altered by 
their motion into the places a, b, c. 

Therefore, by Axiom 4, if we suppose the par- 
ticles A, B, C to be rigidly connected, their motions 
wil not be altered ;,that is, the motions will not be 
altered if 4, B, C arc supposed to be partides of 
a single rigid body’ : 

Also: by Axiom 5, if we ‘suppose the forces which 
act upon the particles, A, B, C, to be added together 
so as to form a single force, the motion will not be 
altered. ] 

Therefore, &c. Q.E.D. 3 


Pror. XII. If, on two bodies, two pressures 
act, which are proportional to the quantities of 
matter in the two bodies, the velocities produced. 
in equal times in the two bodies are equal. 


Let P, Q, be two pressures, and m, n two bodies, 
measured by the number of. units of eae of matter 
which each contains; and let P: Q::m:n. 

Let the pressure P be divided into m parts, each 


P . e? e. 
of which will be — , and let each of these parts of 
m 


the force act upon a separate one of the m units into 
which the body m can be divided, aod let it produce 
e? 
in a time ¢ a velocity v. Each of the pressures - 
will produce in the unit upon which it acts for the 
time 7, an equal velocity v, in a direction "parallel to 
P. "Therefowe, if all the m pressures act for the same 
time ¢ upon the m units of the body respectively, all 
the units will move with velocities which are equal at 
every instant. Therefore, by Prop. 11, if we suppose 
the m units to be connected so as to form one rigid 
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body m, and. the forces to be added so as to form a 
single force P, the motion will still be the same. That 
is, the pressure P acting upon the body m, will pro- 
duce the velocity v in the time £. 

In the same manner it mav be shewn that the 
pressure Q acting upon the body n will produce the 


^ 


same velocity which a pilisure — produces in'a body 1. 
= ) 


Q P 6 
But since P: Q=: m:n, S = —; therefore 2 
n m n 


acting upon a body 1 wil! produce a velocity v in a 
time ¢, Therefore Q acting on n will produce a 
velocity v in a time 7; the same which P produces in 
m. Q.E.D. 


Prop. XHI. Innucrive Princrere IV. 
The Third Law of Motion. When pressure 
generates (or destroys) motion in a given body, 
the accelerating force is as the pressure. 


The facts included in this Induction are such as 
the following :— 

(1). When pressure produces motion, the velocity 
produced is greater when the pressure is greater. 

In order to determine in what proportion the 
velocity increases with the pressure, further consider- 
ation and inquiry ere necessary. 

It appeared that, 

(2). On an inclined plane the velocity acquired 
by falling down the plane is the same as that acquired 
by falling freely down the vertical height of the plane 
* (Galileo's experiment). 

(3). When two bodies.P, Q* hang over a fixcd 
pulley, the heavier P descends, and the velocity gene- 


* See figure to Prop. 17. 
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rated in a given time is as P — Q directly,fand as P+Q 
inversely (Atwood's Machine). 


(4). The small oscillations of pendulums are per- 
formed in times which are as the square reots of the 
lengths of the penduYums. 


(5). In the impacts of'bodies the momentum gained 
by the ont body is equal to the momentum lost by 
the other (Newton's Experiments). E j 


(6). In the mutual attractions of bodies the center 
of gravity remains at rest. E 

These results are distinctly 'explained and rigor- 
ously deduced by introducing the Definition of uni- 
form Accelerating Force;—that it is as the velocity 
generated (or destroyed) in a given time; 

And the Principle that the Accelerating Force , 
for a given body is as the pressure. 

Most of these consequences will be proved in the 
succeeding Propositions, (14, 15, 16, 17, 18), and thus 
this Inductive Proposition is confirmed, 

Der. 6. Uniform Accelerating Force is measured 


by the velocity generated in a unit of matfer in a 
unit of time. 


Hence in the formula in Prop, 4 and 5, a represents 
the Accelerating l'orce. 


Axiom 8. If two bodies moveeso that*fheir ve- 
locities at every instant are equal, the Accelerating 
Forces of the two bodies at every instant are equal ; 
and conversely. ; 


Axiom 9. elf two bodies move so that their Acce- 
lerating Forces at every instant are in a constant 
ratio, and are in the diréction of the motion, the 
velocities added or subtracted in any time are in the 
ratio of the Accelerating Forces. 


4 
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Prop. \XIV. dn different bodies, the Ac- 

celerating Force is as the pressure which pro- 
duces motion directly, and as the quantity of 
matter nfoved inversely. ' 
* - Let two pressures P, Q, produce motion in two 
bodies of which the quantities *of matter are M, N. 
Let M: N: P: X; therefore, by Prop. 12, the 
force X TER in a given time, produce in N the 
same velocity which P would produce in M; that is, 
the Accelerating Force on M arising from the pres- 
sure P, is equal to: the ‘Accelerating Force on N 
arising from the pressure .Y. 

But by the Third Law of Motion (Prop. 13) 
the Accelerating Force on N arising from the pres- 
sure X is to tlte Accelerating Force on the same body 
N arising from the pressure Q as X is to Q. 

"Therefore, the Accelerating Force on M arising 
from P is to the Accelerating Force on JV arising 
from Q as X is to Q., 


But M:N: P: X; therefore X = pu and 


w, PN | P Q 
therefore X is to Q, as y” to Q, or as I to N° 
Therefore the Accelerating Forces of P on M and 
“n eP 
of Q on N are as M and xc Q.E.D. 


Prop. XV. On the inclined plane, the time 
of falling down the plane is to the time of falling 
freely down the vertical height of the plane as 
the length of the plane' to its height. 


Let L be the length of the plane, H its height. 
'The pressure which urges a body down an inclined 
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plane is equal to the pressure which would support 
it acting in the opposite direction; but this pressure 
* IW, the weight of the body :: H : L (B. 1. Prop. 20.) 


T'herefore the pressure which produces motion on the 


lane is ——. 
plane 1s T. 


The quantity of matter of the body is as W. 

Hence, since by the last Proposition the Acccle- * 
rating Force on the inclined plane is as the pressure 
directly and the quantity of matter inversely; therefore 
Accelerating Force on Inclipged Plane : Accelerating 
Force of body falling frcel WH m SES. 

orce of body falling freely 5 5, : i: 

Now the force on the inclined plane is a uniform 
accelerating force; and therefore the velecity acquired 
in a unit of time measures it, by Def. 6. There- ' 
fore, if La be the velocity acquired in a unit of time 
by a body falling freely, Ha will be the velocity 
acquired in a unit of time down the inclined plane. 
And the rule of Prop. 5 is applicable. Therefore, 
if ¢ and /' be the times of falling down L, and of 
falling vertically down ZF, m. e 


L: H: Hat: } Lat’; 
or L?: H^: È: t’; 
rL: H AE M 


Pror. XVI. On the inclined plane, the velo- 
city acquired by falling down the inclined plane . 
is equal to the velocity acquired by falling freely 
down the vertital height of the plane. 

As before, the accelerating force on the plane is to 
the accelerating force of a body falling freely 

SA LL: 
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Also s'€ } vt, by Prop. 6; whence as before, v' 

being the velocity o di by falling freely down H, 

L: Hx got: gwt ee ^ 

But, H: L - 8 £ ıt by Prop. 15. 
Therefore 1 : 1 So: v's 

Whence e =v; the velocity acquired down the 

plane is equal to the velocity acquired down the ver- 

‘tical height. Q.E.D. - 


Prop. XVII. When two bodies P, Q hang 
over a fixed pulley, and move by their own weight 
merely*, the heavier P descends, and the lighter 
Q ascends, by the action of an accelerating force 

D 


.,.  P-Q 
which is as PFQ c 


The string which connects P and Q exerts 
an equal pressure in opposite directions upon (Wy 
P and upon Q, (Axiom 6). Let this pres- 
sure be X. ‘Then since P is urged down- 
wards by a force P and upwards by a force rs 

_X, it is on the whole urged downwards by Q 
a force P — X. And the quantity of mat- 
ter is P. Therefore, by Prop. 14, the 
Accelerating Force upon P downwards is "C3 


P- ' ; 
as ——— € In‘the same manner, since X acts up- 


ae upon Q and the weight of Q acts downwards, 


-Q 


the accelerating force upon Q upwards is as 


But the accelerating force upon Q upwards and upon 
P downwards must be equal, because they move at 
every point with equal velocities, by Axiom 8, 


* That is, neglecting the effect of the matter in the pulley and the string. 
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Therefore AR is equal to siut 
Q P 
e. X d . 
that is, Q^ 1 is equal to 1 - a 


or — + — S e ual to 
ave 


+ Q) 


X ` 
Therefore IMS is equal to 2; 


. 2PQ 
and AX is equal to ; 
dv SAO 


Hence P- X is P- ——" 


accelerating force upon P, which is as , , is as 


P-Q 
P+R 


P 
And, in like manner, the accelerating force 
-Q 
+Q' 
Der. 7. The momentum of a body is the product 


of the numbers which express its velocity andjàts quan-> 
tity of matter. 


; P 
upon - 
p ws 


Der. 8. Elastic bodies are those which separate - 
when one impinges upon another ; inelastic badies are 
those which do not separate after impact. — "' 

‘Der. 9. The impact of two bodies is direct, when 
the bodies, before impact, either moving in the same 
direction or one of them being at rest, the pressure 
which cach exests upon the other is in the direction of 
the motion. 


Prop. XVIII In the direct impact of two 
bodies the momenta gained and lost are equal. 
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Let P impinge upon Q directly, and let JY be the 
pressure which each exerts upon the other at any 
instant. Therefore the accelerating forces which act 


= 
upon P end Q in oppositc directions are as P and 
* Y sd 


—; and are therefore at every instant in the constant 


; 1 ] 
rado of p^ g or of Q to P. Therefore, by Ax. 9, 


the velocities generated in Q and destroyed in P, iu 
any time, are in the same constant ratio of Q to P. 
Aud the quantities of matter are as P and Q. There- 
fore, by Def. 7, the momentum generated in Q and the 
momentum destroyed in P, in any time, are as PQ to 
PQ; that is, they are equal. Q.E.D. 


Con. 1. If P and Q are elastic, they will separate 
after the impact; and the momenta generated and de- 
stroyed in Q and P by the clasticity will still be equal, 
for the same reasons as before. 


Con. 2. "The velocity destroyed in P, according 
to Cor. 1, may be greater than its whole velocity. 
"In this-case, P will, after the impact, move in 
the opposite direction with a velocity which is 
the excess of the velocity lost over the original 
velocity. i 


Cor. 3. Before the impact, Q may move in a di- 
rection. opposite to P. In this case the velocity gained 
by Qi is to be understood as including the velocity in 
the opposite direction, which is destroyed. 


Cor. 4 If two bodies P and Q, move in oppo- 
site directions with velocities which are in the ratio of 
Q to P, they will be at rest after impact if they are 
inelastic. For since they are inelastic, they will not 
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separate after impact: therefore they will either be at 
rest or move on together. But if they move in the 
direction of P’s motion, P has lost less than its whole 
velocity, and Q has gained more than its own velocity. 
But this is impossible, for the velocities lost aid gained 
are in the ratio of Q to“P; that is, in the ratio of P's 
velocity to Q’s velocity. «Therefore the bodies do not 
move in thé direction of P’s motion. And, in like 
manner, it may be shown that they do not move in the 
direction of Q’s motion. Therefore they remain at 
rest. 


Prov. XIX. The mutual pressure, attraction, 
or repulsion, or direct impact of two bodies, can- 
not put in motion their center of gravity. 


Let two bodies P, Q, act upon cach other by pres- 
sure, attraction, or repulsion, the force which each ex- 
erts upon the other (Axiom 6) being X. Therefore 
(Prop. 14) the accclerating forges which.act on P and Q 


- 


are as P and à respectively, or in the constant ratio 


of Q to P. Therefore the Velocities acquired by P and 
Q in any equal times are in this ratio by Axiom 9, 
and therefore the spaces are in the same ratio by- 
Axiom 3. " : 


: : 
Let P, Q, be any two bodies of which the center 
of gravity is C, which is ,, : A 


J 7 i 
at first at rest. Thetcfore e E Ó 
by B. i Prop. 24, Q: P: CP : CQ, and CQ 
= a CP. And if Pp, Qq be any spaces described in 


equal times, by the mutual pressure, attraction, or re- 


pulsion of the bodies, it has been proved that Q : P 
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= Pp: Qq; and thérefore Qg = a Hence, sub- 


tracting, it follows that Cq iB KA orQ: P: : Op 


: Cq. And therefore C is ‘stil the center of gravity of 
“ilie bodies P, Q, when they are come into the positions 
p. q; that is, the center of gravity has net been put 
in motion. 


Also if the two bodies P, Q, not attracting or re- 
pelling each other, move towards each other with uni- 
form' velocities which are in the ratio of Q to P, and 
impinge; the spaces described in any time (as Pp, Qq) 
will be in the same ratio of Q to P, and, as above, the 
center of gravity will be at rest. And when the bodies 
impinge on each other, the relocities of cach will cither 
be destroyed, or destroyed and generated in an oppo- 
site direction; and in either case, since the mutual 
pressure is equal on both, the acceler ating forces which 
destroy and generate velocity, will be in the ratio of 
Q to P, as in Prop. 17.' Therefore the velocities de- 
stroyed and generated are in the same ratio as the 
- original velocities. Therefore if the whole velocity of 
one body is destroyed, the whole velocity of the other 
body also is destroyed, and the bodies are both at 
rest, and thcir center. of gravity is still at rest after 
impacts, . ` 

But if the velocities be destroyed, and velocities 
generated in an opposite direction, these new velocities 
will alse be in' the ratio of the original velocities, be- 
cause the accelerating forces at every instant are so, 
(Ax. 9); and therefore the spaces described in any 
time by the new velocities will be in the same ratio ; 
and therefore, as before, it may be shown that C is 
still the center of gravity of P, Q. 
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Therefore, under all the circamstances stated, the 
center of gravity remains at rest. Q.E.D. 


Examples to Propositions 4, 5, 6, 7; 10, 11, 18. 


By means of these Propositions, we ‘can solve. 
such Examples as the folowing:— * 

When a body falls freely by the action of gravity, 
the quantity a in Prop. 4 is 32 feet, the unit, of time .. 
being one second, and v = gf. Also (Prop. 6, Cor. 2) 


Ex. 1. To find the velecity, acquired by a*body 

which falls by gravity for 30 seconds. 
vom gi = 32 x 50 = 060 feet per second. 

2. To find the space fallen through in the same 
time, s = Jg? = 16 x 30? e 14400 feet. e 

3. To find in what time a body falls through * 
1024 feet. 

1024 = 16 x P, £ = 64, £ = 8 seconds. 

4. To find the velocity acquired in the same 
space, v = gt = 32 x 8 = 256 fect per second. 

5. A body is projected directly upwards, with a 
velocity of 1000 feet a second; how high will it go? ET 
Dy Prop. 7, the height will be that through which 
a body must fall to a quie the same velocity: = 

Now since ° i 
1000 ° 125 
xu 


33 


v= gl, 1000 = 320, t= 


= (125)? = 15625 feet. 


6. A body is [e with a velocity of 32 
feet a second in a direction which makes with the 
horizon half a right angle: to find the flight and the 
range. 
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In this case  —; therefore, by Prop. 10, 
n 1 20 1 2 x 32 


vn. om XU a 39 x 4/2 
= 4/2 = 1.4 seconds ; 


2v mn 9 x (39)? 1 
2 ~ ~ 
the range = — - ——— = -- E ) 57 32 feet. 


: 7. ‘A cannon bell is projected with a velocity 
of 1600 feet a second, in a direction which rises 3 feet 
in 4 feet horizontal: find the time of flight and the 
range. j 
n 3 3 2x1600 3 
money cu C o 


75 seconds 
* 2v nm 9(1600)' a 
the range = — - - — 
g ma nt 32 " 25 
= 76800 fect. 


8. An inelastic body A impinges directly on an- 
other inelastic body B at rest, with a velocity of 10 
feet a second; A being 3 and B 2 ounces, find the 
yelocity after impact. 

If w be the velocity of both after impact, the 
„velocity lost by Æ is 10 — z, and the velocity gained 
“by B is æ. Hence the momentum lost by A is 
3x(10-.2); and that'gaiued by B is 2x a; and 
these are equal by Prop. 18; therefore 

3(10—2) = 24, 302 3r + 2a, v — 6. 

9. The bodies being perfectly elastic, find the 
motions after impact. 

In perfectly elastic bodies, the velocity lost by A 
and the velocity gained by B in the restitution of. 
the figure are equal to the velocity lost by A and 
gained by B in the compression. 
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Now the velocity lost by Æ $n the compression is 
10 —6 or 4; therefore the whole velocity lost by A is 
'*, and its remaining velocity 2. 

And the velocity gained by B in the compression 
is 6, and therefore the whole velocity gained by B is 
12, which is B's velocity after impact. sm 

10. A body 4 (3 ounces) draws B (2 ounces) over 
a fixcd pulley: find the space described in one secand 
from rest. 


, : 3-2 
By Prop. 17, the accelerating forog sa ar that 


. LJ e 1 . [LJ . 

is, it is — of gravity; and the space in a second is as 
9 

the force: therefore the space described in one second 


e 
is —, or 3} feet. 
5 2 


REMARKS 


e 
ON 


MATHEMATICAL REASONING, 


AND ON e 


TIIE LOGIC OF INDUCTION. 


Secr. I. On the Grounds of Mathematical 
Reasoning. 


l. Tue study of a science, treated according to 
a rigorous system of mathematical reasoning, is use- 
ful, not only on account qf the pesitive knowledge 
which may be acquired on the subjects which belong 
to the science, but also on account of the collateral 
effects and general bearings of such a study; as a dis, 
cipline of the mind and an illustration of philosophical 
principles. -— 

Considering the study of the mathematicalsciences 
with reference to these latter objcets, we fnay note 
two ways in which it may promote them ;—by habi- 
tuating the mind tg strict reasoning, —and by afford- 
ing an occasion of contemplating some of*the most 
important menjal processes and some of the most dis- 
tinct forms of truth. Thus mathematical studies may 
be useful in teaching practical logic and theoretical 
metaphysics. We shall make a few remarks on each 
of these topics. 

M.E, 8 


( 
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2. 'The study of Mathematics teaches strict rea- 
soning—by bringing under the student's notice promi- 
nent and.clear examples of trains of demonstration ;— 
by exercising him in the habits of attentive and con- 
nected thought which are requisite in order to follow 
these trains ;—and by familiarizing him with the pc- 
culiar and distinctive conviction which demonstration 
produces, and with the rigorous exclusion of all con- 
siderations which do not enter into the demonstration. 


3., Logic is a system of doctrine which lays 
down rules for determining in what cases pretended 
reasonings are and are not demonstrative. And ac- 
cordingly, the teaching of strict reasoning by means 
of the study of logic is often recommended and prac- 
tised. But in order to shew the superiority of the 
study of mathematics for this purpose, we may cbn- 
sider, —that reasoning, as a practical process, must be 
learnt by practice, in the same manner as any other 
practical art, for, example. riding, or fencing ;—that 
we are not secured from committing fallacies: by such 
a classification of fallacies as logic EUROS as a rider 
would not be secured from: falls by a classification 
‘of them ;—and that the habit of attending to our 
~unatal processes while we arc reasoning, rather inter- 
feres with than assists our reasoning well, as the horsc- 
man would ride worse rather than better, if he were to 
fix his attention upon his muscles when he is using 
them. 

4. To this it may be added, that the peculiar 
habits which enable any one to follow a chain of 
reasoning are excellently taught by mathematical study, 
and are hardly at all taught by logic. These habits 
consist in not only apprehending distinctly the demon- 
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stration of a single propositio when it i$ proved, but 
in retaining all the propositions thus proved, and using 
them in the ulterior steps of the argument with the 
same clear conviction, readiness, and familiarity, as if 
they were self-evideng principles. Writers on Logic 
seldom give examples af reasoning in which several 
syllogisms follow cach other; and they never give 
c\amples in which this progressive reasoning Js, so 
exemplified as to make the process familiar. Their 
chains gencrally consist only of two or three links. 
In Mathematics, on the contrary, every theerem is 
an example of such a chain; every proof consists of 
a series of assertions, of which each depends on the 
preceding, but of which the last inferences are no less 
evident or less easily applied than the simplest first 
principles. The language contains a ĉonstaut succes, 
sion of short and rapid references to what has been 
proved already ; and it is justly assumed that each of 
these brief movements helps the reasoner forwards in 
a course of infallible certainty and security. Each of 
these hasty glances must possess the clearness of in- 
tuitive a and the certainty of mature reflection ; 
and yet must leave the reasoner's mind entirely free ta 
turn instantly to the next point of his progress. The 
faculty of performing such mental processes well md 
readily is of great value, aul is in no way» fostered 


by the study of logic. $ 


5. It is sometimes objected to the study of 
Mathematics as a discipline of reasoning, that it 
tends to render men insensible to all reasoning 
which is not mathematical, and leads them to de- 
mand, in other subjects, proofs such as the subject 
does not admit of, or such as are not appropriate to 


the matter. 
8—2 
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To this it may be feplicd, that these evil results, 
so far as they occur, arise either from the student 
pursuing too exclusively onc particular line of mathe- 
matical study, or from erroneous notions of the nature 
of. demonstration. 

The present volume is aded to assist, in some 
measure, in remedying the too éxclusive pursuit of 
ene particular line of Mathematics, by shewing that 
the same simplicity and evidence which are scen in the 
Elements of Geometry may be introduced into the 
treatment of another subject of a kind very different ; 
and it is hoped that'we may thus bring the sub- 
ject within the reach of those who cultivate the 
study: of Mathematics as a discipline only. The re- 
marks now offered to the reader are intended to aid 
him in forming'a just judgment of the analogy bc- 
tween mathematical and other proof; which is to be 
done by pointing out the true grounds of the evi- 
dence of Geometry, and by exhibiting the views which 
are suggested by.the extension of snathemateal rea- 
soning to sciences concerned about physical facts. 


. 6. We shall therefore now procecd to make some 
remarks on the nature and principles of reasoning, 
eSyecially as far as they are illustrated by the mathe- 
matical sciences. 

Some of the leading principles which bear upon this 
subject are brought into view by the consideration 
of the question, ** What is the fovndation of the cer- 
tainty arising from mathematical demonstration ?” and 
in this question it is implied that mathematical de- 
monstration is recognised as a kind of reasoning 
possessing a peculiar character ‘and evidence, which 
make it a definite and instructive subject of con- 
sideration. 
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7. Perhaps the most bbvious answer to the 
question respecting the conclusiveness of mathema- 
tical demonstration is this ; — that the certainty 
of such demonstration „arises from its being founded 
upon Axioms; and, conducted by steps, of which 
cach might, if required, be stated as a ,rigorbus 
Syllogism. tos 

This answer might give rise to the further ques- 
tions, What is tlie fouidadon of the cohclusiveness 
of a Syllogism? and, What is the foundation of t 
certainty of an Axiom? And if we suppose the for- 
mer enqttiry to be left to’Logic, as being the subject 
of that science, the latter question still remains to 
be considered. We may also remark upon this answer, 
that mathematical demonstration appears to depend 
upon Definitions, at lfast as much «s upon Axioms. 
And thus we are led to these questions : — Whether 
mathematical demonstration is founded upon Defini- 
tions, or upon Axioms, or upon both? and, What is 
the real nature of Definitjons and of Axioms? 


8. 'The question, What is the foundation of 
mathematical demonstration ? was discuséed at cohsi- 
derable length by Dugald Stewart*; and the opinion 
at which he arrived was, that the certainty of sathe- 
metical reasoning arises from its depending upon 
definitions. He expresses this further, By declaring 
that mathematical truth is hypothetical, and must be 
understood as asserting only, that if the definitions are 
assumed, the conclusion follows. The game opinion 
has, I think, prevailed widely among other modern 
speculators on the same subject, especially among 
mathematicians themselves. 


* Eleméhts of the Philosophy of the Human Mind, Vol. 11. 
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9. In opposition to this opinion, I urge, in the 
first place, that no one has yet been able to construct a 
system of mathematical truth by means of definitions 
alone, to the exclusion of axioms; although attempts 
having this tendency have been made constantly and 
eainestly. It is, for instance, well known to most 
readers, that many mathematicians have endeavoured 
to get rid of Euclid's “ Axioms” respecting straight lines 
and parallel lines; but that none of these essays has 

een generally considered satisfactory. If these ax- 
ioms could be superseded, by definition or otherwise, 
it was conceived that the whole structure of* Elemen- 
tary Geometry would rest merely upon definitions ; 
and it, was held by those who made such essays, that 
this would render the science more pure, simple, and 
homogeneous. If these attempts had succeeded, 
Stewart’s doctrine might have required a further 
consideration; but it appears strange to assert that 
Geometry is supported by definitions, and not by 
axioms, when she cannot stir four steps without rest- 
ing her foot upon an axiom. 


10. Bat let us consider further the nature of 
these attempts to supersede the axioms above men- 
tionad They have usually consisted in endeavours so 
to frame the definitions, that these might hold the 
place whict the axioms hold in Euclid’s reasoning. 
Thus the axiom, that “two straight lines cannot en- 
close a space," would be superfluous, if we were to 
take the foMowing dcfinition:— A line is said to be 
straight, when two such lines cannot coincide in two 
points without coinciding altogether.” 

But when such a method of treating the subject is 
proposed, we are unavoidably led to ask, — whether it 
is allowable to lay down such a definition? It cannot 
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be maintained that we may propound any form of 
words whatever as a definition, without any consider- 
ation whether or not it suggests to the mind any in- 
telligible or possible conception. What would be said, 
for instance, if we were to state the followeng as a dc- 
finition, ** A line is Said to be straight (or ayy other 
tern) when two such lines cannot coincide in one point 
without Coinciding altogether ?” It would inevitably 
be remarked, that no such lings exist; or that Such’a 
property of lines cannot hold good without other 
conditions than those which this definition expresses; 
or, more gencrally, that tht definition does not corre- 
spond to any conception which we can call up in our 
minds, and therefore can be of no use in our rcason- 
ings. And thus it would appear, that a definition, 
to be admissible, must*necessarily refer to and agree 
with some conception which we can distinctly frame 
in our thoughts. 


11. "This is obvious, also, by considering that the 
definition of a straight line could not be of any use, 
except we were entitled to apply it in the cases to 
which our geometrical spropositions refer. e No defiai- 
tion of straight lines could be employed in Gcometfy, 
unless it were in some way certain that the lines so 
defined are those by which angles are contained, those 
by which triangles are bounded, those of which paral- 
lelism may be predicated, and the like. 


19. The same necessity for some genaral concep- 
tion of such lines accompanying the definition, is im- 
plied in the terms of the definition above suggested. 
For what is there meant by “such lines?" Appa- 
rently, lines having some general character in which the 
property is wecessarily involved. But how does it ap- 
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pear that lines may have such a character? And if it 
be self-evident that there may be such lines, this evi- 
dence is a necessary condition of this (or any equiva- : 
lent) definition. And since this self-evident truth is 
the ground'on which the course of reasoning must pro- 
céed, the simple and obvious method is, to state the 
property as a self-evident truth; that is, as an axiom. 
Similar remarks would apply to the other axiom above 
‘mentioned; and to any others which could be proposed 
son any subject of rigorous demonstration. 


13. If it be conceded that such a conception 
accompanying the definition is necessary to justify it, 
we shall have made a step in our investigation of the 
grounds of mathematical evidence. But such an ad- 
mission docs not appear to beccommonly contemplated 
by those who maintain that the conclusiveness of ma- 
thematical proof results from its depending on defi- 
nitions. They generally appear to understand their 
tenet as if it implied arbitrary definitions. And some- 
thing like this seems to be held by Stewart, when he 
says that mathematical truths are true hypothetically. 
Fur we understand by an hypothesis a supposition, 
not only which we may make, but may abstain from 
making, or may replace by a different supposition. 


14. ‘That the fundamental conceptions of Geo- 
metry are not arbitrary definitions, or selected hypo- 
theses, will, I think, be clear to any one who reasons 
geometricaMy at all. It is impossible to follow the 
steps of any single proposition of Geometry without 
*conceiving a straight line and its properties, whether 
or not such a line be defined, and whether or not its 
properties be stated. That a straight line should be 
distinguished from all other lines, and tHat the axiom 
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respecting it should be seen ko be true, are circum- 
stances indispensable to any clear thought on the 
subject of lines. Nor would it be possible to frame 
any coherent scheme of Geometry in which straight 
lines should be excluded d, or their properties changed. 
Any one who should make the attempt, would, betray, 
in his first propositions, to all men who can reason 
geometrically, a reference to straight lines, 
` paa 2 ? 

15. If, therefore, we say that Geometry depende 
on definitions, we must add, that they arc necessary, 
not arbitrary definitions, —sucle definitions as we must 
have in our minds, «o far as we have elements of 
reasoning at all. And the elementary hypotheses of 
Geometry, if they are to be so termed, are not hypo- 
theses which are requisite to enable us to reach this or 
that conclusion; but hypotheses which are requisite fot 
any excrcise of our thoughts on such subjects, 


16. Before I notice the bearing of this remark on 
the question of the nec essity of axioms, I may observe 
that Stewart’s disposition to consider definitions, and 
not axioms, as the true foundation of Geometry, ap- 
pears to have resulted, in part, from an arbitrary selée- 
tion of certain axioms, as specimens of all. Ie takes, 
as his examples, thc axioms, “that if equals be added 
to equals the wholes are equal? that ‘the whole 
is greater than its part;" and the like. If he had, 
instead of these, considered the more properly geome- 
trical axioms,—such as those which I haveanentioued; 
* that two straight lines cannot enclose a space;" or 
any of the axioms which have bcen made the basis of? 
the doctrine of parallels; for instance, Playfair's axiom, 
* that two straight lines which intersect each other 


cannot both of them be parallel to a third straight 
8—5 
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f 
line;" it would have been impossible for him to have 
considered axioms as holding a different place from 
definitions in geometrical reasoning. or the proper- 
ties of triangles are proved from the axiom respecting 
straight linen, as distinctly and directly, as the proper- 
ties of angles are proved from the definition of a right 
angle. Of the many attempts 1aade to prove the doc- 
trine of parallels, almost all professedly, ail really, 
assume sve axiom or'axioms which are the basis 
of the 


17. It is therefore very surprising that Stewart 
should so exclusively have fixed his attention upon the 
more general axioms, as to assert, following Locke, 
* that from [mathematical] Axioms it is not possible for 
human ingenuity to draw a ‘single inference *;" and 
even to make this the ground of a contrast between geo- 
metrical Axioms and Definitions. The slightest exami- 
nation of any treatise of Geometry might have shewn 
him that there is no sense in which this can be asserted 
of Axioms, in which it is not equally truc of Detini- 
tions; or rather, that while Euclid’s Definition of a 
straight line leads to no truth whatever, his Axiom re- 
specting straight lines is the foundation of the whole 
of Geometry; and that, though we can draw some 
inferences from the Definition of parallcl straight lines, 
we strive iu vain tq complete the geometrical doctrine 
of such lines, without assuming some Axiom which en- 
ables us to prove the converse of our first propositions. 
Thus, that, which Stewart proposes as the distinctive 
character of Axioms, fails altogether ; and with it, as I 
‘conceive, the whole of his doctrine respecting mathe- 
matical evidence. y ; 


* Elements of the Philosophy of the Human Mind, Vol. r1. p. 38, 
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18. That Geometry (ard other sciences when 
treated in a method equally rigorous) depends upon 
axioms as well as definitions, is supposed by the form 
in which it is commonly presented. And after what 
we have said, we shall assume this formato be a just 
representation of the’ "real foundations of such Sclencts, 
till we can find a tenable distinction between axioms 
and definitions, in their nature, and in their usé; and 
till we have before us a satisfactory systehr6F Geo. 
metry without Axioms. And this system, we may re 
mark, ought to include the Higher. as well as the 
Elementary Geometry, before it can be held to prove 
that axioms are necdless; for it will hardly be main- 
tained, that the properties of circles depend upon defi- 
nitions and hypotheses only, while those of ellipses 
require some additionaP foundation: er that the com- 
parison of curve lines requires axioms, while tlfe 
relations of straight lines are independent of such 
principles. 


10. Having then, I ‘trust, cleared away the as- 
sertion, that mathematical reasoning rests ultimately 
upon definitions only, and that this is the ground» of 
_its peculiar cogency, I have to examine the real evidence 
of the truth of such axioms as are employed in the 
exact Mathematical Sciences. And we are, I think, 
alrcady brought within view of thoanswer t$ this ques- 
tion. For if the definitions of Mathematics are not 
arbitrary, but necessary, and must, in order to be ap- 
plicable in reasoning , be accompanied by a conception 
of the mind through which this necessity is seen ; it is 
clear that this apprehension of the necessity of the pro- 
perties which we contemplate, is really the ground of our 
reasonings and the source of their irresistible evidence. 
And where 4ve clearly apprehend such necessary rela- 
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tions, it can make no dilference whatever in the nature 
of our reasoning, whether we express them by means 
of definitions or of axioms. We define a straight 
line vaguely ;—that it is that line which lies evenly 
between twe points: but we forthwith remedy this 
vagueness, by the axiom respecting straight lines: 
and thus we express our conception of a straight 
line, $o far as is necessary for reasoning" upon it. 
We migi in like manner, begin by defining a right 
-mgle to be the angle made by a line which stands 
evenly between the two portions of another line; 
and we might add an axiom, that all right angles 
are equal. Instead of this, we define a right angle 
to be that which a line makes with another when 
the two angles on the two sides of it are equal. But 
in all these cases, we express our conception of a 
necessary relation of lines; and whether this be done 
in the form of definitions or axioms, is a matter of 
no importance, 


20. But it may be asked, If it be thus unimpor- 
tant whether we state our fundamental principles as 
axioms or écfinitions, why notereduce them all to de- 
fimtions, and thus give to our system that aspect of 
independence which many would admire, and with 
which none need be displeased? And to this we an- 
swer, that 1f such a mode of treating the subject were 
attempted, our definitions would be so complex, and 
so obviously dependent on something not expressed, 
that they would be admired by none. We should 
have to put into cach definition, as conditions, all the 
'axioms which refer to the things defined. For in- 
stance, who would think it a gain to escape the 
difficulties of the doctrine of parallels by such a 
definition as this: “ Parallel straight lines are those 
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which being produced indefinitely both ways do not 

mect; and which are such that if a straight line 

intersects one of them it must somewhere mect the 

other ?" And in other cases, the accumulation of neces- 

sary properties would .be" still more cumbersome and 


more manifestly heterogeneous. : : 
e 


21. The reason of this difficulty is, that our fun- 
damental conceptions of lines ànd other relweiuüs 8f ' 
space, are capable of being contemplated under scverad 
various aspects, and more than one of these aspects 
are needed in our reasonifigs.. We may take one 
such aspect of the conception for a definition; and 
then we must introduce the others by means of ax- 
ioms. We may define parallels by their not meeting ; 
but we must have sonf positive pxoperty, besides 
this negative one, in order to complete our reason? 
ings respecting such lines. We have, in fact, our 
choice of several such self-evident properties, any of 
which we may employ for our purpose, as geometers 
well know; but with our "naked definition, as they 
also Voss we cannot proceed to the end. And in 
other cases, in like manner, our fundamental concep- 
tion gives rise to various clementary truths, the eoi- 
"nexion of which is the basis of our reasonings: but 
this connexion resides in our thoughts, and cannot be 
made to follow, as a logical result, from any assumed 
form of words, presented as a definition. 


223. If it be further demanded, What is£he nature 
of this bond iy our thoughts by which various proper- 
ties of lines are connected? perhaps the simplest an- : 
swer is to say, that iteresides in the idea of space. We 
cannot conceive things in space without being led to 
consider them’as determined and related in some way 
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or other to.straight lines, right angles, and the like; 
and we cannot contemplate these determinations and 
relations distinctly, without assuming those properties 
of straight lines, of right angles, and of the rest, which 
are the basis of our Geometry. We cannot conceive 
er perceive objects at all, except as existing in space; 
we cannot contemplate them: geometrically, without 
conceiving them in space which is subjected to gcome- 
. tricai conditions ; and this mode of contemplation is, 
-by language, analysed into definitions, axioms, or 


both. i 


23. The truths thus seen and known, may be said 
to be known by intuition. In English writers this 
term has, of late, been vaguely used, to express all 
convictions which are arrived at without conscious rea- 
soning, whether referring to relations among our pri- 
mary perceptions, or to conceptions of the most deri- 
vative and complex nature. But if we were allowed 
to restrict the use of this term, we might conveniently 
confine it to those cases in which we necessarily appre- 
hend relations of things truly, as soon as we conceive 
the objecte distinctly. In this sense axioms may be 
Said to be known by intuition; but this phraseology 
is got essential to our purpose. 


24. “It appears, then, that the evidence of the 
axioms of Geometry depends upon a distinct posses- 
sion of the idea of space. These axioms are stated in 
the beginring of our Treatises, not as something which 
the reader is to learn, but as something which he al- 
ready knows. No proof is offered of them; for they 
are the beginning not the cad of demonstrations. The 
student's clear apprehension of the truth of these is a 
condition of the possibility of his pursumg the reason- 
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ings on which he is invited to enter*. Without this 
mental capacity, and the power of referring to it, in the 
rcader, the writer's assertions and arguments are empty 
and unmeaning words; but then, "this capacity and 
power are wliat all rational creatures alike possess, 
though habit may have developed it in very yarious 
degrees i in different persons. 


25. It has been common in'the school of tetaphy- 
siciaus of which I have spoken, to describe some of the 
elementary convictions of our minds as fundamental 
laws of belicf ; and it appeats : to have been considered 
that this might be taken as a final and sufficient account 
of such convietions. I do not know whether any per- 
sons would be tempted to apply this formula, as a so- 
lution of our question respecting the nature of axioms. 
If this were proposed, I should observe, that this form’ 
of expression scems to me, in such a case, highly un- 
satisfactory. For Jaws require and enjoin a conjunc- 
tion of things which can be contemplated separately, 
and which would be disjoined if the law did not exist. 
It is a law of nature that terrestrial bodies, when frce, 


. e e 

* Jn this statement respecting the nature of Axioms, I find ms.cif 
agreeing with the acute author of * Sematology." See the “Sequel to 
Sematolocy," p. 103. ** An Ax10m does not account for an intel. con ; 
it does but describe the requisite competency for it." It appears to me 
that this view is uot familhar among English metaphysicigns. I may 
here quote what % said at a former period, “However we may define 
force, 1t 15 necessary, in order to understand the elementary reasonings of 
this portion of science, that we should conceive it distinctly. Do we wish 
for a test of the distinctne$s of our conceptions? The test ds, our being 
able to see the necessary truth of the Axioms on which our reasonings 
rest .. These principJes (the Axioms of Statics) are all perfectly evident 
as soon as we have formed the general conception of pressure; but with- 
out that act of thought, they gan have no evidence whatever given them 
by any form of words, or reference to other truths ;—by definitions, or 
by illustrations from other kinds of quantity .—" Thoughts on the Study 
of Mathematics, p.ald. 
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fall downwards; for we can easily conceive such bodies 
divested of such a property. But we cannot say, in the 
same sense, that the impossibility of two straight lines 
inclosing a space arises from a law; for if they are 
straight lires, they need no ‘lay to compel this result. 
We cannot conceive straight lines exempt from such 
a law. To speak of this property as imposed by a 
law, is to convey an inadequate and erroncous notion 
ot ife Close necessity, inviolable even in thought, by 
«which the truth clings to the conception of the lines s. 

& 

26. This expression; of “ laws of belief,” appears 
to have found favour, on this account among others, 
that it recognises a kind of analogy between the 
grounds of our reasoning on very abstract subjccts, 
and the principles to which We have recourse in other 

“cases when we manifestly derive our fundamental 
truths from facts, and when it is supposed to be the 
ultimate and satisfactory account of them to say, that 
they are laws of nature learnt by observation. But 
such an analogy can hardly be considered as a real 
recommendation by the metaphysician; since it con- 
sists in taking a case in which our knowledge is 
Obviously imperfect and its grounds obscure, and in 
erecting this case into an authority which shall direct 
the process and control. the enquiry of a much more 
profound? and penetrating kind of speculation. It 
cannot be doubted that we are likely to see the true 
grounds and evidence of our doctrines much more 
clearly ix the case of Geometry 'and other rigorous 
systems of reasoning, than in collections of mere em- 
pirical knowledge, or of what is supposed to be such. 
It is both an unphilosophical and an indolent pro- 
ceeding, to take the latter cases as a standard for the 
former. 
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27. I shall therefore consider it as pstablished, 
that in Geometry our reasoning depends upon axioms 
as well as definitions,—that the evidence of the 
truth of the axioms and of the propriety of the defi- 
nitions resides in the idea of space,—and that the 
distinct possession of" this idea, and the consequent 
apprehension of the truth of the axioms which are 
its various aspects, is supposed in the student who is 
to pursue the path of geometrical reasoning? This 
being understood, I have little further to observe or 
the subject of Geometry. I will only remarkz—that 
all the conclusions which occur «n the science follow 
purely from those first principles of which we have 
spoken ;—that cach proposition is rigorously proved 
from those which have been proved previously from 
such principles ;—that tls process of successive proof 
is termed Deduction ;—and that the rules which se-* 
cure the rigorous conelusiveness of cach step are the 

rules of Logic, which I need not here dwell upon: 


28. But I now proceed to consider some other 
questions to which our examination of the evidence of 
Geometry was intended» to be preparatory ;—How 
far do the statements hitherto made apply to other 
sciences? for instance, to such sciences as are treated 
oe iu the present volume, Mcchanics and IIydrostatics. 

To this I reply, that some such sciences at legt, as for 
example the scicnce of Statics, appear to me to rest on 
foundations exactly similar to Geometry :—that is to 
say, that they depend upon axioms,—self-evident prin- 
ciples, not derived in any immediate manner from 
experiment, but involved in the very nature of the 
conceptions which we «must possess, in order to reason 
upon such subjects at all. 'T'he proof of this doctrine 
must consist of Several steps, which I shall take in order. 
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99. Ip the first place, I say that the axioms 
of Statics are self-evidently true. In the beginning 
of the preceding Treatise I have stated these barely 
as axioms, without addition or explanation, as the 
axioms of. Geometry are stated in treatiscs on that 
subject. And such is the proper and orderly mode 
of exhibiting axioms; for, as has been said, they arc 
to be understood as an expression of the condition of 
concepuon of the student. They are not to be learnt 
from without, but from within. They necessarily and 
immediately flow from the distinct possession of that 
idea, which if the student do not possess distinctly, 
all conclusive reasoning on the subject under notice is 
impossible. It is not the business of the deductive 
reasoner to communicate the apprehension of these 
truths, but to. deduce others from them. 


30. But though it may not be the author's busi- 
ness to elucidate the truth of the axioms as a deduc- 
tive reasoner, it may still be desirable that he should 
do so as a philosophical teacher; and though it may 
not be possible to add anything to their evidence in 
the mind, of him who possesses distinctly the idea 
trom which they flow, it may be in our power to 
assisf the beginner in obtaining distinct possession 
of this idea and unfolding it into its consequences. 
Accordingly TI have made some Remarks of this 
hind, tending to illustrate the self-evident nature 
of the “Axioms” of Statics and of Hydrostatics ; 
and hav2 inserted them in Book 1. and Book 1. 
respectively. 


31. Some of the Axioms which are stated in 
Book 111, on the Laws of Motion, give occasion to re- 
marks similar to those already made. “Thus Axiom 4, 
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which asserts that if particles move in such a man- 
ner as always to preserve the same relative distances 
and positions, their motions will not be altered by 
supposing them rigidly connected, is evident by the 
same considerations as the Axioms concerning flexible 
and fluid bodies, already : noticed in Book 11. , For ° 
the forces of rigidity* are forces which sould) pre- 
vent a change of the distances and relative positions - 
of the particles if there were a tendency to arfy such” 
change; and if there be no such'tendency, it makes ~ 
no WO whether the potengal resistance to it be 
present or absent. V 


32. The Sth Axiom of Book rrr. which asserts 
that forces producing parallel and equal velocities at 
the same time, may be c$bnceived to be added; and 
the 6th Axiom, which asserts that in systems in mo- 
tion the action and re-action are equal and opposite, 
are applications of what is stated in the second sen- 
tence of this third Book ;—that the Definitions and 
Axioms of Statics are adopted’ and assumed in the case 
of bodies in motion. In the third Book, as in the 
first, forces are conceived as capable of addition, and- 
matter is conceived as that which can resist force, arm 
transmit it unaltered: 

The 3d, 8th, and 9th Axioms of Book 111, like: 
the 7th of Book 11, are introduced to avoid thc rea- 
soning which depends on Limits. 


33. In the case of Mechanies, as in the»case of 
Geometry, the distinctness of the idea is necessary 
to a full apprehension of the truth of the axioms ; 
and in the case of mcehanical notions it is far more 
common than in Geometry, that the axioms are im- 
perfectly comprehended, in consequence of the want 


e 
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of distinctness and exactness in men's ideas. Indeed 
this indistinctness of mechanical notions has not only 
prevailed in many individuals at all periods, but we 
can point out whole centuries, in which it has becn, 
so far at we can trace, universal. And the conse- 
quenre of this was, that the science of Statics, after 


being once established upon cicar and sound princi- 


ples, again fell into confusion, and was not understood 


‘point L,‘and let E be its ceħter. 


meets dt. Take a weight B 


as an "exact science for two thousand years, from the 
time of Archimedes to that of Galileo and Stevinus, 


34. In order 'to illustrate this indistinctness of 
mechanical ideas, I shall take from an ancient Greek 
writer an attempt to solve a mechanical problem ; 
namely, the Problem of the Inclined Plane. The 
following is the mode in which Pappus professes* to 
answer this question :— To find the force which will 
support a given weight 4 upon an inclined plane.” 

Let HK be the plane; let the weight 4 be formed 
into a sphere ::let this. sphere 
be placed in contact with the 
plane HK, touching it in the 


Let EG be a horizontal radius, 
and LF a vertical line which 


which Is to 4 us EF to’ FG. 
Then if 4 and B be suspended 
at E and G to the lever EFG 
of which the center of motion is F, they will balance; 
being supported, as it were, by the fulcrum LF. 
And the sphere, which is equal to the weight 4, may 


* Pappus, D. viri. Prop. ix. 1 vide omit the confusion produced 
by this author's mode of treating the question, ig which he inquires the 
force which will draw a body um the inclined planes 
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be supposed to be collected at its center. < If there- 
fore B act at G, the weight A will be supported. 

It may be observed that in this attempt, the 
confusion of ideas is such, that the author assumes a 
weight which acts at G, perpendicularly ongthe lever 
EFG, and which is therefore a vertical force, as identi- * 
cal with a force which Acts at G, to support the body 
in the inclincd plane, and which is parallel to the plane. 


r 

35. When this kind of confusion was remedied, - 
and when men again acquired distinct notions of pres- 
sure, and of the transmissioh ol pressure from one 
point to another, the science of Statics was formed by 
Stevinus, Galileo, and their successors *. 

The fundamental idea of Mechanics being thus 
acquired, and the requiite consequeyces of them 
stated in axioms, our reasonings proceed by the same ‘ 
rigorous line of demonstration, and under the same 
logical rules as the rcasonings of Geometry ; and we 
have a science of Statics which is, like Geometry, an 
exact deductive science. j 


Sect. II. On the Logic of Inductiqn. M 


' 86. "There are other portions of Mechanics which 
require to be considered in another manner ; for in 
these there occur principles. which are derivedvdirectly 
and professedly from experiment and observation. The 
derivation of principles by reasoning from facts is per- 
formed by a process’ which is termed Inductign, which 
is very different from the process of Deduction already 
noticed, and of ‘which we shall attempt to point out 
the character and method. 


^4 


* See History of the Inductive Sciences, B. vr. chap. 1. sect. 2, 
On the Revival of the Scientific Idea of Pressure, 
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It has been usual to say of any general truths, 
established by the consideration and comparison of 
several facts, that they are obtained by Jnduction ; 
but the distinctive character of this process has not 
been welh pointed out, nor have any rules been lai? 
down which may prescribe the form and ensure th. 
validity of the process, as has been done for Deductive 
reasoning by common Logic. The Logic of Induction 
has nov yet been constructed ; a few remaiks on this 
subject are all that can be offered here. 


37. The Inductive Propositions, to which we shall 
here principally refer as examples of their class, are 
those elementary principles which occur in considering 
the motion of bodies, and of which some are called the 
Laws of Motion *, They aie such as these ;—a body 
not acted on by any force will move on for cvcr uni- 
formly in a straight line;—gravity is a uniform force; — 
if à body in motion be acted upon by any force, the 
effect of the force will be compounded with the pre- 
vious motion ;—when a body communicates motion 
to another directly, the momentum lost by the first 
body is equal to the momentum gained by the second. 
Aud I remark, in the first place, that in collecting 
such propositions from facts, there occurs a step 
corresponding to the term * Induction,” (¢raywryn, 
inductiv). Some notion i» iaiperinduced upon the 
observed facts. In each inductive process, there is 
some gencral idea introduced, which is given, not by 
the phenomena, but by the mind. The conclusion 
is not contained in the premises, but includes them 
by the introduction of a new generality. In order to 
obtain our inference, we travel beyond the cases we 


* Inductive Propositions in this work are, Book 11. Propositions 25, 26 
32, 36, 97 : Book 111. Prop. 2, 3, 8, 13. 
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have before us; we consider them as cxemplifications 
of, or deviations from, some ideal case in which the 
relations are complete and intelligible, We take a 
standard, and measure the facts by it; and this 
standard is created by us, not offered ly Nature. 
Thus we assert, that a body left to itself will, move* 
on with unaltered vetocity, not because our senses 
ever disclosed to us a body doing this, but because 
(taking this as our ideal case) we find fhat all 
actual cases are intelligible and explicable by means 
of the notion of forces which cause change of mption, 
and which are exerted by surfoutding bodies. In like 
manner, we see bodies striking each other, and thus 
moving, accelerating, retarding, and stopping each 
other; but in all this, we do not, by our senses, 
perceive that abstract quantity, momentum, which is 
always lost by one as it is gained by another. This 
momentum is a creation of the mind, brought in among 
the faets, in order to convert their apparent confusion 
into order, their seeming chance intg certainty, their 
perplexing variety into simplicity. ‘This the idea of 
momentum gained and lost docs; and, iu like manner 
in any other case in which inductive truths are estit- 
blished, some idea is introduced, as the means of påãss- 
ing from the facts to the truth. T 
38. The process of nfind of which we hefe speak 
can only be described by suggestion and comparison. 
One of the most common of such comparisons, espe- 
cially since the time of Bacon, is that whioh speaks 
of induction as the interpretation of facts. Such an 
expression is appropriate; and it may easily be seen 
that it includes the circumstance which we are now 
noticing ;—the superinduction of an idea upon the 
facts by the interpreting mind. For when we read a 
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page, we have before our eyes only black and white, 
form and colour; but by an act of the mind, we 
transform these perceptions into thought and emotion. 
The letters are nothing of themselves; they contain 
no truth, ef the mind does not contribute its share: 
for instance, if we do not know the language in which 
the words are written. And if we are imperfectly 
acquainted with the language, we become very clearly 
aware flow much a certain activity of the mind is 
requisite in order to convert the words into propo- 
sitions, by thc extreme, effort which the business of 
interpretation  requites. ' Induction, then, may be 
conveniently described as the inferpretation of phe- 
nomena. 


39. But J observe further, that in thus inferring 
truths from facts, it is not only necessary that the 
mind should contribute to the task its own idea, but, 
in order that the propositions thus obtained may have 
any exact import and scjentific value, it is requisite 
that the idea be perfectly distinct and precise. If it 
be possible to obtain some vague apprehension of 
truths, while the ideas in which they are expressed 
remain indistinct and ill-defined, such knowledge can- 
nat he available for the purposes we here contem- 
plate. .In order to construct a science, all our funda- 
mental ideas must be distinét ; and among them, those 
which Induction introduces. 


40. This necessity for distinctness in the ideas 
which we employ in Induction, makes,it proper to de- 
fine, in a precise and exact manner, each idca when it 
is thus brought forwards, "Thus, in establishing the 
propositions which we have stated as our examples in 
these cases, we have to define force In general; uni- 
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form force; compounding of motions ; * momentum. 
The construction of these definitions is an essential 
part of the process of Induction, no less than the 
assertion of the inductiye truth itself. 

Pd d 

41. But in order to justify and establish the in- 
ference which we make, the ideas which we introduce 
most not only be distinct, but also appropriate. They, 
must be exactly and closely applicable to the facts; s6 
that when the idea is in our possession, and the facts 
under our notice, we perceive that thé former includes 
and takes up the latter. "Phe idea is only a more pre- 
cise mode of apprehending the facts, and it is empty 
and unmeaning if it be anything clse; but if it be thus 
applicable, the propasigion which is asserted by means 
of it is true, precisely because the*facts are facts, 
When we have defined force to be fhe cause of change 
of motion, we scc that, as'we remove external fprces, 
we do, in actual experiments, remove all the change of 
motion ; and therefore the, proposition that there is in 
bodies no internal cause of change of motion, is true, 
When we have defincd momentum to be the product 
of the velocity and qudntity of matter, we sce that in 
the actions of bodies, the effect increases as the mo- 
mentum increases; and by measurement, we find-that 
the effect may consistently, be measured by the mo- 
mentum. Ehe ideas here employed are not only dis- 
tinct in the mind, but applicable in the world; they 
are the elements, pot only of relations of thought, but 
of laws of nature. ° 

L] 

49, Thus an inductive inference requires an idea 
from &ithin, facts from without, and a coincidence of 
the two. "The idea must be distinct, otherwise we ob- 
tain no scientific truth; it must be appropriate, other- 

M. E. . ° 
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wise the facts cannot be steadily contemplated by means 
of it; and when they are so contemplated, the Induc- 
tive Proposition must be seen to be verified by the 
evidence of sense. 

It appezrs from what has been said, that in esta- 
blishing a proposition by Induction, the definition of 
the idea and the assertion of thc truth, are not only 
both requisite, but they are correlative. Each of the 
^wo steps contains the verification and justification of 
the other. The proposition derives its meaning from 
the definition; the defrition derives its reality from 
the proposition. If they arc separated, the definition is 
arbitrary or empty, the proposition is vague or verbal. 


43; Hence we gather, that in the Inductive 
Sciences, our Definitions and our Elementary Inductive 
Truths ought to be introduced together. ‘There is no 
value or meaning in definitions, except with reference 
to the truths which they are to express. Discussions 
about the definitions of any science, taken separately, 
cannot therefore be profitable, if the discussion do not 
refer, tacitly or expressly, to the fundamental truths 
of the scierce; and in all such discussions, it should 
be stated what are taken as the fundamental truths, 
With such a reference to Elementary Inductive Truths 
clearly uederstood, the discussion of Definitions may 
be the best method of arriving at that- clearness of 
thought, and that arrangement of facts, which In- 
duction requires. 

I will now note some of the differences which exist 
between Inductive and Deductive Reasoning, in the 


‘modes in which they are presented. 
e t 


44. One leading difference in these two kinds 
of reasoning is, that in Deduction we infer particular 
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from general truths; in Induction, on the contrary, 
we infer general from particular. Deductive proof 
consists of many steps, in each of which we apply 
known general propositions in particular cases ;—* all 
triangles have their angles equal to two sight angles, 
therefore this triangle has; therefore, &c." *In In- 
duction, on the other hand, we have a single step in 
which we pass from many Duriiculur Propositions to. 
one general proposition; “This stone falls down-" 
wards; so do those others;—all stones fall.down- 
wards." And the former infc"ence flows necessarily 
from the relation of general and particular ; but the 
latter, as we have scen, derives its power of convincing 
from the introduction of a new idea, which is distinct 
and appropriate, andayhich supplies that generality 
which the particulars cannot themselves offer. T 

45. I observe also that this difference of pracess 
in inductive and deductive proofs, may be most pro- 
perly marked by a differeace in the form in which 
they are stated. In Deduction, the Definition stands 
at the beginning of the proposition ; in Induction, it 
may most suitably stand’ at or near the ckd. Thus 
the definition of a uniform force is introduced in the - 
course of the psoposition that gravity is a usifurm 
force. And this arrangement, represents tr ‘ulysthe real 
order of proofs; for, historically speaking, it was taken 
for granted that gravity was a uniform force; but the 
question remained, what was the right definition of a 
uniform force, And in the establishment’ of other 
inductive principles, in like manner, definitions cannot 
be laid down for any useful purpose, till we know the 
proposjfions in which'they are to be used. They may 
therefore properly come each at the conclusion of its 
corresponding proposition. 
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46. The ideas and definitions to which we are 
thus led by our inductive process, may bring with them 
Axioms, Such:Axioms may be self-evident as soon 
as the inductive idea has been distinctly apprehended, 
in the same^manner as was explained respecting the 
fundamental ideas of Geometry ' and Statics. And 
thus Axioms, as well as Definitions, may come at the 
-end of our Inductive, Propositions ; and they thus 
“assume their proper place at the beginning of the 
deductive propositions which follow ilici, "uud are 
proved: from them. ‘Thus, in Book 111., Axioms 8 
and 9, come after the dcfinition of Accclerating Force, 
and stand between Props. 13 and 14. 


47. Another peculiarity i» inductive reasoning 
may be noticed. In a deductive demonstration, the 
reference is always to what has been already proved ; 
in establishing an Inductive Principle, it is most con- 
venient that the reference should be to subsequent 
propositions. For the proof of the Inductive Prin- 
ciple consists in this ;—that the principle being adopt- 
ed, consequences follow which agree with fact ; but the 
demonstration of these consequences may require many 
steps, and several special propositions. Thus the In- 
ductive Principle, that gravity is a uniform force, is 
established by shewing that the law of descent, which 
falling bodies follow in fact; is explaincd by means of 
this principle; namely, the law that the space is as 
the square of the time from the beginning of the 
motion. ^ But the proof of such a property, from 
the definition of a uniform force, requires many steps, 
as may be seen in the preceding Treatise, Book 111. 
Prop. 5: and this proof must be referred to, alo; g with 
several others, in order to establish the truth, that 
gravity is a uniform force. " 
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48. It may be suggested, that, this being the case, 
the propositions might be transposed, so that the in- 
ductive proof might come after those propositions to 
which it refers. But if this were done, all the pro- 
positions which depend upon the laws of motion must 
be proved hypothe only. For instance, we must 
say, “Jf, in the cofimuhication of motion, the mo- 
mentum Jost and gained be equal, the velocity acquired 
by a body falling down an inclitted plane, will be equal; 
to that acquired by falling down the height." ‘This 
would be inconvenicnt, and even if it were derfe// that 
completeness in the line of dem»nstration w hich is the 
object of the change, could not be obtained; for the 
transition from the particular cases to the general 
truth, which must occur in the Inductive Proposition, 
could not be in any" Wy justified according to rules 
of Deductive Logic. . 

I have, therefore, in the preceding pages, placed 
the Inductive Principle first in each line of rea- 
soning, and have ranged after it the Deductions from 
it, which justify and establish it, as their first office, 
but which are more important as its consequences 
and applications, after, it i» supposed £o be esta- 
blished. i - 
3 . - 

49. I have used one common formula in present- 
ing the proof of cach of the Inductive Princifles which 
I have introduced ; namely, after stating or exem- 
plifying the facts which the induction includes, I have 
added * These re$ults can be clearly explained and 
rigorously deduced by introducing the Idea or the 
Definition,” which belongs to each case, ‘and the 
Principle,” which expresses the inductive truth. I 
do T mean to assert that this formula is the only 
right one, or even the best; but it appears to me to 

: 9—83 
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bring under‘notice the main circumstances which ren- 
der an induction systematic and valid. 


50. It máy be observed, however, that this 
formula does not express the full cogency of the proof. 
It declares only that the results can be clearly ex- 
plained ‘and rigorously deduced bi ' the employment of 
a certain definition and a certain proposition. Dut in 
*order to make the conclusion demonstrative, we ought 
to bt able to declare that the results can be clearly ex- 
plained’ d rigorously deduced only by the definition 
and proposition which “we adopt. And, in reality, the 
mathematician’s conviction of the truth of the Laws 
of Motion does depend upon his seeing that they (or 
laws equivalent to them) afford the on/y means of 
clearly expressing and deducimy une actual facts.. But 
this conviction, that no other law than those proposed 
can account for the known facts. finds its place in 
the mind gradually, as the contemplation of the con- 
sequences of the law and the various relations of the 
facts becomes steady’ and familiar. I have therefore 
not thought it proper to require such a conviction 
along with the first assent to the inductive truths 
which I have here stated. 


"5l. The propositions established by Induction 
are termvd Principles, bécat se they are the starting 
points of trains of deductive reasoning. In the sys- 
tem of deduction, they occupy the same place as 
axioms; and accordingly they are termed so by 
Newton—“‘ Axiomata sive leges motus." Stewart ob- 
jects strongly to this expression*: and it would be 
difficult to justify it; although to draw the Ane be- 


* Elem. Phil. Human Mind. Vol. rr. p. 44. 
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twcen Axioms and inductive principles maybe a harder 
task than at first appears. 


52. But from the consideration that our Inductive 
Propositions are the principles or TEM. of our de- 
ductive rcasoning, a A so far at least stand in the place 
of axioms, we may ather this lesson,—that they are 
uot to be*multiplicd without necessity. For instance, 
if in a treatise on Hydrostaties, we should state as t 
separate propositions, that ‘air has weight ;"Wamd 
that “the mercury in the barometer ie—eestat: by 
the weight of the air ;" and shodld prove both the one 
and the other by reference to experiment; we should 
offend against the maxims of Logic. These proposi- 
tions are connected; the latter may be demonstrated 
deductively from the"fd¥mer ; the forper may be in- 
ferred inductively from the facts which prove thé 
latter. One of these two courses ought to be adopted ; 
«v ought not to have two ends of our reasoning up- 
wards, or two beginnings of our reasoning dowinwdeda: 


53. I shall not now extend these Remarks further, 
They may appear to many barren and wnprofitable 
speculations ; but those who are familiar with tuch 
sitbjects, will perhaps find in them something which, if 
well founded, is not without some novelty for tlie 
English reader. Such will, Y think, be the case, if I 
have satisfied him ,—Ahat ‘mathematical truth depends 
on Axioms as well as Definitions, — that the evidence of 
geometrical Axiom is to be found only in the distinct 
possession of the Idea of Space, —that other branches 
of mathematics ‘also depend on Axioms,—and that the 
evidencg of these Axioms is,to be sought in some ap- 
refe Idea;—that the evidence of the Axioms of 
Statics, for instánce, resides in the Ideas of Force and 
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Matter ;—that in the process of Induction the mind 
must supply an Idea in addition to the Facts appre- 
hended by the senses ;—that in each such process we 
must introduce one or more Definitions, as well as a 
Proposition ¢—that the Definition and the Proposition 
dre correlative, neither being us¢ful or valid without 
the other ;—and that the Formulu of inductive reason- 
ing must be in many respects the reverse of' the com- 
« mon logical formule of deduction. 


THE END 
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